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СНАРТЕК 1 
Systems of Linear Equations 


Section 1.1 Introduction to Systems of Linear Equations 


2. 


10. 


12. 


Because the term xy cannot be rewritten as ax + by for 


any real numbers a and b, the equation cannot be written 
in the form a,x + ay = b. So, this equation is not 


linear in the variables x and y. 


. Because the terms x? and y? cannot be rewritten as 


ax + by for any real numbers а and b, the equation 
cannot be written in the form a,x + ayy = b. So, this 


equation is not linear in the variables x and y. 


. Because the equation is in the form a,x + ay = b, itis 


linear in the variables x and y. 


. Choosing y as the free variable, let y = ¢ and obtain 


àx-it-9 
3x = 9+ 4t 
х=З+Н. 


So, you can describe the solution set as x = 3 + it and 


у = t, where t is any real number. 


Choosing х, апа х; as free variables, let х = s and 
x, = t and obtain 12x, + 24s — 36t = 12. 
x, + 2s – 31 = 1 
х= 1- 25 + 3А 
So, you can describe the solution set as 
x, = 1—25 + 3t, x; = t, andx, = s, where s and t 


are any real number. 


y 
A —х+2у=3 


Adding the first equation to the second equation 
produces a new second equation, 5y = 5or y = 1. 


So, x = 2 3у = 2 – 3(1), and the solution is: х = —1, 


y = 1. This is the point where the two lines intersect. 


14. 


16. 


The two lines coincide. 


Multiplying the first equation by 2 produces a new first 
equation. 


x= 2 у 2 
-2x + iy = —4 
Adding 2 times the first equation to ће second equation 
produces a new second equation. 
dou $y =2 
0=0 
Choosing y = t as the free variable, you obtain 


x= 24 + 2. So, you can describe the solution set as 


x= 2t + 2 апа y = t, where t is any real number. 


4x+3y=7) 


T 
-8 -6 -4 -2 


П >X 


-x + 3y = 17 
4х + 3y 


ll 
M 


Subtracting the first equation from the second equation 
produces а new second equation, 5x = -10or x = -2. 


So, 4(-2) + Зу = 7or y = 5, and the solution is: 
x = —2, y = 5. This is the point where the two lines 


intersect. 
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18. 


20. 


26. 


28. 


30. 


Section 1.1 


х- 5у= 21 
9+ 
х - 5у = 21 
бх + 5y = 21 


Adding the first equation to the second equation 
produces a new second equation, 7x = 420r x = 6. 


So, 6— 5y = 21or y = —3, and the solution is: x = 6, 
y = —3. This is the point where the two lines intersect. 


Multiplying the first equation by 6 produces a new first 
equation. 


3x + 2у = 23 

х-2у=5 
Adding the first equation to the second equation 
produces a new second equation, 4x = 280г x = 7. 
So, 7 – 2y = 5ог у = 1, and the solution is: x = 7, 
y = 1. This is the point where the two lines intersect. 


22. 


24. 


Introduction to Systems of Linear Equations 3 


250 T 0.3x + 0.4y = 68.7 
/ 0.2x — 05y- 278 


»X 
_0 9 190 
0.2x — 0.5у = —27.8 
03x + 04у = 68.7 


Multiplying the first equation by 40 and ће second 
equation by 50 produces new equations. 


8x – 20у = -1112 
15х + 20у = 3435 


Adding the first equation to the second equation 
produces a new second equation, 23x = 2323 

or x = 101. 

So, 8(101) – 20у = -1112 or у = 96, and the solution 
18: x = 101, y = 96. This is the point where the two 


lines intersect. 


2 2: 2 
gu ge ТЗ 
4х+у=4 


Adding 6 times the first equation to the second equation 
produces a new second equation, 0 — 0. Choosing 

x = tas the free variable, you obtain y = 4 — 4t. So, 
you can describe the solution as x = t and y = 4 — 4t, 
where t is any real number. 


From Equation 2 you have x, = 3. Substituting this value into Equation 1 produces 2x, — 12 = бог x, = 9. 


So, the system has exactly one solution: x, = 9 and x, = 3. 


From Equation 3 you have z = 2. Substituting this value into Equation 2 produces 3y + 2 = llor у = 3. 
Finally, substituting y = 3 into Equation 1, you obtain x — 3 = Sor x = 8.So, the system has exactly 


one solution: x = 8, у = 3, andz = 2. 


From the second equation you have x, = 0. Substituting this value into Equation 1 produces x, + x4 = 0. 
Choosing х; as the free variable, you have х; = t and obtain x, + £ = Oor x, = —t. So, you can describe the 
solution setas x, = —t, x; = 0,and x = t. 
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4 


32. (а) 


36. 


Chapter 1 Systems of Linear Equations 


—8x + 10у = 14 


4х — 5у = 3 


z4 


(b) This system is inconsistent, because you see two 
parallel lines on the graph of the system. 


(b) Two lines corresponding to two equations intersect 
at a point, so this system is consistent. 


(c) The solution is approximately x = 1 and y= -l. 


(d) Adding —18 times the second equation to the first 


equation, you obtain -10y = Sor y = -. 


Substituting y — E into the first equation, you 


obtain 9x 2 3or x = L The solution is: x = 1 


and y = mel 


(e) The solutions in (c) and (d) are the same. 


(a) -147x3 2.1y = 105 


N 


72144.1x — 6.3y = —3.15 


(b) Because the lines coincide, the system is consistent. 
(c) АП solutions of this system lie on the line 
у =7х + = So, let x = t, then the solution set is 


x = t,y = Tt + 4, where t is апу real number. 


(d) Adding 3 times the first equation to the second 
equation you obtain 
—44.1x + 6.3y = 3.15 
0=0. 
Choosing x = t as a free variable, you obtain 
—14.7t + 2.1y = 1.05 ог -147¢ + 21у = 105 or 
у= 1 + = 


So, you can describe the solution set as 
х= у= 71 + Li where t is any real number. 


(e) The solutions in (c) and (d) are the same. 


38. 


40. 


42. 


44. 


Adding —2 times the first equation to the second 
equation produces a new second equation. 


3х+2у= 2 
0 = 10 


Because the second equation is a false statement, the 
original system of equations has no solution. 


Adding —6 times the first equation to the second 
equation produces a new second equation. 
x — 2x, = 0 

14x, = 0 


Now, using back-substitution, the system has exactly one 
solution: x, = бапа x, = 0. 


Multiplying the first equation by 3 produces a new first 


equation. 

iv. ы 
x, + 4%, = 0 
4x, +x, = 0 


Adding —4 times the first equation to the second 
equation produces a new second equation. 


x; + 1х = 0 

0 = 0 
Choosing x, = t as the free variable, you obtain 
x = —it. So you can describe the solution set as 


х = —it and x, = t, where t is any real number. 


To begin, change the form of the first equation. 


La 5 
3 2 6 
3x, — xX, = -2 


Multiplying the first equation by 3 yields a new first 
equation. 


xX + =x, = - 


№ | CA 


3x, — x = -2 


Adding —3 times the first equation to the second equation 
produces a new second equation. 


уы ==? 
2 2 
H -H 
aS 


Multiplying the second equation by ES yields a new 


second equation. 


х + 1 == 
1 + 5% 2 
х = -1 
Now, using back-substitution, the system has exactly one 
solution: x, = -1 and x, = -1. 
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Section 1.1 Introduction to Systems of Linear Equations 5 


46. Multiplying the first equation by 20 and the second 50. Interchanging the first and third equations yields a new 

equation by 100 produces a new system. system. 

xı — 0.6x, = 42 x, — lix, + 4x; = 3 
7х + 2х, = 17 2х + 4x, = AS 7 
Adding -7 times the first equation to the second 5x — 3x, + 2x3 = 3 
equation produces a new second equation. Adding —2 times the first equation to the second 
х= 0.65 = 4.2 equation yields a new second equation. 

6.2x; = —124 x, — По + 4x, 23 

Now, using back-substitution, the system has exactly one 26x, — 9% = 1 
solution: x, = Запі x, = —2. 5x, — 3x, + 2x3 = 3 


Adding —5 times the first equation to the third equation 


48. Adding the first equation to the second equation yields a Уйга new third enum. 


new second equation. 


x y РА x - По + 45 = 3 
4у + 32 = 10 26x; = 9x; = 1 
КҮҮ тз 52x, — 18x, =—12 


At this point, you realize that Equations 2 and 3 cannot 
both be satisfied. So, the original system of equations has 
no solution. 


Adding —4 times the first equation to the third equation 
yields a new third equation. 


Xt y+ z= 2 


4y + 3z = 10 52. Adding —4 times the first equation to the second 
Эду Шу equation and adding —2 times the first equation to the 
T = third equation produces new second and third equations. 
Dividing the second equation by 4 yields a new second x + 4x = 13 
equation. 
—2x, — 15% = -45 
x+ y+ z= 2 
—2x, — 15% = 45 
ZEE 
-3y = 4z = 4 The third equation can be disregarded because it is the 


same as the second one. Choosing х; as a free variable 
Adding 3 times the second equation to the third equation and letting x, — f, you can describe the solution as 
yields a new third equation. 


x =13-4 
х+у+ z=2 
x, = $$ – 5; 
yt ki 7 
-iz = I хз = t, where t is апу real number. 
Multiplying the third equation by -4 yields a new third 54. Adding —3 times the first equation to the second 
equation. equation produces a new second equation. 
х+у+ z= 2 xX — 2x, +5x, = 2 
ytiz- i 8x, — 16x, = -8 
z=-2 Dividing the second equation by 8 yields a new second 


; с ыб equation. 
Now, using back-substitution the system has exactly one d 


solution: x 20, y = 4, and z = —2. 


2 


х — 253 =-1 


XQ — 2x4 + 523 


Adding 2 times the second equation to the first equation 
yields a new first equation. 


x, + җ = 0 

х — 2x, = -1 
Letting x, = t be the free variable, you can describe the 
solution as x, = —t, x; = 2t — l,and x, = t, where tis 
any real number. 
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Chapter 1 Systems of Linear Equations 


56. Adding 3 times the first equation to the fourth equation 


yields 
-X + 2x, = 1 
4x, — X4— X472 
х) - x» = 0 
—2x, + 3x3; + 6x, = 7. 


Interchanging the second equation with the third 


equation yields 


m + 2х4 = 1 
х) — x, = 0 

4 — X4— М = 2 
—2x, + 3x3; + 6x4 = 7. 


Adding —4 times the second equation to the third 


equation, and adding —2 times the second equation to 


the fourth equation yields 


=X] + 2x, = 1 
х) = x = 0 

— % + 3х = 2 

3x3 + 4x, = 7 


Adding 3 times the second equation to the third equation 


yields 
=X + 2x, = 1 
х — дщ = 
— хз + 3x, = 
13x, = 13. 


Using back-substitution, the original system has exactly 
one solution: x, = l, x, = 1, x, = 1l, and x, = 1. 


Answers may vary slightly for Exercises 58—62. 


58. 


60. 


62. 


Using a software program or graphing utility, you obtain 
x = 0.8, у = 1.2, z = —2.4. 


Using a software program or graphing utility, you obtain 
x = 10, y = —20,z = 40, w = -12. 


Using a software program or graphing utility, you obtain 


x = 6.8813, у = —163.3111, z = —210.2915, 


w = —59.2913. 


64. 


66. 


68. 


X = y = 2 = Oisclearly a solution. 


Dividing the first equation by 2 produces 


x ћу =0 
4x + 3y- z=0 
8x + Зу + 32 = 0. 


Adding —4 times the first equation to the second equation, 
and —8 times the first equation to the third, yields 


x + 3y =0 
3y- z=0 
—9у + 32 = 0. 


Adding —3 times the second equation to the third 
equation yields 


x + iy =0 
-3jy- z=0 
6z = 0. 


Using back-substitution, you conclude there is exactly 
one solution: x = y = z = 0). 
x = y = z = Qis clearly a solution. 


Dividing the second equation by 2 yields а new second 
equation. 


16х + 3y + z 


8x + y-iz-0 


Adding —3 times the second equation to the first 
equation produces a new first equation. 

5 «= 

52 = 0 

bc 

72 = 0 


—8x + 
8x +y- 

Letting 2 = t be the free variable, you can describe the 

solution as x = Št, у = —2t, and z = t, where tis any 


real number. 


Let x = the speed of the plane that leaves first and 
y = the speed of the plane that leaves second. 


y- x = 80 Equation 1 
2x + Зу = 3200 Equation 2 
-2x + 2y = 160 
2x + Зу = 3200 
Ту = 3360 
у = 960 
960 – х = 80 
х = 880 


Solution: First plane: 880 kilometers рег hour; second 
plane: 960 kilometers per hour 
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70. 


72. 


76. 


78. 


Section 1.1 


(a) False. Any system of linear equations is either 
consistent, which means it has a unique solution, 
or infinitely many solutions; or inconsistent, which 
means it has no solution. This result is stated on 
page 5, and will be proved later in Theorem 2.5. 

(b) True. See definition on page 6. 


(c) False. Consider the following system of three linear 
equations with two variables. 


2х+ y=-3 
-6x -3y- 9 
х = 
The solution to this system is: x = 1, y = —5. 


Because x, = fand x; = s, you can write 


X4 — 3+5 —f = 3 + x; — x. One system could be 
Xxy—X;Tx,-2 3 
—XptoXQ— 53 = -3 


Letting х; = tand x, = s be the free variables, you can 
describe the solution as x, = 3 + s — f, x; = s, and 


x; = t, where t and s are any real numbers. 


Substituting А = = В = x und E= : 
x у 


чә 
a 
| 
A 
©з 
Il 


—1. 
2A+ B+3C= 0 


Reduce the system to row-echelon form. 
2A+ B-2C= 5 


ЗА — 4B = -l 
5С = -5 

34— 4B = -l 

-11B + 6C = -17 

5С = -5 


So, C = -1. Using back-substitution, -11B + 6(-1) = — 


Introduction to Systems of Linear Equations 7 


are 1 1. к 
74. Substituting А = — and В = — into the original system 


x у 
yields 
ЗА + 2В = -l 
2А – ЗВ = d 
6 


Reduce the system to row-echelon form. 
27А + 188 = -9 
124 — 18B = -17 
27А + 18B = -9 
39А = —26 


2 1 
Using back substitution, 4 = Es and B = 5 Because 


1 
А = —and B = L the solution of the original system 
x » 


fe 3 
of equations is: x — 25 and y = 2. 


into the original system yields 


17,ог В = land 34 - 4(1) = -L or A = I. Because А = 1/x, 


В = My, and С = 1/2, the solution of the original system of equations is: x = 1, y = 1, and z = -1. 


Multiplying the first equation by sin 0 and the second by cos 0 produces 


(sin Ө cos Ө)х + (sin? 0)» = sin 0 


-(sin Ө cos Ө)х + (cos? @)y = cos Ө. 


Adding these two equations yields 
(sin? 0 + cos? 8)» = sin 0 + cos 0 


y = sin Ө + cos Ө. 


So, (cos Ө)х + (sin Ө)у = (cos Ө)х + sin Ө(ѕіп 0 + cos Ө) = 1 апі 


(1 — sin? 0 — sin Ө cos 6) 


x= 


E (cos? Ө — sin Ө cos 6) 


cos Ө cos Ө 


Finally, the solution is х = cos 0 — sin Ө and у = cos @ + sin Ө. 


= cos Ө — sin б. 
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8 Chapter 1 Systems of Linear Equations 


80. Reduce the system to row-echelon form. 88. If c, = с = с; = 0, then the system is consistent 

x+ ky 20 because x = y = Qis a solution. 

(1 — р) у= 0 T ; 

90. Multiplying the first equation by c, and the second by a, 

х+ ky = 0 produces 

у= 0,1-2 #0 acx + bey = ec 

0 acx + day = af. 
x= 
у= 0,1-0 #0 Subtracting the second equation from the first yields 


acx + bcy = ec 


If 1— k? # 0, thatisif k # +1, ће system will have 
(ad – bc)y = af – ec. 


exactly one solution. 


So, there is a unique solution if ad — bc = 0. 
82. Reduce the system to row-echelon form. 


х+2у+ = 6 92. > 
(8 — 3k)z = -14 
This system will have no solution if 8 — 3k = 0, that is, 


= 8 
к= + 


84. Reduce the system to row-echelon form. 


kx + у = 16 
(4k + 3)x = 0 The two lines coincide. 
The system will have an infinite number of solutions 2x-3y=7 
when 4k +3 = 0 > k =-2, 0-0 
86. Reducing the system to row-echelon form produces Letting у = £ x = 7+ 3t 
x+ 5y + z=0 2 
y- 2z 20 The graph does not change. 
(a - 10)у + (b - 2z = с 94. 21x - 20y = 0 
х+5у+ z=0 13x — 12y = 120 
gom Subtracting 5 times the second equation from 3 times the 
(2a + – 22)z = c. first equation produces a new first equation, 
So, you see that -2x = —600,or x = 300.So, 21(300) — 20y = 0 or 
(a) if 2a + b — 22 # 0, then there is exactly one y = 315, and the solution is: x = 300, y = 315. The 
solution. graphs are misleading because they appear to be parallel, 
(b) if 2a + b — 22 = 0 and с = 0, then there is an but they actually intersect at (300, 315). 


infinite number of solutions. 
(c) if 2a + b — 22 = 0 and с = 0, there is no solution. 


Section 1.2 Gaussian Elimination and Gauss-Jordan Elimination 


2. Because the matrix has 4 rows and 1 column, it has size 3. =] -4 Зе] =4 
TNR » 3 ; i 0 5 
4. Because the matrix has 1 row and 1 column, it has size Add 3 times Row 1 to Row 2. 
= 12 3 -2 1 -2 3 2 
6. aa the matrix has 1 row and 5 columns, it has size 10. |2 —5 1-721|10-9 7 11 
5 4-7 6 0 -6 8 -4 


Add 2 times Row 1 to Row 2. Then add 5 times Row 1 
to Row 3. 
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12. 


14. 


16. 


18. 


20. 


22. 


Section 1.2 Gaussian Elimination and Gauss-Jordan Elimination 9 


Because the matrix is in reduced row-echelon form, you 
can convert back to a system of linear equations 


x22 


xX, = 3. 


Because the matrix is in row-echelon form, you can 
convert back to a system of linear equations 


xX, + 2x, +x, = 0 

x3 = –1. 
Using back-substitution, you have х; = —1. Letting 
X; = t be the free variable, you can describe the 
solution as x, = 1— 21, x; = t, and x, = —1, where t 
is any real number. 


Gaussian elimination produces the following. 
3-115 [1 012 
1 210|2|1 210 
1 012 [3 -115 
[1 1 2 1 0 1 2 
= |0 0-2)2/02 0-2 
[3 -l 1 2 0 -1 -2 -1 
101 2 10 1 2 
5/012 1]|[2]01] 2 1 
[0 2 0 -2 00 -4 -4 
[1012 
>/0 12 1 
[0011 


Because the matrix is in row-echelon form, convert back 
to a system of linear equations. 


Xx + x3 = 2 
х + 2x; = 1 
x, = 1 


By back-substitution, x, = 1, x; = —l,and x; = 1. 


Because the fourth row of this matrix corresponds to the 
equation 0 = 2, there is no solution to the linear 


system. 


Because the leading 1 in the first row is not farther to the 
left than the leading 1 in the second row, the matrix is 
not in row-echelon form. 


The matrix satisfies all three conditions in the definition 
of row-echelon form. However, because the third column 
does not have zeros above the leading 1 in the third row, 
the matrix is not in reduced row-echelon form. 


24. 


26. 


28. 


30. 


The matrix satisfies all three conditions in the definition 
of row-echelon form. Moreover, because each column 
that has a leading 1 (columns one and four) has zeros 
elsewhere, the matrix is in reduced row-echelon form. 


The augmented matrix for this system is 
2 6 16 
-2 -6 -16| 
Use Gauss-Jordan elimination as follows. 
2 6 16 1 3 8 1 3 8 
> > 
2 -6 -16 2 -6 -16 000 


Converting back to a system of linear equations, you have 


x+3y = 8. 


Choosing у = t as the free variable, you can describe 
the solution as x = 8 — 3t and y = t, where t is any 
real number. 


The augmented matrix for this system is 
[2 -1 -0.1] 
3 2 16| 


Gaussian elimination produces the following. 


E *l 1 1 
2 -1 -01 n 1 -t -4 
3 2 16] 3-2 o 
oaa 
2 20 
> 
7 7 
б оа 
pu esa 1041 
2 20 5 
EA AES =|; 1.1 
L 2] 2 


Converting back to a system of equations, the solution is: 


elk zu 
x = £z and y = 5. 


The augmented matrix for this system is 


[1 2 0| 
1 1 6. 
3-28 


Gaussian elimination produces the following. 


1 2 0| [1 20 
1 16|2/|0 -1 6 
[3 -2 8| |0-8 8 

1 2 0 12 0 

510 1 -6|2/0 1 = 

[0 -8 8 0 0 -40 


Because the third row corresponds to the equation 
0 = —40, you can conclude that the system has 


no solution. 
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32. The augmented matrix for this system is 
[3-2 3 22] 
0 3 -1 24. 


Gaussian elimination produces the following. 


[ ME CSS LE 


297€ 02 ECT з 
0 3-1 24|5 |0 1 - 8 
[6 -7 0 -22| 6-7 0 -22 
Е 2 22] 

1-2 1 2 

>lo 1-1 8 


2 22 

1-2 12 
1 

20 1-1 8 

0 0 1 6 


Back-substitution now yields 
x; = 6 


» = 8 + ix, = 8 + 6) = 10 


x = 2 + 20 -x = 2 + 2(10) – (6) = 8. 


So, the solution is: x, = 8, x; = 10, and x; = 6. 


34. The augmented matrix for this system is 


36. 


1 1-53 
1 0-2 1. 
2.-1-10 


Subtracting the first row from the second row yields a 
new second row. 


1 1-5 3 
0-1 3 -2 
2 -l —1 0 


Adding —2 times the first row to the third row yields a 
new third row. 


D. o 3 
0-1 3 2 
0 -3 9 -6 


row. 


1 1-5 3 
0. Lo 2 
0-3 9 -6 


Adding 3 times the second row to the third row yields a 
new third row. 


1 1 -5 3 
0 1-3 2 
00 00 


Adding —1 times the second row to the first row yields a 
new first row. 


1 0 -2 1 
01-32 
00 00 


Converting back to a system of linear equations produces 
х = 2x, = 1 

х — 3x3 = 2, 
Finally, choosing x4 = tas the free variable, you can 


describe the solution as x, = 1 + 2t, x; = 2 + 3t, and 
хз = t, where t is any real number. 


The augmented matrix for this system is 

[1 2 1 8 

[-3 -6 -3 -21] 

Gaussian elimination produces the following matrix. 
[12 18 

00013 

Because the second row corresponds to the equation 
0 = 3, there is no solution to the original system. 
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38. 


40. 


42. 


Section 1.2 Gaussian Elimination and Gauss-Jordan Elimination 


The augmented matrix for this system is 


21-1 2 -6| 
34 0 1 1 
15 2 6 -3 
Еа <3) 
Gaussian elimination produces the following. 
[15 2 6 -3| 1 5 2 6 3 1 
34 0 1 1 0 =11 -6 -17 10 0 
= > 
21-1 2 -6 0 -9 -5 -10 0 0 
[5 Ж. =1 T. 233 0 —23 -11 -31 18 0 
[1 
= 
[0 
[1 
0 
> 
0 
0 


Back-substitution now yields 

w = -2 

90 + 43w = 90 + 43(—2) = 4 
у = -E - qt) - (и) = -E -44 - HO) = 0 
5y — 2z 6и = -3 – 5(0) 


2 


x= -3 


So, the solution is: х = 1, y = 0, z = 4, and w = -2. 


Using a software program or graphing utility, the 
augmented matrix reduces to 


10000 2 
01000 -i 
00100 3 
000 10 4 
0000 1 1 
So, the solution is: 
x 22,x,--Lhx,-3,x,-— 4, and х; = 1. 


Using a computer software program or graphing utility, 
you obtain 


x, =1 

х = -] 
хз = 2 
x, = 0 
х; = —2 
x = 1. 


6(-2) = 1. 


11 


5: C» фу e 

1 é 1 210 

11 11 11 

-9 -5 -10 0 

-23 -11 -31 18 
$-- We BS ow aM RW ME E 
6 17 10 6 17 10 
отот cn Ul iE ^t lum 
0 —L 4 .-9|7 |00 | -43 90 

11 11 11 

50 32 17 50 32 
опт Cu 00 UD 4 
52 6 -3 Pos» 6. 3 
6 17 . 10 6 17 10 
Іт T Mea O E атп 
0 1-43 90 00 1 -43 90 
оо ж ве 000 1-2 


44. The corresponding equations are 
Xx =0 
х + x3 = 0. 


Choosing x, = t and x; = t as the free variables, you 


can describe the solution as x, = 0, x; = —s, x3 = s, 


and x, = t, where s and ¢ are any real numbers. 


46. The corresponding equations are all 0 = 0.So, there are 
three free variables. So, x, = f£, x; = s, and x, = ғ, 


where f, s, andr are any real numbers. 
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48. х = 
у = number of $5 bills 
z = number of $10 bills 
w = number of $20 bills 
x + Sy + 102 + 20w = 95 
x y z+ w= 26 
у= 42 = 0 
x—2y = -1 
1 5 10 20 95 1000 15 
1 1 1 1 26 0 100 
| 1-4 0 0 x 00 10 2 
1 -2 0 04 000 1 І 
x = 15 
у= 8 
zm 2 
у = 1 
The server has 15 $1 bills, 8 $5 bills, 2 $10 bills, and one 
$20 bill. 


(b) 


number of $1 bills 50. (a) If A is the augmented matrix of a system of linear 


equations, then the number of equations in this 
system is three (because it is equal to the number of 
rows of the augmented matrix). The number of 
variables is two because it is equal to the number of 
columns of the augmented matrix minus one. 

Using Gaussian elimination on the augmented matrix 
of a system, you have the following. 


2 -l1 3 20 sl 3 
4 2 5 |0 0 k+6 
4 -2 6 0 0 0 


This system is consistent if and only if k + 6 = 0, 
so k = -6. 
If A is the coefficient matrix of a system of linear 
equations, then the number of equations is three, 
because it is equal to the number of rows of the 
coefficient matrix. The number of variables is also 
three, because it is equal to the number of columns 
of the coefficient matrix. 
Using Gaussian elimination on А you obtain the 
following coefficient matrix of an equivalent system. 
3 


1 
E! 2 
0 0 k+6 
0 0 0 


Because the homogeneous system is always 
consistent, the homogeneous system with the 
coefficient matrix A is consistent for any value of k. 


52. Using Gaussian elimination on the augmented matrix, you have the following. 


1100 1 1 0 0 1 1 0 0 

0 1 10 0 1 1 0 0 1 1 0 
> > 

10 10 0 -1 1 0 0.0 2 0 

ab с 0 0 (b-a) c 0 0 0 (a-b+c) 0 


1 


C Eg 
оо о о 


1 
1 
0 
0 


From this row reduced matrix you see that the original system has a unique solution. 


54. Because the system composed of Equations 1 and 2 is consistent, but has a free variable, this system must have an infinite 


number of solutions. 


56. Use Gauss-Jordan elimination as follows. 


I. 23 1 2 3 123 1024 
45 615 0 3 4615101 21510 1 2 
7 89 0 -6 -12 000 00 0 
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58. Begin by finding all possible first rows 
[o o o,[o o 1. [o 1 oj [o 1 a, [1 o Off o al а b], [i a 0] 


where a and b are nonzero real numbers. For each of these examine the possible remaining rows. 


0 0 0||0 0 щото ото от 
0 0 ollo о 0/0 olo o 1,10 0 0, 
ооо ооо ооо ооо оо о! 
100100][|100][1 o 0][1 0 0| 
0 o ollo 1 ollo ollo o 10 та! 
jo o oflo o Of] оо 1||0 o Of jo o 0| 
a па O| [1 a b] [1 0 aļfı 0 
оо 0,10 o 1 оо 0 0 о ollo 1 
ооо оо о оо о оо of оо 
60. (a) False. А 4 x 7 matrix has 4 rows and 7 columns. 64. First, you need a + Oor c + O.If a + 0, then you 
(b) True. Reduced row-echelon form of a given matrix have 
is unique while row-echelon form is not. (See also a b 
exercise 64 of this section.) |“ | = |а b | 
cb > . 
(c) True. See Theorem 1.1 on page 21. c d 0 zem +b 0 ad — bc 
(d) False. Multiplying a row by a nonzero constant is T" 
one of the elementary row operations. However, So, ad — bc = 0 and b = 0, which implies that d = 0. 
multiplying a row of a matrix by a constant c — 0 If c + 0, then you interchange rows and proceed. 
is not an elementary row operation. (This would с а 
change the system by eliminating the equation a b S ad EN е а 
corresponding to this row.) c d 0 -— +b 0 ad — bc 


62. No, the row-echelon form is not unique. For instance, Again, ad — bc = Oand d = 0, which implies that 


a b 


ij is row-equivalent to 


1 2 1 0 
[ | апа l | The reduced row-echelon form is 


b = 0.In conclusion, | 
с 


unique. 


0 
за опу =d = 0, апі а z Oor c z 0. 


66. Row reduce the augmented matrix for this system. 
2A+9 -5 0 1 -A0 1 -À 0] 
> > 
1 -A0 2449 -5 0 0 24^ 94 —5 0| 
To have a nontrivial solution you must have the following. 


242 + 94-5 = 0 
(A + 5)(24 - 1) = 0 


So, if 2 = –5ог 4 = i the system will have nontrivial solutions. 

68. A matrix is in reduced row-echelon form if every column 70. (a) When a system of linear equations is inconsistent, 
that has a leading 1 has zeros in every position above and the row-echelon form of the corresponding 
below its leading 1. A matrix in row-echelon form may augmented matrix will have a row that is all zeros 
have any real numbers above the leading 1’s. except for the last entry. 


(b) When a system of linear equations has infinitely 
many solutions, the row-echelon form of the 
corresponding augmented matrix will have a row 
that consists entirely of zeros or more than one 
column with no leading 1’s. The last column will not 
contain a leading 1. 
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Section 1.3 Applications of Systems of Linear Equations 


2. (a) Because there are three points, choose a second-degree polynomial, р(х) = ag + ах + ax’. 
Then substitute x = 0, 2, and 4 into р(х) and equate the results to у = 0, —2, and 0, respectively. 
ау + a,(0) + a (0)? = de =0 
a, + a (2) + а,(2) = ay + 2a, + 4a, = -2 


E: 


ay + a(4) + а,(4) = a + 4a, + 16a, = 0 


Use Gauss-Jordan elimination on the augmented matrix for this system. 


10 0 0 100 0 
12 4 -2}>/0 10 -2 


14 16 0 001 4 


So, p(x) = -2x + je. 


4. (a) Because there are three points, choose a second-degree polynomial, р(х) = ag + ах + ax’. 


Then substitute x = 2, 3, and 4 into р(х) and equate the results to у = 4, 4, and 4, respectively. 


а, а (2) а, (2) = dy + 2а, + 4a, = 4 


ay + a,(3) + а›(3)” = ау + За, + 9a, = 4 


а + a(4) + a(4) = ay + 4a, + 16а, = 4 
Use Gauss-Jordan elimination on the augmented matrix for this system. 
12 4 4 1004 
13 9 4|5 |0 100 
14 16 4 00 10 
So, p(x) = 4. 
(b > 
(2, 4) (4, 4) 


e 


(3, 4) 
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6. (a) Because there are four points, choose a third-degree polynomial, р(х) = dy + ах + ax? + аух?. Then substitute 


(b) 


8. (a) 


(b) 


Section 1.3 Applications of Systems of Linear Equations 


x = 0,1, 2,and 3 into р(х) and equate the results to у = 42, 0, —40, апа —72, respectively. 


0) + a.(0) + a;(0)° = a = 42 


1) H a;(1) =a +a +a +a, =0 


2) + a2) + (2) = а, + 2a, + 4a, + 8a, = —40 


( ( 
ay + a(l) + а›( 
( ( 


а + a(3) + a,(3) + a,(3) = a) + За + 9a, + 27a, = -72 


Use Gauss-Jordan elimination on the augmented matrix for this system. 


100 0 42 100 0 42 
1] 11 1 0 0 10 0 -4 
1 2 -2 
1 3 1 


(2, -40) 


Because there are five points, choose a fourth-degree polynomial, р(х) = ag + ах + ах? + ax? + ах“. Then 


substitute x = —4, 0, 4, 6, and 8 into р(х) and equate the results to у — 18,1, 0, 28, and 135, respectively. 


dy + а(—4) + а,(-4) + a3(-4) + a,(-4)* = a — 4а + 16а, — 64a, + 256a, = 18 


( 
ay + a(0) a0) -a(0) -a(0! = a =1 
a, +а(4) + a(4y -a(4) + а(4' = а + 4а + 16а, + 64a, + 256a, = 0 
a, + a(6) + a6) + а(6) + a4(6)’ = а 6a, + 36а, + 216a, + 1296a, = 28 


) 
) 


ay + a,(8 


10000 I 
01000 34 
1 
00100 -4 
3 
00010 -È 
1 
00001 «x 


Lyi = (16 + 12x — 8х2 — 333 + d 


+а(8)) + a(8) + (8). = ay + 8а + 64a; + 512a;  4096a, = 135 


15 
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10. (a) Let z = x — 2012. Because there are four points, choose a third-degree polynomial, p(z) = ag + ат + doz? + азг?. 


Then substitute z — 0, 1, 2, and 3 into р(х) апа equate the results to у = 150,180, 240, and 360 respectively. 


ay + a,(0) + a(0) + a0) = ay = 150 
а + a(l) + a iy + a;(1) =a + a + a + a = 180 
ay + a,(2) + aj(2) + a;(2) = ay + 2a, + 4a, + 8а; = 240 
ao + a(3) + a3) + a3) = ay + За + 9a, + 27a; = 360 


Use Gauss-Jordan elimination on the augmented matrix for this system. 


1 0 0 0 150 1 0 0 0 150 

1 1 1 1 180 0100 25 
> 

12 4 8 240 00 1 0 0 

1 3 9 27 360 0001 5 


So, p(z) = 150 + 25z + 52°, or p(x) = 150 + 25(x — 2012) + 5(x — 2012)". 
(b) 


| 
T 
1 2 3 

(2012)(2013)(2014)(2015) 


12. (a) Because there are four points, choose a third-degree polynomial, p(x) = а + ах + ax? + a,x’. Then substitute 


x = 1,1.189,1.316, and 1.414 into р(х) and equate the results to у = 1,1.587, 2.080, and 2.520, respectively. 


ay + a(l) + a (1)? + a;(1) = а + a + a, + а; = 1 

а + а(1.189) + 2(1.189)? + a,(1.189)! = ay 1.1892, + 14144 + 1.6814; = 1.587 
dy + а(1.316) + а,(1316)? + 2(1.316)° = ay + 1.3164 + 1.7324, + 2.279a, = 2.080 
ay + a(1.414) + а(1.414) + а(1.414) = ag + 1.4144 + 1.9994, + 2.8274; = 2.520 


Use Gauss-Jordan elimination on ће augmented matrix for this system. 


11 1 1 1 1000 -0.095 
1 1.189 1.414 1.681 1.587 0 100 0.103 
1 1316 1.732 2.279 2.080 = 00 10 0.405 
1 1.414 1.999 2.827 2.520 000 1 0587 


So, р(х) = —0.095 + 0.103x + 0.4053? + 0.58722. 
(b) у 


(1.414, 2.520) 
(1.316, 2.080) 
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14. Choosing a second-degree polynomial approximation р(х) = dy + ах + ax’, substitute x = 1, 2, and 4 


into p(x) and equate the results to y = 0, 1, and 2, respectively. 


а а, a, = 0 
ay + 2a, 4a, = 1 
ay + Aa, + 16а, = 2 


4 


The solution to this system is ay = —3, а = 


So, p(x) = -$ + àx - 1x". 


4 


Finally, to estimate log,3, calculate p(3) = 3 + 3(3) 13)? E 


16. Assume that the equation of the circle is x^ + ax + y? + by — c = 0. Because each of the given points lie on the circle, you 
have the following linear equations. 


(-5Y + a(-5) + (IY + dO) -c =-Sa+ b-c+26=0 
(-3) + a(-3) + (2) + b(2)-c-2-3a + 2b -c + 13-0 
(-1) + a(-l) + (! + A) -e= -a+ b-c+ 2=0 


Use Gauss-Jordan elimination on the system. 
-5 1 -1 -26 100 6 
-3 2-1 -13| 51010 | 
-1 1-1 -2 0 0 1 -3 


2 


2 
So, the equation of the circle is x? – 6x + y? + y + 3 = 0,or (x 3/ H (> 3 FE 


18. (a) Letting z — =r the four data points are (0, 205), (1, 227), (2, 249), and (3, 282). Let 


p(z) = ay + az + аз2? az). Substituting the points into p(z) produces the following system of linear equations. 


) + a,(0) + a (0f = a 205 
ay + a(l) + all) + a(l 

ay + а(2) + a2) 3 

a + а(3) + а, (3) + а(3 


ay + а(0 
у = а + a + d; а; = 227 
) = а, + 2а + 4a, + 8a, = 249 
) = а + За + 9а, + 27a; = 282 


1 
a 

D» 

— 
N 


Form the augmented matrix 
[1 0 0 0 205 
1 1 1 1 227 
12 4 8 249 
1 3 9 27 282 


and use Gauss-Jordan elimination to obtain the equivalent reduced row-echelon matrix. 
[1 0 0 0 205 


0 100 u 
11 
0010 -4 
11 
0001 4 


т bu M. 


So, the cubic polynomialis p(z) = 205 4 


3 2 6 
3 
CT rA zs U[x-1970) Ti(x—1970Y.. 11(x-— 1970 | 
10 3 10 2 10 6 10 
77 По 1l 


(b) To estimate the population in 2010, let x = 2010. p(2010) = 205 + 


(a) 


4) + —(4) = 337 million, 
2 6 


which is greater than the actual population of 309 million. 
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20. (a) Letting z = x — 2000, the five points (6, 348.7), (7, 378.8), (8, 405.6), (9, 408.2), and (10, 421.8). 


Let p(z) = а + az + az? + аз + ацг“. 


a, + а(6) + a,(6) + а(6) + а4(6)' = ay + ба + 36a, + 216a, + 1296a, = 3487 
а + а(7)+ (17/ + a(Ty + а(7 = а + 7а + 49a, + 343a, + 2401а, = 378.8 
a, + (8) + a(8) + a3(8) + (8) = а + 8a + 64a; + 512a, + 4096a, = 405.6 
a, + a(9) + a(9) + а(9) + а(9)* = а + 9а + 810, 729a, + 6561а, = 4082 
dy + a,(10) + а,(10)? + 2(10) + a,(10)' = ay + 10a, + 100a, + 1000a, + 10,000a, = 421.8 


(b) Use Gauss-Jordan elimination to solve the system. 


1 6 36 216 1296 348.7] 100 0 0 8337.8 
1 7 49 343 2401 378.8 0 1 0 0 0 -4313.89 
1 8 64 512 4096 40565 |0 0 10 0 854.563 
1 9 81 729 6561 4082 0 0 0 10 -73.608 
1 10 100 1000 10,000 421.8 | 0000 1 2.338 


So, p(z) = 8337.8 — 4313.892 + 854.563z? — 73.608z° + 2.338z^. Because z = x — 2000, 
р(х) = 8337.8 — 4313.89(x — 2000) + 854.563(x — 2000)” — 73.608(x — 2000)’ + 2.338(x — 2000)“. 


To determine the reasonableness of the model for years after 2010, compare the predicted values for 2011—2013 to 
the actual values. 


x 2011 | 2012 | 2013 
р(х) | 537.8 | 903.4 | 1722.3 
Actual | 447.0 | 469.2 | 476.2 


The model does not produce reasonable outcomes after 2010. 


22. (a) Each of the network's four junctions gives rise to a linear equation as shown below. 
input — output 
300 = x + x, 
x + x3 = x, + 150 
х + 200 = x, + x; 
X4 + x; = 350 
Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 
11 0 0 о 300 10 10 І 500 
10 1-1 O 150 0 1-10 -1 -200 
01-1 0-1 -200 00 0 1 1 350 
00 0 1] 1| 350 00 00 0 0 
Letting x; = fand x; = s be the free variables, you have 
x, -500-5-t 
xX, = -200+5+¢ 
X4 =s 
x, = 350-1 
х5 = t, where ¢ and s are any real numbers. 
(b) If x, = 200and x, = 50,then you have s = 50and ¢ = 350. 
So, the solution is: x, = 100, x, = 200, x; = 50, x, = 0,andx, = 350. 
(c) If x, = 150and x, = 0, then you have s = O and / = 350. 


So, the solution is: x, = 150, x; = 150, x; = 0, x, = 0,and x; = 350. 
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24. (a) Each of the network's six junctions gives rise to a linear equation as shown below. 
input — output 


600 = x + x 
х= х + X4 
X; + x, = 500 
X; + X = 600 
X4 + XQ = X6 


500 = x; + x7 


Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 


1 отоо оо 600] 1000 0-1 0 0 
1 -1 0 -1 0 00 0 01000 0-1 0 
0 10 отоо 500 00100 1 0 600 
о от оо 10 60| 00010-1 1 0 
0 00 10-11] 0 00001 0 1| 500 
0 оо 0 1 0 1 500| 0 0 0 0 0 0 0] 

Letting x, = гапа х; = s be the free variables, you have 

х = 5 

Mm = 1 

x, = 600—5 

Xy=s-—t 

x; 2500-1 

х = 5 


X; = t, Where s and t are апу real numbers. 
(b) If x, = x, = 100, then the solution is x, = 100, x; = 100, x; = 500, x, = 0, x; = 400, х, = 100, and x, = 100. 
(c) If x; = x, = 0, then the solution is x, = 0, x; = 0, x4 = 600, x, = 0, x; = 500, x, = 0, and x, = 0. 
(d) If xs = 1000 and x; = 0, then the solution is x, = 0, x; = —500, x, = 600, x, = 500, x; = 1000, x, = 0, 
and x, = —500. 


26. Applying Kirchoff's first law to three of the four junctions produces 


Lodo. 
L+L=L 
I, + Ig = Is 


and applying the second law to the three paths produces 
RJ, + RJ = З + 21, = 14 

Roly + К, + Rss + Rh = 2L + 21, + 1; + А = 25 
В; + Rolo = Is + Ig = 8. 


Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 


1-110 00 0 1000002 
1-101 00 0 0100004 
0 010-1 1 0010002 
3200001|70001002 
0242 0 25 0000105 
o 0o00 11 mp. [оо оо о 3:3] 


So, the solution is: J, = 2, J, = 4, L = 2, I, = 2, I; = 5,and J, = 3. 
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28. 


30. 


32. 


34. 


Chapter 1 Systems of Linear Equations 
(a) For a set of n points with distinct x-values, substitute the points into the polynomial р(х) = а + ах + =- a, 4x". 
This creates a system of linear equations in a, aj, ++ a, 4. Solving the system gives values for the coefficients a,, and 


the resulting polynomial fits the original points. 


(b) In a network, the total flow into a junction is equal to the total flow out of a junction. So, each junction determines an 
equation, and the set of equations for all the junctions in a network forms a linear system. In an electrical network, 
Kirchhoff's Laws are used to determine additional equations for the system. 

Т = 50 + 25 +7 + T, 

4 
pL SOR PEST, T- nr- =75 
2 4 -T, + 4T, — Т, = 75 
> 
oe UR -1 + 41, — Т, = 25 
4 -T, - Т, + АТ, = 25 

Т, = 25+0+7, +7, 
4 
Use Gauss-Jordan elimination to solve this system. 
4-1 -1 0 75 1000 3125 
-1 4 0-1 75 0 10.0 3125 

= 
-1 0 4 -1 25 0 0 1 0 18.75 
0-1-1 4 25 0 0 0 1 1875 


So, T, = 31.25°С, T, = 31.25°C, Т, = 18.75°C, and T, = 18.75°C. 


3х2 -7x-12 _ A a B i C 
(x4 (x-4p х+4 x-4 (x-4) 


2 


3x? — 7x —12 = A(x — 4) + B(x + 4)(x — 4) + C(x + 4) 
3x? — 7x – 12 = Ax? — 84x +164 + Bx? — 168 + Cx + 4C 
3x? — 7x – 12 = (A + B)x’ + (-84 + C)x + 164 – 168 + 4C 
So, A+ B = 3 

-84 + C= -7 

164 – 16B + 4C = -12. 


Use Gauss-Jordan elimination to solve the system. 
1 1 0 3 100 1 
-8 0 1 -7| |0 102 
16 -16 4 -12 00 1 I 


The solutionis: 4 = 1, B = 2,and С = 1. 


5 3?-7x-12 _ 1 ne E 
"(x-4x-4p x4 x-4 (х- 4) 


Use Gauss-Jordan elimination to solve the system. 
022 -2 100 25 
20 1 -12/010 50 
2 1 0 100 00 1 -51 


So, x = 25, y = 50, and 4 = —51. 
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36. 


38. 


2y 2A 2 
2x +4 + 1 20 
2x + у - 100 = 0 


ll 
о 


The augmented matrix for this system is 
[022 -2 
2 0 1 -1| 
|2 1 0 100 


Gauss-Jordan elimination produces the matrix 
[100 25 
0 10 50, 
0 0 1 -51 


So, x = 25, y = 50, and å = —51. 


Section 1.3 Applications of Systems of Linear Equations 


21 


To begin, substitute x = —land х = linto p(x) = а + ах + ax? + ax? and equate the results to y = 2and y = 2, 


respectively. 


a = а +a -a= 2 


a) +a + a, +a, = -2 


Then, differentiate p, yielding p'(x) = a, + 2a,x + 3ayx?. Substitute x = –1 and x = 1 into p (x) and equate the results to 0. 


a, — 2a, + 3a; = 0 
a, + 2a, + Заз = 0 


Combining these four equations into one system and forming the augmented matrix, you obtain 


1-1 1-1 2 


1 1 1 1 
0 12 3 0! 
o 1 2 3 0 


1000 0 
0100 -3 
0010 of 
0001 1 


Use Gauss-Jordan elimination to find the equivalent reduced row-echelon matrix 


So, p(x) = -3x + x°. The graph of у = p(x) is shown below. 
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40. 


42. 


Chapter 1 Systems of Linear Equations 


Let 

р(х) = а + ax + аз? +- + а, ух"! and p(x) = by + bx + bx? & + b, ux" 
be two different polynomials that pass through the n given points. The polynomial 

р(х) - р(х) = (а — bo) + (a — b)x + (ay — b)? + (a4 Б)" 


is zero for these n values of x. So, aj = bo, а = b, а = by, ..., а, = b, 


Therefore, there is only one polynomial function of degree n — 1 (or less) whose graph passes through n points in the plane 
with distinct x-coordinates. 


Choose a fourth-degree polynomial and substitute x = 1, 2, 3, and 4 into р(х) = ay + ах + ax? + ay? + ах“. 


However, when you substitute x = 3 into р(х) and equate itto y = 2and y = 3 you get the contradictory equations 


ао + За + 9a, + 27а; + 8lay = 2 


ay + 3a, + 9a; + 27а; + 8la4 = 3 
and must conclude that the system containing these two equations will have no solution. Also, y is not a function of x 
because the x-value of 3 is repeated. By similar reasoning, you cannot choose p(y) = by + by + by? + by? + Һу 


because у = 1 corresponds to both x = land x = 2. 


Review Exercises for Chapter 1 


2. 


10. 


12. 


14. 


16. 


Because the equation cannot be written in the form 6. Because the equation is in the form a,x + ay = b, itis 
ax + ау = b, itis not linear in the variables x and y. linear in the variables x and y. 
. Because the equation is in the form a,x + ay = b, it is 8. Choosing хапа x; as the free variables and letting 
linear in the variables x and y. х = sand x, = f, you have 
3x, + 2s —4t = 0 
3x, = —2s +4 
iS i(-2s + 40). 
Row reduce the augmented matrix for this system. 
1 1 -l 1 1 -l 1 1 -1 10 2 
> > > 
32 0 0-1 3 01 -3 0 1 -3 
Converting back to a linear system, the solution is x = 2and y = -3. 
Rearrange the equations, form the augmented matrix, and row reduce. 
1-1 3 1-1 3 1-1 3 10 1 
> > 2 > 2r 
4 -1 10 0 3-2 0 1 -4 0 1 emm 
Converting back to a linear system, you obtain the solution x = iand у= = 
Rearrange the equations, form the augmented matrix, and row reduce. 
-5 1 0 1-10 1 -1 0 10 0 
> > > 
-1 1 0 -5 10 0 -4 0 0 10 
Converting back to a linear system, the solution is: x = 0 and y = 0. 
Row reduce the augmented matrix for this system. 18. Use Gauss-Jordan elimination on the augmented matrix. 
3 3 3 3 1 4 E: 
EUM NALE "APT EE. 3 7 3/10 = 
20 15 -14 20 15 -14 0 0 -26 2 3 15 01 7 
Because the second row corresponds to the false So, the solution is: x = —3, y = 7. 
statement 0 — —26, the system has no solution. 
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20. Multiplying both equations by 100 and forming the 
augmented matrix produces 


20 -10 7 
40 -50 -1J 
Gauss-Jordan elimination yields the following. 


j d cp E 2 
2 20| 2 20 
40 -50 -1 0 -30 -15 


U 

о 
| 

= уі 
Nie Sa 
ET 

U 
© = 
— © 
NIA noo 
pc 


So, the solution is: x = $and y = 1. 


22. Because the matrix has 3 rows and 2 columns, it has size 
3x2. 

24. This matrix corresponds to the system 
—2x, + 3x, = 0. 
Choosing x, = f asa free variable, you can describe the 
solution as x, = 3t and x, = t, where t is a real 


number. 


26. This matrix corresponds to the system 
x, + 2х0 + 323 = 0 
0 = 1. 
Because the second equation is not possible, the system 


has no solution. 


28. The matrix satisfies all three conditions in the definition 
of row-echelon form. Because each column that has a 
leading 1 (columns 1 and 4) has zeros elsewhere, the 
matrix is in reduced row-echelon form. 


30. The matrix satisfies all three conditions in the definition 
of row-echelon form. Because each column that has a 
leading 1 (columns 2 and 3) has zeros elsewhere, the 
matrix is in reduced row-echelon form. 

32. Use Gauss-Jordan elimination on the augmented matrix. 

4 2 1 18 100 5 
4 -2 -2 2851010 2 
2 -3 2 -8 00 1 -6 


So, the solution is: x = 5, y = 2, and z = -6. 


34. Use the Gauss-Jordan elimination on the augmented 


matrix. 

2 124 10 254 
2 20 55/0 1 2 1 
2-162 00 00 


Choosing 2 = f as the free variable, you can describe 


the solution as x — 3- 2t, y = 1+ 2t,and z = t, 


where / is any real number. 
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36. Use Gauss-Jordan elimination on the augmented matrix. 


2 0 6 -9 100 -i 
3 2 11 -16| [0 10 0 
3 -1 7 -ll 0 0 I -4 
Н iens E 3 э =. 5 
So, the solution is: x = —7, у = 0,and z = –5. 


38. Use Gauss-Jordan elimination on the augmented matrix. 
2 5 -19 34 10 3 2 
> 
3 8 -31 54 0 1 -5 6 
Choosing x, = t as the free variable, you can describe 


the solution as x; = 2 —3t, x; = 6 + 5t, and x, = t, 
where t is any real number. 


40. Use Gauss-Jordan elimination on the augmented matrix. 
15 30 0 14 10000 2 


04 25 0 3 01000 0 
00 38 6 16;5>]/0 0100 4 
24 00 2 0 000 10 ч 
20-10 0 0 0000 1 2 
So, the solution is: x, = 2, x, = 0, x» = 4, x, = -1, 


and x, = 2. 


42. Using a graphing utility, the augmented matrix reduces to 


1 0 -0533 0 
0 1 1733 0}. 
0.0 0 1 


Because 0 + 1, the system has no solution. 


44. Using a graphing utility, the augmented matrix reduces to 
1500 
00 10 
000 I| 
0000 


The system is inconsistent, so there is no solution. 


46. Using a graphing utility, the augmented matrix reduces to 
100150 
0 1005 0, 
00 105 0 
Choosing w = f as the free variable, you can describe 
the solution as x = —1.5t, y = -0.5t, z = —0.5t, 


w = t, where ¢ is any real number. 
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48. Use Gauss-Jordan elimination on the augmented matrix. 54. Form the augmented matrix for the system. 
2 4 -7 0 10 40 2 -l la 
> 
1-3 90 01-$0 1 12b 
Е : 3 0 3 3 @ 
Letting х; = tbe the free variable, you have x, = —5t, 


Use Gaussian elimination to reduce the matrix to 


х = 3t, and x, = t, where t is any real number. Towosehelom-dorti 


50. Use Gauss-Jordan elimination on the augmented matrix. 1 1a 1 Qi. ЕЕ u 
|o 2 2 2 
13 5 10 2 0 222 
M Б * GER - le 2 32 2-0 
14 5 0 01-5 0 2 2 2 
0 3 3 с 
Choosing х; = tas the free variable, you can describe 0 3 3 € 
the solution as x, = -3, х = 2t, and x, = t, where I d 1 a 
t is any real number. 2 2 2 
Эу 1| 1 2b -a 
52. Use Gaussian elimination on the augmented matrix. 3 
1-20] [1 -« 2 0] 0 33 c 
-1 1-1 0|5[0 0 1 0 11 a 
1 k 10 0 (k+1) -1 0 2 2 2 
= Е = 2Ь-а 
1 -i 2 0 0 11 3 
= |0 (k*1 -1 0 0 0 0 c-2b+a 
о о 1 0| 


(a) If c — 2b + a + 0, then the system has no solution. 
So, there will be exactly one solution (the trivial solution 


cy: ujuaidonya Poe i (b) The system cannot have one solution. 


(c) If c — 2b + a = 0, then the system has infinitely 
many solutions 


56. Find all possible first rows, where a and 5 are nonzero real numbers. 
[o o 0], [0 o 1, [o 1 o, fo 1 al, fl o OL ff a ОП a b}, [i 0 a] 


For each of these, examine the possible second rows. 


[o o oO] fo o 1] [o 1 o] [o 1 0 
оо огоо оо o о[ fo о 1f 
[o 1 а|[1 0 O] [1 o о][1 o 0|[ 0 0 
[o o oflo o ого 1 Of jo o 1f{o 1 af 
[1 a 0|[1 a 0||1 a Bb] fi 0 a||1 0 a 
jo o Of оо 1f оо OF [0 o Of fo 1 0 


58. Use Gaussian elimination on the augmented matrix. 


(A+2) 2 30 1 2 A 0 1 2 4 0 
2 (4-1) 6 0|= |0 4+3 6+ 24 01 > |0 4+3 6 + 24 0 
1 2 40 0 -24-6 -А4°—-24+3 0 0 0 (42-24-15) 0 


So, you need A? - 24 – 15 = (A — 5)(4 + 3) = 0, which implies 4 = 5or A = -3. 
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60. (a) True. A homogeneous system of linear equations is always consistent, because there is always a trivial solution, 
i.e., when all variables are equal to zero. See Theorem 1.1 on page 21. 
(b) False. Consider, for example, the following system (with three variables and two equations). 
x+ y- z=2 
-2x -2y + 2z = 1. 


It is easy to see that this system has no solution. 


62. From the following chart, you obtain a system of 66. (a) Because there are four points, choose a third-degree 
equations. polynomial, р(х) = ag + ax + ах? + ax’. 
A B C By substituting the values at each point into this 
1 2 2 equation, you obtain the system 
Mixture X 5 5 Н 
а= a+ a- a =-l 
Mixture Y 0 0 1 а, = 0 
Mixture Z т i i a+ а+ a+ a= 1 
a + 2a, + 4a, + 8а; = 4. 
Desired Mixture £ 3 E s : à : 
Use Gauss-Jordan elimination on the augmented 
le +l; = matrix. 
5* t375 7| 10. _ 12 
: в [02272 = m 1-1 1 -1 -H 10000 
5* 737 = 9 
а А е 5 100 0 0 ü 102 
| = = > 
st 2 от Ut ] 1 1) 1 1 00 100 
To obtain the desired mixture, use 10 gallons of 1 24 8 4 000 1 i 


spray X, 5 gallons of spray Y, and 12 gallons of spray Z. 
So, р(х) = 2x + 1х. 


2 = 
ы. 30 83-2 0 4, BY с_ o) , 
(х +1) (х= 1) x+1 x-1 (x«l) 


2, 


3x? + 3х-2 = A(x + 1)(x - 1) + B(x +1) + С(х—-1) 
3x? +3х-2 = Ax? — А+ Bx? +2Bx+ В+ Сх – С 
3х2 + 3x — 2 = (A+ Bx? + (28 + С)х- 4+ B-C 


So, A+ B =: 3 
2B+C 3 
А В-С=-2. 


68. Substituting the points, (1, 0), (2, 0), (3, 0), and (4, 0) 


Use Gauss-Jordan elimination to solve the system. into the polynomial p(x) yields the system 
k dod. 3 kW s a+ at a+ a4-0 
02 1 Spe 10 1 a + 2а + 4a, + 8a, = 0 
ыл ЖУ dy + За + 9a, + 27a, = 0 
The solution is: 4 = 2, В = Land С = I. ау + 4a, + 16a; + 64a; = 0. 
So 3x? + 3x – 2 _ 2 3 1 " 1 Gaussian elimination shows that the only solution is 
(x*1y(x-1) 241 x-1 (x 41/ a = а =a =a = 0. 
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70. (а) When: = 0,s = 160: 14(0) + %(0) + so 


1 
1 
2 


160 = sy = 160 


| 
© 
ox 


When f а(1) + v(l) + s = 96 = la + v + 50 = 


1,5 = 96: 


When: = 2,5 = 0: laQy + vo(2) + so = 0 = 2a + 2y + = = 0 


Use Gaussian elimination to solve the system. 


Sy = 160 
ia + Vo + So = 96 
2а + 2v + Ss = 0 


а + 2v, + 25у = 192 


2а + 2v + = 0 
sy = 160 

а + 2v + 250 = 192 

— 2w — 35) = —384 (-2) Eq. 1 + Eq. 2 

s, = 160 

а + 2v + 25у = 192 

vo + is = 192 (-4) Eq. 2 
зу = 160 
sy = 160 > sy = 160 


vo + 3(160) = 192 = v = —48 
a + 2(-48) + 2(160) = 192 > a = -32 


The position equation is s = 2(-32)е — 48t + 160, ог s = —16t? — 48t + 160. 


(b) When ¢ = 1, s = 134: 1а(1)? + vo(1) + so = 134 => a + 2v) + 2s, = 268 


When / = 2, s = 86: 4a(2)” + (2) + s = 86 = 2a + 2w + so = 86 


d. 
2 
When ¢ = 3, s = 6: la(3) + w(3) + so = 6 => 9a + буу + 25, = 12 


Use Gaussian elimination to solve the system. 


a 2, 250 = 268 
2a + 2w + S 86 
9а 6v, 250 = 12 
a+ 2уу + 25 = 268 
—-2w — 35) = -450 (-2)Eq.1 + Eq.2 


-12v — 16s) = -2400 (-9)Ед.1 + Eq.3 


—2w — 35у = -450 
=s = —150 3Eq.2 + 2Eq.3 


-so = -150 => sy = 150 
-2v — 3(150) = -450 > w = 0 
a + 2(0) + 2(150) = 268 = а = -32 


The position equation is s = 2(-32)2 + (0), + 150, or s = –161° + 150. 
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(с) Whent = 1, = = 184: la(l) + vo(l) + s, = 134 > a + 2v + 2s, = 368 
When = 2, s = 116: 1402) + w(2) + s, = 116 => 2a + 2w + sọ = 116 
When? = 3,5 216: 214(3) + (3) + s = 16 > 9а + бу + 250 = 32 


Use Gaussian elimination to solve the system. 
а + 2у + 25 = 368 

2а + 2v%) + sọ = 116 

9a + Ov) + 28) = 32 


а + 2v + 25у = 368 
— 2w - 35) = -620 (—2) Eq. 1 + Eq. 2 
— 12v — 16s, = —3280 (-9) Eq. 1 + Eq. 3 
а + 2v + 25) = 368 
w + 3s = 310 (-1) Eq. 2 


- 12у) — 16s) = —3280 


а + 2v + 25) = 368 


is, = 310 


2s) = 440 12 Eq. 2 + Eq. 3 


Vo + 


2s, = 440 => s, = 220 
2% — 3(220) = -620 > v = -20 
a + 2(-20) + 2(220) = 368 => a = -32 


The position equation is s = —4F(-32)0 + (-20)r + 220, or s = –16° — 20t + 220. 


72. Applying Kirchoff's first law to either junction produces 
I, + I; = L and applying the second law to the two paths produces 
RJ, + Rly = 31, + 41, = 3 
Ry, + RJ = 41, + 21, = 2. 


Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 


1-110 100 $ 
3 4 0 Ser ue 
1 
0422 001 + 
So, the solution is Л = x Г = £, and I; = b- 


Project Solutions for Chapter 1 


1 Graphing Linear Equations 


1 3 
Ü 2 -1 3 Е 1 By 3 
a b 6 0 b+ За 6 – За 


(a) Unique solution if 5 + За + 0. Еог instance, a = b = 2. 


(b) Infinite number of solutions if b + Га = 6 ja = 0 a = 4апі b = -2. 


(c) No solution if b + 4a = Oand б— 3a + 0 >a #4andb= —1la.For instance, a = 2, b = -1. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


28 


2. (а) x+y+z=0 


2 Underdetermined and Overdetermined Systems of Equations 


Chapter 1 


(d) 2x *2y 261 2х-у=3 


Systems of Linear Equations 


(а) 2x- у= 3 
2х + 2у = 6 


(The answers are not unique.) 


x+yt+z=0 


x-y-z=0 


(The answers are not unique.) 


+z=0 
Е = 
222 


(с) x+y+z=0 


Xtytzzl 


ll 
о 


x—-y-z 


There are other configurations, such as three mutually parallel planes or three planes that intersect pairwise in lines. 


1. Yes, x + y 


2. 


Yes, 
x+ y 
2x + 2y 
3x + 3y 


= 2 is a consistent underdetermined system. 


is a consistent, overdetermined system. 


. Yes, 
x+y 
х+ у 


is an inconsistent underdetermined system. 


. Yes, 

х+у= 
х+у= 
х+у= 


is an inconsistent underdetermined system. 


2 
2 


1 
2 


5. In general, a linear system with more equations than 


variables would probably be inconsistent. Here is an 
intuitive reason: Each variable represents a degree of 
freedom, while each equation gives a condition that in 
general reduces number of degrees of freedom by one. 
If there are more equations (conditions) than variables 
(degrees of freedom), then there are too many conditions 
for the system to be consistent. So you expect such a 
system to be inconsistent in general. But, as Exercise 2 
shows, this is not always true. 


. In general, a linear system with more variables than 


equations would probably be consistent. As in Exercise 5, 
the intuitive explanation is as follows. Each variable 
represents a degree of freedom, and each equation 
represents a condition that takes away one degree of 
freedom. If there are more variables than equations, in 
general, you would expect a solution. But, as Exercise 3 
shows, this is not always true. 
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СНАРТЕК 2 
Matrices 


Section 2.1 Operations with Matrices 


2. х = 13, у = 12 


4. х+2 = 2х +6 2у = 18 
—4 = х = 9 
2x = —8 у+2=11 
x-2-4 y=9 
[6-1] [1 4) | 6+1 -1«4 7 3 
6.(a) A+B=| 2 4/+]-1 5|-|2«(-) 4+5|=| 1 9 
1-3. 5] | 1 10] | -3+1 5410] |-2 15 
[6 -1| [1 4] J 6-1 -1-4] [5 —5 
(b) 4-B=/2 4/-|-1 5[212-(-)) 4-5|2 3 -1 
|[3 5] | 1 10} | 3-1 5-10] |-4 -5 
6 -1 | 2(6) 2(-1)] [12 -2 
(с) 24222 4|=| 20) X4)|2|4 8 
-3 |2(-3) 2(5)| 1—6 10 
12 —2] 1 4 12-1 -2-4 11 -6 
(d 24-В=| 4 8|-l-1 5|2|4-(-) 8-5|=| 5 
|-6 10| 1 10 6-1 10-10 7 0 
Г 1 7 
1 4 6 -1 1 4 3 =} 4 4 
(e) B+5A=|-1 5|41 2 4|=|-1 5|+| 1 2|2| 0 7 
3 5 1 25 
| 1 10 -3 5 1 10 2 5 І 2 
[ -1] [о П [340 2+2 -1+1 з 4 0 
8.0) А+В=|2 4 5|+|5 4 2|=|2+5 4+4 5+2|= |7 8 7 
| 2| (2 | |0+2 1+1 2+0 2-297 9 
[3 -I] [0 I1] [3-0 2-2 -1-1 3 0 -2 
(b А-В=|2 4 5|-|5 4 2|=|2-5 4-4 5-2|=|-3 0 
I 2| |2 0| [0-2 1-1 2-0 20 2 
3 2 -1 2(3) 2(2) 2(-1) 6 4 -2 
(с) 24=22 4 5| = |2(2) 2(4) 2(5)| = |4 8 10 
01 2 2(0 2() 2(2) 02 4 
32 -1| fo 2 I 64 2] [02 1 6 -3 
(d 24-B222. 4 5|-|5 4 2|= |4 8 10|-|5 4 2| |-1 4 
01 2| 2 10 02 4| |2 10 -2 1 


= 
@ 
— 
©з 
+ 
юе 
a 
Il 
N úU © 
— A N 
© N н 
+ 
nee су w 


e оо юе 
LL оо 
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10. (a) A + B is not possible. А and В have different sizes. 
(b) A – B is not possible. A and В have different sizes. 


14. 


Section 2.1 Operations with Matrices 31 


Simplifying the right side of the equation produces 


pL 


4+ 2у 


3 6 2422 -1+ 2x] 
(c) 24 = | = | By setting corresponding entries equal to each other, you 
-1 -2 obtain four equations. 
(d) 2A — B is not possible. A and B have different w= 44+2y -2y +w = —4 
sizes. x= 3+2w х — 2w = 
(e) В+ 1А is not possible. А and В have different у= 2422 y-2z- 
sizes. x= -bt2x x-l 
12. (а) сз = 5a44 + 2b = 5(2) + 2(1 1) 232 The solution to this linear system is: x = 1, у= 3, 
(b) ср = 5a + 2byy = 5(1) + 2(4) = 13 z= —pand w = -1. 
0-0 1 -2() 2(1) + (-2)(-2)]_ |4 6 
Ome pe [е (д) + е -i() +462) | 17 
-2| [4Q) 4(-2) +04) ]| [7 -4 
EE E E 4 kein | (-1) 2(-2) +( | Е |, B 
1-1 71 12] [9«C20)«70) 1()+(—1)1)+7(—3) 12)«(-)()«7(2)] [6 -21 15 
18. (а) AB- 2 -1 | 1 if 2(1) + (-1)(2) + 8(1) 2(1) + (-1)(1) + 8(-3) 2(2) + (-1)(1) + 8(2) f -23 Д 
з 1 -1] -3 2] }з+ц(2)+(<])() 3(+1)+(<—1)(—3) 3(2) +101) +(-)(2) |4 7 5 
[r i xpo 7 (1) +1(2)+2(3) 10-1) +0) 20) — 7)«18)-2(-1)] [9 0 13 
(b ВА=|2 1 | -1 { 201) +102) + (3) — 2(<1)+Ц<])+11) — 2(7)+1(8)+ 1—1) " 22 » 
1-3 2113 1-1] [10 (-3)(2) + 2(3) 10-1) + (-3)(-1) + 2(1) 1(7) + (-3)(8) + 2(-1)| |1 4 -19 
[3 2 Qm 2] BO + 2(2) + ці) 3(2) + 2(-1) + 1(-2) 8 2 
20. (a) AB -|-3 0 4/2 -1] = |-3(1) + 0(2) + 4(1) -3(2) + 0(-1) + 4(-2) =| 1 -14 
| 4 -2 -4[1 -2 4(1) + (—2)(2) + (—4)(1) 4(2) + (-2)(-1) + (—4)(—2) 4 18 
(b) BA is not defined because B is 3 x 2 and A is 3 x 3. 
ES (2) -1(1) =з) -12)] [-2 -1 -3 -2 
EN 202) 20) o3) 20) |4 2 6 4 
жыша loei edi 2(2) -20) -2(3) -2()| |-4 -2 -6 -4 
| 1 (2) 10) «3 10) 2 px 3 
-1 
( BA=[2 1 3 2] i = [2(-1 + 3(-2) + 2(1)] = [-4] 
1 
24. (а) AB is not defined because A is 2 x 2and B is 3 x 2. 
2 1 2(2) + (5) — 2(=3) + 1(2) 9 -4 
(b B4=|1 3 f p =|1(2)+3(5) 13) + 30) |= 117 3 
2 abl ^1 foray + ays). 2-3 + (0) |-1 -8 
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26. 


28. 


30. 


32. 


34. 


36. 


38. 


Chapter 2 Matrices 


[2 1 2] 4 1 3 
(a)4B =) 3 -1 -2|| -1 2 -3 -1 
|-2 1 -2]-2 1 4 3 
[2(4) + 1(-1) + 2(-2) 2(0) + 1(2) + 2(1) 
= |3(4) + (-I)(-1) + (—2)(—2) 3(0) + (-1)(2) + (-2)(1) 
2(4) + 1(-1) + (—2)(—2) 2(0) + 102) + (-2)(1) 


=|17 -4 -2 4 
|-5 0 -13 -13 


(b) BA 15 not defined because B is 3 x 4 and Ais 3 x 3. 


(a) AB is not defined because A is 2 x Sand B is 2 x 2. 
[1 6/1 0 3 -2 4 
(b) BA = | | 
|4 2]6 13 8 -17 20 
Гл) + 6(6) 100) + 613) 1(3) + 6(8) 1(-2) 4 


1401) + 2(6) 4(0) + 2(13) 4(3) 
[37 78 51 -104 124 
|16 26 28 -42 56 


C + E is not defined because C and E have different 
sizes. 


—4A is defined and has size 3 x 4 because A has size 
3 x 4. 


BE is defined. Because В has size 3 x 4апа £ has size 
4 x 3, the size of BE is 3 x 3. 


2D + C is defined and has size 4 x 2 because 2D and C 
have size 4 x 2. 


As a system of linear equations, Ax = 0 is 
x + 2x) Xy + 3x, =0 
XQ — X, tx, =0. 

х —X,* 2x4, = 0 
Use Gauss-Jordan elimination on ће augmented matrix 
for this system. 


1 2 130 100 
1-1 0102010 
0 1-120 00 1-10 
Choosing x, = f, the solution is 
X, = —2t,x,; = —t, x, = t,and x, = t, wheretisany 


real number. 


+ + 
о a 
I 
оо 
2 
4 

І 
N 
I 
| 


2(1) + 1-3) + 2(4) 
3(1) + (=)(—3) + (—2)(4) 
=2(1) + 1(-3) + (-2)(4) 


2(3) +1 
3(3) + (-I)(-1) + (-2)(3) 
) + 


-2(8 


40. In matrix form Ax = b, the system is 


[2 зх] 5 
1 4x] [10] 
Use Gauss-Jordan elimination on the augmented matrix. 
[2 3 5] 1 0 -2 
> 
[1 4 10} |0 1 3 


. . [X -2 
So, the solution is = F 
X5 3 


42. In matrix form Ax = b, the system is 


[-4 O9] _ [-13 
[1з] | 12] 
Use Gauss-Jordan elimination on the augmented matrix. 


[-4 9 -13 10 -23 
> 
11-3 12 0 1 o 


ОНЕ —23 
So, the solution is =| ar 
X TBE 
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44. 


46. 


48. 


In matrix form Ах = b,the system is 


1 -3T x -1 
-1 2 0 »|- 
1-1 Ixy 2 


| 1 1 -3 -1] 1002 
-1 2 0 12/010 
[1 -1 1 2 0 0 I 


nju nju 


So, the solution is | x; | = 


Nli ne N 


In matrix form Ax = b, ће system is 


[1 -1 4][ x 17 
1 3 Offx,| =|-111. 
10 -6 S]x 40 
Use Gauss-Jordan elimination on the augmented matrix. 
[1-14 17 [100 4 
1 3 0 -11| |0 1 0 -5 
lo 65 40] |0 01 2 
x, | 4 
So, the solution is | x, | = | —5 |. 
X3 | 2 


In matrix form Ax = b, the system is 


[1 1 0 0 0 x 0 
0 1 1 0 OF x» 0 
0.0 1 1 0| |x} = |0| 
0001 14 Ix, 0 
-1 1 -1 1 -1| |x, 5 


1 1 00 0 0 1000 0 -i 
0 1 1 00 0 01000 1 
0.0 1 1 0 0) > |0 01 00 -i 
0 0 0 1 1 0 00010 1 
|-l 1 -1 1 -1 5 00001 ч 
So, the solution is | x, E 
Xz 1 
x] = |-1|. 
х4 1 
Xs -1 


Use Gauss-Jordan elimination on the augmented matrix. 


Use Gauss-Jordan elimination on the augmented matrix. 


50. 


52. 


54. 


Section 2.1 Operations with Matrices 33 


The augmented matrix row reduces as follows. 


12 4 1 10-2 -3 
-1 0 2 32/01 3 2 
0 1°3°2 00 0 0 


There are an infinite number of solutions. For example, 
x = 0, x) = 2, x, = -3. 


1 1 2 4 
So, b = |3 | = -3| -1| + 2/0} + 02 |. 
2 0 1 3 


The augmented matrix row reduces as follows. 


-3 5 -22 [1 -3 10 
з 4 4|2|0 9 -18 
4 -8 32 [0 4 8 

1 -3 10 10 4 

> 1 -2|5|0 1 2 

0 1 -2 00 0 

So, 

-22 -3| 5 
b=] 4/24 3|+(—2)| 4| 
32 4| -8 


Expanding the left side of the equation produces 
2 =] 2 -l|la, a 
А = 11 12 
3 -2 3 2 [а а» 


2a; = ау 2а) — а 1 0 
За — 2а 3an — 2an] |0 1 


and you obtain the system 
2a, -T 053 = 
2ар T 0» = 


3а — 2а = 


к Sh cel 


3a, — 2а» = 
Solving by Gauss-Jordan elimination yields 


à; = 2, а = —1, a, = 3,and ayy = 2. 


2 -l 
So, you have A = . 
3 2 
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56. Expanding the left side of the matrix equation produces [3 о 0][-7 
а b|2 1 2a+3b a+b 3 17 60. AB=|0 -5 O| 0 4 
Í | ЕБ el M lo 0 of 0 0 12 
You obtain two systems of linear equations (one 3(-7) +0 +0 0+0+0 04+0+0 
involving a and Б and the other involving c and 4). = 0+0+0 0+ (-5)4+0 0+0+0 
2a + 3b = 3 | 0+0+0 0+0+0 0+0+0 
бър, -2 0 0] 
апа = 0 -20 0, 
2с+34 = 4 0 0 
c+ а = -1. РР E 
Similarly, 
Solving by Gauss-Jordan elimination yields a = 48, T2] 0 01 
b = -31,c = -7,and d = 6. 
ВА = 0 -20 O0, 
2 00 0 0 400 | 9 0 0 
58. 44 =/0 -3 0 3 0/=|0 9 0 
0 0 O70 00 ооо 
ац о ор, b; b; abi dub абз 
62. (а) АВ = | 0 ay Ob Db 53| = |а аб аз 
0 0 аз | ba Бә bs аззрзр азр» аззізз 
The ith row of B has been multiplied by a;, the ith diagonal entry of A. 
bi b2 ba [an 0 0 айу anba аЬ» 
(b BA = b, by b! 0 a» O|-|ajby anba db 
b b ba L 0 0 аз ау anb 3333 


The ith column of B has been multiplied by а, 
(c) If a, = ay = аз, then AB = aB = ВА. 


й» 


64. The trace is ће sum of ће elements on the main 


diagonal. 
1+1+1= 3 
68. Let АВ = [ey | where c; -5 arby. Then, Tr(AB) 


k=1 


Similarly, if ВА = |d; |, d; 


= Ума Then Tr(BA) = 


the ith diagonal entry of A. 


66. The trace is the sum of the elements on the main 
diagonal. 


1+0+2+(-3)=0 


Ў һа) = Tr(AB). 


E 


E 


2.38 cos œ  —sin 0 || cos | —sin cos a cos f — sin a sinf cos a(-sin £) — sin a cos 8 
: [sing соѕ а sin B соз sin œ cos J + cos a sin 3 sin o(—sin B) + cos œ cos B 
E cos 8 -sin д || cos æ -sin М cos 8 соз a — sin 8 sin œ cos B(-sin æ) — sin f cos a 
— |sin B cos f| sin @ соз М sin J соз © + cos 8 sina sin /5(—5їп œ) + cos f cos a 
cos(@ sin(a@ 
So, you see that АВ = ВА =| |. ( P) ( ^ Е 
sin(a + B) соѕ(о + B) 
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72. 


74. 


76. 


78. 


82. 


Section 2.1 Operations with Matrices 35 


a, a b, b 
Let A = | " * an B= | | 
а an by by 


10|. А 
is equivalent to 
0 1 


| 


арб» = ba, = 1 


Then the matrix equation AB — ВА = 


B MN a » N ale 
dj а || by, b» by, bn |an 
This equation implies that 

abi + арб = biti = Бра = 


azb + аур — buan — bnan аб — ba =1 


which is impossible. So, the original equation has no solution. 


Assume that А is an m X n matrix and B isa p x q matrix. Because the product AB is defined, you know that n = p. 
Moreover, because AB is square, you know that m = д. Therefore, B must be of order n x m, which implies that the product 
BA is defined. 


Let rows s and ѓ be identical in the matrix А. So, a, = ajfor j = 1, ..., n. Let AB = [ey | where 


n n n 
Cj = bs абы. Then, с; = p» ay by, and су = У aby. Because as = ay for k = 1, ..., n,rows $ and t of AB 
k=l k=l k=l 


are the same. 
(a) No, the matrices have different sizes. ИР 70 50 25 84 60 30 
(b) No, the matrices have different sizes. ' "135 100 70| |42 120 84 


(c) Yes; No, BA is undefined. 


(a) Multiply the matrix for 2010 by 5: This produces a matrix giving the information as percents of the total population. 


[12,306 35,240 7830 | [3.928 11.40 2.53 
16,095 41,830 9051 5.21 13.54 2.93 
А = 5057 27,799 72,075 14,985} = 9.00 23.33 4.85 
5698 13,717 2710 1.84 4.44 0.88 
112,222 31,867 5901 | 13.96 10.31 1.91 
Multiply the matrix for 2013 by 765 This produces а matrix giving the information as percents of the total population. 
[12,026 35,471 8446 | [3.81 1123 2.67 
15,772 41,985 9791 4.99 13.29 3.10 
В = т 27,954 73,703 16,727| = |8.85 23.32 5.29 
5710 14,067 3104 1.81 4.45 0.98 
112,124 32,614 6636 | 13.84 10.32 2.10 
(b) 3.81 11.23 2.67 3.98 11.40 2.53 —0.18  -0.18 0.14 
4.99 13.29 3.10 5.21 13.54 2.93 —0.22 -0.25 0.17 
B- А = |885 2332 529| — |9.00 2333 485| = |—015 -0.001 0.44 
1.81 4.45 0.98 1.84 4.44 0.88 —0.04 0.01 0.11 
3.84 10.32 2.10 3.96 10.31 1.91 -0.12 0.01 0.19 


(c) The 65+ age group is projected to show relative growth from 2010 to 2013 over all regions because its column 
in В — A contains all positive percents. 
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0 0/1 OF 1 2|3 4 1 213 4 
010 1/55 6|7 8 5 6:7 8 
84. AB = - 
= 010 011 2|3 4 -l.-2|-3-. =4 
0 —1|0 0|5 6|7 8 -5 -6|-7 -8 


86. (a) True. The number of elements in a row ofthe first matrix must be equal to the number of elements in a column of the 
second matrix. See page 43 of the text. 


(b) True. See page 45 of the text. 


Section 2.2 Properties of Matrix Operations 


E cer usum. (pee 


4 (5 -2 4 0]+[4 6 -18 9) = 115 +14 -2+6 4+(—18) 0«9]-df9 4 -14 9] 2 [2 2 -7 3] 


4 1 -5 -1 E: [4-11] [ -5+7 -1+5 
6 -1-2 -1|+ 4] 3 4|+|-9 -1]/=| 2 1/4+434+(-9) 4+(-1) 
9 3 0 13 6 -l 1-9 -3| | 0+6 13+(-l) 
Е 1 2 
-4 -ll 2 4 4 -ll 1 2 
=| 2 I1|«H-6 3|= |2 14-34 
1-9 -3| 6 12 -9 -3 12 
[ ‚1 2 11 31 
4+1 -11+2 Ы -3 
= I Е 3 
= |2 + (-1) 1+2 = 1 == 
9+1 -3+2 8 -l 


14. (a) X = ЗА – 2В (b 2X = 24- B 
[-6 | —3] 0 6 [-4 -2 3 
=з 0|-|4 0 2X 2|2 0|- 0 
| 9 -12| |-8 2 | 6 -8| |-4 -1 
[6 -9 EET. 
=|-1 0 2X =| 0 0 
17 -10| [10 -7| 
220: -$ 
Х=| 0 0 
L5 d 
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(c) 2X + ЗА = B (9) 2A + 4B = 2Х 
-6 -3| [0 3 -4 2 0 12] 
2X4|3 0|=|2 0 2 0|+| 8 Орех 
9 -12| |-4 -1 6 -8| |-16 -4| 
| 6 6| -4 10 
2Х =| -1 0 10 0|=-2Х 
|-13 11 -10 -12| 
I 3 334 2 -5 
X= m 0 -5 0|= Х 
3 di 5 6 
L 2 2 I z 
16. c(CB) = ( zu Ak | E 4 oso * 
eG = |- = = 
Е = 24. (a) (AB)C = 0 1 
1 01-1 2 (а) (48) pee aes 
-1 2 Ж 
La. of ‹ EE 
l 3 -8 26 6 | 
a TS | 7 -14 -9 
2^ zi 
18 | 
о 111 3] 0 1 zi 
18. C(BC) - ер 
-1 oll- 2—1 0 
КЕ ә [-4 2 1 -5 0 
[or n [e -i (b) 4(BC) = || | 
-1 0[|—2 -! 3 -1 E EM 
E 1 зо 1] роо A Е P 
; +0)= + = 
EN 0| lo 0 L 1-30 3 2 
iao- ВЕ a EE | 
“fa 2l- o |—22 -1 -12 5 


1 3 1 2 3 1 1 1 1 3 1 
22. B(cA) -| [el | 26. AB = |^ i 1 - | ] 
-1 2 0 1-1 1 iffa 1 1 3 
[2 2112 4 2 8 
1 3|-2 -4 -6 2 10 0 [1 1[1 1 3 1 
= = E 4-2: 2 4 De ps 2 
ERAN E 2 010 ВА=\ ili 1[= [1 3 * 48 
i2 412 2 4 8 
[12 3/0 00 12 -6 9 
28. AC=|0 5 4/0 00/26 -8 12 
|3 -2 1/4 -2 3 4 2 3 
[4 -6 30 0 0 
=| 5 4 4/0 00|-2 BC 
|l 0 1/4 2 3 
But 4 # B. 
2 4 1 -2 0.0 
30. AB = 1 = = 
2 4/-5 1| [00 


But A # Oand B # O. 
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Е 0 10 -1 
[ 1 й | F ; 38. In general, AB # BA for matrices. 
= + = 
2 SEP ME аек 6 -7 197 [6-7 19 
40. D” =|-7 0 23) =|-7 0 23 
19 23 -32 19 23 -32 
T T 
3 (4B)" n 1 21-3 -l Е 1 1 E 1 -4 
0 —2| 2 1 4 -2 1 -2 


2 1 wm ess AF 424 
44. (4B) =||0 1 3|2 1 -2|| =|2 4 =|0 42 
40 2101 3 2| Py ui 
1 -1][2 1 -17 1 2 02 0 4 4 2.4 
B4 221-201 3| =| 0 1 1 1 0|=[| 0 4 2 
01 3||4 0 2 -1 -2 3|-13 2 -7 7 2 
" 1 -I] © 
F 13 0 10 11 
46. (а) АА = 3 4 = 
-1 4 2 11 21 
—2 | 
[1 -l TZ b 2 
Е 13 0 
(b AAT = |3 4 2-25 -8 
-1 4 2 
[0 2 “ [2-28 4 
[4 2 14 6[4 -3 2 0] [23 8 168 -104 
е 3 02 8 0 ll =l 8 77 -70 50 
48. (a) АТА = = 
2 11 12 -5|14 -2 12 -9 168 —70 294 -139 
| 0 -1 -9 4[6 8 -5 4] [|[-104 50 -139 98 
4-3 2 olf 4 2 14 6| [29 30 86 -10 
7 2 O 11 -1/3 0-2 8 30 126 169 -47 
(b) AAT = = 
14 -2 12 -9 1 12 -5 86 169 425 —28 
[6 8 -5 4| 0 -1 -9 4| |-10 -47 -28 141 
50. g^ 9 о о о} 10000 
0 (-1)” 0 0 0 0 -1 0 0 
17 _ = 
4 = E 0 a) 0 0 9 ; 9 
0 0 -1 0 
17 
o 0 0 gene 0 0 0 0 1 
0 0 0 0 (1) 
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52. a?’ 0 0 0 9 10000 
0 (—1)? 0 0 0 010 0 0 
je iss e a" 0 о = 00100 
00010 
к мк nep 00001 
20 
| 0 0 0 0 (1) 
800 [2 0 0 2 00 
54. Because А? = |0 -1 0] =| 0 (y 0 |,youhave А = |0 -1 O0, 
0 0 27 0 0 Gy 0 0 3 


1 1 1 0 
56. (a) False. In general, for n X n matrices А and B it is not true that АВ = BA. For example, let А = [ | В = | j| 


2.0 1 1 
Then 4B = x = BA. 
0 0 1 1 


1 1 1 0 2 0 2 0 
(b) False. Let A = B= C= . Then AB = = AC, but В = C. 
0 0 1 0 0 0 0 0 


(c) True. See Theorem 2.6, part 2 on page 57. 


58. aX + A(bB) = b(AB + IB) Original equation 
aX +(Ab)B = b(AB + B) Associative property; property of the identity matrix 
aX + bAB = bAB + bB Property of scalar multiplication; distributive property 


aX + bAB + (-bAB) = bAB + bB + (-bAB) Add – bAB to both sides. 
aX = bAB + bB + (-bAB) Additive inverse 
aX = bAB + (-БАВ) + bB Commutative property 


aX = bB Additive inverse 
Х = 25 Divide by a. 
100 21-1 2: s [2 zm 
60. f(4-2-100 1 0+5 10 21-21 10 21 +| 10 2 
001 zy 3 =1 1 35 [qud 
10 0 0] [10 5 -5 2; quere we s dub =} a eth 
=-|0 10 0|+[ 50 10-210 2| 10 2|+|10 2)10 2 
0. 0 10| |—5 5 15 zx Skat 3p [a 1 Sen 1 3 
0 5 —5 6 1 -3 2 1 -If 6 ud -3 
=| 5 -10 10-2 0 3 S|e| 10 203 5 
[-5 5 5 -4 2 12| EST 1 3-4 2 12 
0 5 -5] [12 2 -6 16 3 -13 
=| 5 -10 10|-| 0 6 10|+|-2 5 21 
|-5 5 5| |-8 4 24| |-18 8 44 
4 6 -12 
=| 3 -ll 21 
|-15 9 25 
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62. 


64. 


Chapter 2 Matrices 


(cd) A = (са)[а, | = [(са)а, | = [о(аа,)] = c| da; | - c(dA) 


(c + d)A = (c * d) a; | = [(с + d)a; | = [cay + da; | = [са, | + [ da; | = da; + d|a; | — cA * dA 


66. (a) To show that А(ВС) = (AB)C, compare the ijth entries in the matrices on both sides of this equality. Assume that А has 


68. 


70. 


72. 


74. 


76. 


(b) 


(c) 


Q) 
G) 
(4) 


(a) 
(b) 


size n X p, B has size p x г, and C has size r X m. Then the entry in the Ath row and the jth column of BC is 
pam i Бысу. Therefore, the entry in ith row and jth column of A(BC) is 

p r 

ax У, Вису = рз aa baci. 

kb 11 kl 
The entry in the ith row and jth column of (AB)C is PAY djcy, where d; is the entry of АВ in the ith row and the /th 
column. 
So, 4; = х афу for each / = 1, ..., r. So, the ijth entry of (AB)C is 

У Y акбысу =} акбысу. 

i=l k=l kl 
Because all corresponding entries of A(BC) and (4B)C are equal and both matrices are of the same size (n x т), you 
conclude that А(ВС) = (AB)C. 
The entry in the ith row and jth column of (А  B)C is (aj + bj)cy; + (а + Б); + + (Gin + Bin) Cy, whereas the 
entry in the ith row and jth column of AC + BC is (алс; ++ ас) + (bio; Tec Бс), which are equal by the 
distributive law for real numbers. 
The entry in the ith row and jth column of c( АВ) is [алб + ар» + + ab, | The corresponding entry for (cA) B is 
(сал), + (са), +  (ca;,)b,; and the corresponding entry for A(cB) is a; (ch;) t aj(cb;;) Tec a; (cb,;). 


Because these three expressions are equal, you have shown that c( 4B) = (cA)B = A(cB). 
(4* B) = (ay) + 5) = [ay *h] = [ay t br] = [an] + [o] = 4 « 


(cA). - (da; ]- [cas] [сау] 4а, | c(4") 


The entry in the ith row and jth column of (АВ) is aby + арро, ++ а „Б. On the other hand, the entry in the ith row 


and jth column of B A" is бад + Бар ++ + Бау, Which is the same. 


ni jn> 


А 0 1—1 1 1 0 
Answers will vary. Sample answer: = 
1 O| 10 -1 1 


Let A and B be symmetric. 
If AB = BA, then (AB) = ВТ АТ = BA = AB and AB is symmetric. 


If (AB) = AB,then AB = (АВ) = ВТА" = BAand AB = BA. 


2 1 
Because A = | | = A’, the matrix is symmetric. 


0 -2 1 


Because -A =|2 0 3| = A’, the matrix is skew-symmetric. 


1 -3 0 


If 4" = -Aand В" = –В, then (4+ B)! = A’ + В" = —A4— B = -(A + В), which implies that А + B is 


skew-symmetric. 
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78. Let А= |а dp аз * а, 
ü 0» a3 An 
RI аә а Ann | 
fer E 
А-А -|dà а аз c d, ар @ ау се ац 
а 0» а» a», аз 0» ау аһ? 
| 9 an2 аз Ann ап An азһ Ann 
0 ар = 91 аз — 03 Ain = Ani 
[82 — 02 0 аз — 032 An — Am2 
ân = An 82 T An 3 T Azn c7 0 
0 ар — 05 аз — 03 Uto An T ац 
-(a = an) 0 аз — ау а), — 4, 
L (аһ ant) (а, а) (аз, аз) vs 0 


So, А — A’ is skew-symmetric. 


Section 2.3 The Inverse of a Matrix 


[ 1 = 1 2-1 1-1 1 0 8. Use the formula 
2. AB = E zi 
i-1 21 1) [-2+2 -1+2] |0 1 NE. | | 
[2 I| 1 -I 2-1 2-22 1 0 ad —bc|-c a 
ВА = = = 
1111-1 2 Pod --Ab+2 0 1 where 
ME b 2 -2 
[ 3 1 = = | 
4. AB = Pon 5 5f! 0 c d 2.2 
2 3ļ-4 I| [0 1 


So, the inverse is 


aah | sll 1 iri 
i$ 512 3] 10 1 dd 1 EREEE 
22)-(-2(2|-2 2|] | 1 1 
2 -17 tid 1 2 100 4 4 
6 4B=|-1 11 -72 4 —3|=|0 1 0 
б з 213 6 5 i 10. Use the formula 
[11 2][2 -17 11] 0 0] DEL a | 
ВА=|2 4 —3|-1 11 -7|=|0 1 0 
6-5|3 6-| |00 1 чеге 


| os dts 


So, the inverse is 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


42 


12. 


14. 


16. 


18. 


Chapter 2 Matrices 


Using the formula 
: 1 [da =] 


ad —bc|—c a 


you see that ad — bc = (-1)(-3) – (1)(3) = 0. So, the 


matrix has no inverse. 


Adjoin the identity matrix to form 


1 2 2100 
[47=|3 7 9 0 1 Of 
-1 4 -7 00 1 


Using elementary row operations, reduce the matrix as 
follows. 


1 0 0 -13 6 4 
Е |= 0 10 12 -5 3 
001 5 2 | 


Adjoin the identity matrix to form 


105 7100 
[41] 2-51 4 0 10) 
3.2 2 0 0 1 


Using elementary row operations, reduce the matrix as 
follows. 


10 0 -10 -4 27 
[z 4*]=/0 1 0 2 1-5 
0. 0 1 -13 -5 35 


Therefore, the inverse is 


-10 -4 27 
A! = 2. 1 -5, 
-13 -5 35 


Adjoin the identity matrix to form 
32.5100 
2240 10. 

-44 000 1 


[4 1 = 


Using elementary row operations, you cannot form the 
identity matrix on the left side. Therefore, the matrix has 
no inverse. 


20. 


22. 


24. 


26. 


Adjoin the identity matrix to form 


© ьо Fe 


[4 1] = 


= © с 
N/R шј wl 
nua кә © 

or © 

=. © © 


Using elementary row operations, you cannot form the 
identity matrix on the left side. Therefore, the matrix has 
no inverse. 


Adjoin the identity matrix to form 
01.02 03 10 0 
[4 I] 2]-03 02 02 0 1 0|, 
05 05 05 00 1 
Using elementary row operations, reduce the matrix as 
follows. 
100 0 2 08 
[z 4]2|0 1 0 -10 4 44 
00 1 10 -2 -32 


Therefore, the inverse is 


0 2 0.8 
A'=|-10 4 44| 
10 -2 -3.2 


Adjoin the identity matrix to form 
100100 
[47] 2]30 00 1 0 
255001 
Using elementary row operations, you cannot form the 


identity matrix on the left side. Therefore, the matrix has 
no inverse. 


Adjoin the identity matrix to form 


10 001000 
2 000100 
[4 1] - 
00-200010 
00 03000 1 


Using elementary row operations, reduce the matrix as 
follows. 


100010 00 

l 
е ЖУ. 
001000-10 
000100 04 


Therefore, the inverse is 


10 00 
1 
"ELE 

e 
0 0-10 
1 
00 04 
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28. 


30. 


40. 


Adjoin the identity matrix to form 


48 -7 141000 
5-4 60100 

[4 1] = | 
02 170010 

3 6 -5 1000 0 1 


Using elementary row operations, reduce the matrix as 
follows. 


1000 27 -10 4 -29 

0 10 —16 -2 18 
[4 Д = 

00 1 -17 4 -2 20 

000 —7 —1 8 
Therefore the inverse is 

27 -10 4 -29 

—16 5 2 18 
А! = k 

-17 4 -2 20 

—7 2 -1 8 


Adjoin the identity matrix to form 


13-201000 
2 460100 
[4 ] = 
00-2 10010 
00 05000 1 


Using elementary row operations, reduce the matrix as 
follows. 


10 0 Q9 T -1.5 -4 26 
01000 05 1 -0.8 
р А] = 
00100 0-05 01 
00010 0 0 02 
Therefore, the inverse is 
1 -1.5 -4 26 
0 05 1 -0.8 
АЛ! = 
0 0-05 01 
0 0 0 02 
-15 -4 28]/ 873 
-2 (£4 l1 zd 
А2 = (41) =|4H -1 0 2| =1 61 
23 6 -42 -1317 
[48 4 327" 873 228 
А2 =(4)' =|-29 48 -17| =1) в 16 
| 22 9 15 —1317 -344 


The results are equal. 


228 
16 
-344 


Section 2.3 The Inverse of a Matrix 


1 -2 
32. А = 
ad — be = (102) - (-2)(-3) = -4 
1 1 
a ub TG E 
4 
3 | |73} T3 
-12 3 
34. А = 
ad — be = (-12)(-2) - 3(5) = 24 - 15 = 
2 1 
garden| et. е 1 
ols 2| |5 4 
9 3 
_1 9 
36. A -| H | 
3- 49 
1\(8 9\(5 143 
ad — be = (-3 5) - (3) 36 
8 9 32 81 
A zi 9 | А | 143 Н 
~ B| 5 _1| | 60 9 
3 4 143 143 
2 nua fale -0f [1 36 
cd d ECT 


56]. f 1 56 
11 2209 4) -31 


The results are equal. 


—1604 
-112 
2420 


—1604 
-112 
2420 
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44 Chapter 2 Matrices 


42. (a) (АВ) = BAT 


Mos alt 


IN ale 
| Mr NE | 


aje alt 
AN -]— 
ES 

Il 
ү=====— 
ale Уј 


a[n al 
pose. ex] 


2. ^ 1 1 
11312177 7|. 77 14 
QM eod Zu AI d 
qe 14 7 
44. (а) (АВ) = BA" 
[6 5 -3|[1 4 2 
-|-2 4 -ılo 
113 4M 2 
[-6 -25 24 
-|-6 10 7 
17 715 
[1 -4 2] 10 
b) (4) = (4) = 1 = |-4 1 
4 2 1 2118 
[1.-4 2] |f 2 
cie ыйкы ет. 2 1 
() (24) -14'-H0 1 3|=|0 4 
pt 2 af |2 1 


46. The coefficient matrix for each system is 


eri 


and the formula for the inverse of a 2 x 2 matrix 


produces 
d i 
ari d 5 ]-4 | 
1 if 
24-2|-2 2 73 7 
[14 E 1 
(а) x-4b-|11 = 
[72 21071 D 
The solution is: x = land у = 5. 
[1 1—0] f- 
O) x-4b-|11 = 
1-2 21-3 -l 
The solutionis: x = —l and y = -1. 


Nie nj we 


48. The coefficient matrix for each system is 


1 1 -2 
А=\|\1 -2 1 
1 -1 -1 
Using the algorithm to invert a matrix, you find that the 
inverse is 
11-1 
4 = |2 l ıl, 
= 
11-0 m 
(a) x= Аъ = |2 1 -I = |1 
É 2 spen d 
The solutionis: x, = 1, x; = 1, and x, = 1. 
[11-[-] fi 
(b) х= 4b = |2 1 -1 = |0 
$ 4 -jo | 


The solution is: x, 


= 1, x, = 0, апа x, = 1. 


50. Using a graphing utility ог software program, you have 


Ax — b 
2 
x = Alb =|-1 
0 
where 
11-1 3 -1 X 
21 1 1]. 1 X, 4 
А=|1 1 2 -1, х= | № |, апад = | 3 
21 4 1-4 X4 -1 
Зз Е! Xs 5 
The solution is: x, = 1, x; = 2, x = —1, x4 = 0, and 


x; = 1. 
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52. 


54. 


56. 


58. 


Section 2.3 The Inverse of a Matrix 45 


Using a graphing utility or software program, you have 60. Using the formula for the inverse ofa 2 x 2 matrix, you 
Ax =b have 
[-1] yia УТА а -b 
2 ad —bc|-c a 
T 1 A 1 sec Ө —tan Ө 
хр 3 ~ sec? 6 — tan? Ө|—-аап@ sec Ó 
0 _ | sec@ -tan Ө 
| 1] © |-tan@ ѕесө! 
h 
b о s 62. Adjoin the identity matrix to form 
BM B E. К 0.017 0.000 0.008 1 0 0 
drm RN "d [F Д| = |0.010 0.012 0010 0 1 0 
A= оа UR ‚х= з ‚ and 0.008 0.010 0.017 0 0 1 
-1 4 4 6 2 4 х4 | | | 
cup 5 2 3 5 Р Using elementary row operations, reduce the matrix as 
follows. 
—2, 3 -4 ә 1 2 
m р J s 1 0 0 115.56 -100 444 
1 [7 F']=|0 1 o -100 250 -100 
s 0 0 1 444 -100 115.56 
0 
b = EM 115.56 —100 4.44 
1 So, F = | -100 250  -100|and 
Be 4.44 —100 115.56 
The solution is: x, [зу лу жул. = 3; 115.56 -100 444 0 -15 
x; = 0,and x, = 1. w-Fdz|-100 250 —100||0.15| = 137.5, 
4.44 —100 115.56 0 -15 
The inverse of А is given by 
duod Е E 64. A'(47) = (AA) = I = rand 
х-4 1 2 Rie ont Е 
(47) 4 = (447) = HI = 1, 
1 
Letting 4! = A, find that = –1. aw -1 
etting you fin aro So, (47) = (A'Y. 
So, x = 3. 
66. (I - 2A)(I — 24) = P – 214 - 241 + 447 
X" 22. 
The matrix | А will be singular if = 1-44 + 44? 
= I — 4A + 4A (because А = A’) 


ad — be = (x)(4) — (-3)(2) = 0, which implies that 


= [ 
4х = -6or x = -$. 


So, (I - 24) = I - 24. 
First, find 44. 


m fe cd 68. Because ABC = I, А is invertible and 4! = ВС. 
E = A umm 
44 = |44) | Ze | |i | So, ABC A = Aand ВСА = І. 
4-12|3 2 ДЄ. МЕ 
So, В"! = CA. 
Then, multiply by i to obtain 
я 7 | j 70. Let A? = A and suppose А is nonsingular. Then, 47! 
dm 1044) 2 1 8 1 Е E А exists, апа you have the following. 
4 4| 3 1 3 Lf Е Ж 
16 8 64 32 A (4^) = 474 
(44a = 1 
А=1 
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72. (a) True. See Theorem 2.8, part 1 on page 67. 74. A has an inverse if а; + Oforall і = 1... n and 
| . [1 1 [1 ] 
(b) False. For example, consider the matrix , — 0 0.. 0 
0 0 au 
which is not invertible, but 1-1 0:0 = 1 z 0. 0 d 0... 0 
az an 


(c) False. If A is a square matrix then the system 
Ax = b has a unique solution if and only if A is a 
nonsingular matrix. 1 


1 2 
76. A= 


я К | E l | ; | | 
(a) А^—-2А+51= — + = 
-4 -3 -4 2 0 5 0 0 


() 4(1Qr- 4) = (24 - 4?) = 1(5/) = 1 


ae 1 -2 | 
Similarly, Q1 ED = [.Or, 1021 А) = b | | = А directly. 
(c) The calculation in part (b) did not depend on the entries of A. 


78. Let C be the inverse of (J — AB), that is C = (J — AB) '. Then C(I – AB) = (I – AB)C = I. 
Consider the matrix J + BCA. Claim that this matrix is the inverse of 7 — BA. To check this claim, 
show that (Т + BCA)(I — BA) = (I – BA)(I + ВСА) = I. 

First, show (J — ВА)(1 + ВСА) = I — BA + ВСА — BABCA 

I — BA * B(C - ABC)A 

I — BA + B((I — AB)C)A 

1 
1-ВА+ ВА = 1 
Similarly, show (J + BCA)(I — BA) = I. 


80. Answers will vary. Sample answer: 


82. AA" 


a | 1 \ -b Е 1 а b|| d -b _ 1 ad — bc 0 _ 1 0 
c dlad-bc}l-c a| ad-bc|c d|-c a| ad - bc 0 ad -bc| |0 1 
1 d -bila b 1 ad — bc 0 1 0 
АТА = ———] = —— — 
ad —bc|-c а|с d ad — bc 0 ad — bc 0 1 


Section 2.4 Elementary Matrices 


2. This matrix is not elementary, because it is not square. 8. This matrix is not elementary, because two elementary 


row operations are required to obtain it from 74. 
4. This matrix is elementary. It can be obtained by 


interchanging the two rows ОЁ J). 10. C is obtained by adding the third row of A to the first 


row. So, 
6. This matrix is elementary. It can be obtained by 
multiplying the first row of 7, by 2, and adding the result 


to the third row. 


or © 
_ © = 
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12. A is obtained by adding —1 times the third row of C to the first row. So, 


1 0 -l 
Е=|0 1 0| 
00 1 
14. Answers will vary. Sample answer: 
Matrix Elementary Row Operation Elementary Matrix 
[1-1 2 -2 ROR о 1 0] 
-3 6 100 
o 0 2 2 lo oO 1 
[1-1 2 -2] [1 0 0| 
1 
1- 2 (jg > R 10 
| 0 2 | [0 0 1 
[1-1 2 -2] [1 0 0| 
-1 2 1 0 
1 
o o 1 | (ROR |o 0 4 
10 0 0 0/0 1 OJO 3 -3 6 1-1 2 -2 
So, 10 1 0/0 i 0/100|1-1 2 -21= |0 1-1 2 
0 0 1 00 170 0 1/0 0 2 2 0 0 1 1 


16. Answers will vary. Sample answer: 


Matrix Elementary Row Operation Elementary Matrix 
[1 3 0 | 10 0| 
0 -1 ч (-2)R, + R, > R, -2 1 
|3 -2 -4 |00 1| 
[130] [1.0 0 
=] -l 0 1 
[o -11 -4| (-3) + А, > R; 3 0 1j 
[1 3 0] [1 0 
11 (-1)R, > К, 0 -1 
[0 -11 -4]| [o 0 I 
[1.3 0] [1 0 
1 1 (11)R, + Ry > Р, 0 1 
|0 0 7| [o0 11 1 
1 3 0] то 0 
| (s > А ee 
1 
[00 ıl 002 
o ої o ofi o Of 100] 10 оТ 3 о 130 
Solo 1 olo 1 olo -1 ol o 1 0-2 1 02 5 -1|2]0 1 I| 
o ijo 11 цо о 1[-3 0 1| 0 o цз -2 -4 0 0 1 
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48 


Matrix 


Elementa 


Elementary Row Operations 


18. Matrix 


Ера гд 
1 —1 о ~ © on! оо о — 
© © © = oo ow SSS сд! = =—=== 
— © © —_ © rR © © © als 
— e — © © © HO 5 oon N 
e m qa © | ooo 
© o oo len eS e © 
M E | | o с © © — OOOH осо 
Wl ^ oT © © © 
| -—————-c—— — 
| [р © © ©, oo oon oomecocomr eee шшш 
esce ues ooo 
GU, PTUS 
Фо ~ о 
l ao о 
| ——— РАНІ | 
—oo00, 4 
| жыш Р ЫАР 
cocoon 
| OS ME n 
Ф Фф о нч 
© © ~ о 
сз + elo 
аг ei а Re 5 оо онь опоо 
ono o 
7 1 Т Т Т amo 
gt сз Б 
ve N x ae Re а is «+ 7 2o o — 
% RSS T T O ® | Co onm 
N t+ T — en T N [з гошер? 
М2 de. я L zb à ЧЕ сее. ына 
+ + = + + RS + č оо ~ е mm 
s " — | o oo 
bd т | e т -|£ т оо | 
d d se d d Mi d E 
A 5 З 
о о о == 
| T ы ‚ ie Ooo - 
e e c e e t oo œ "m e^ e [Xxx vowel 
| A | “ү ESS у ul + | LAA naD а тоо а Pan SSSA oono 
© © ~ о 
— = wu == un on `o ~ — — t 
| © гт STT] | fae сч 9ST79°9°T=79 о жч о 
oun oo | 
`œ © ~ су o ~ aA N © © © 
Min | =o | ^ n eo om SSF?" eee, I SA СЫ с бы neue ie Ie x cue OS 69 
© — oomoo о, oo oon oo роо = © Secs, & 
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20. 


22. 


24. 


26. 


28. 


Section 2.4 Elementary Matrices 


To obtain the inverse matrix, reverse the elementary row operation that produced it. So, multiply the 
1 . 
first row by >; to obtain 


To obtain the inverse matrix, reverse the elementary row operation that produced it. So, add 3 times 
the second row to the third row to obtain 


100 
E'z-!0 10| 
0 3 1 


To obtain the inverse matrix, reverse the elementary row operation that produced it. So, add —k times 
the third row to the second row to obtain 


10 00 
yu Le 0 
00 10 
00 01 


Find a sequence of elementary row operations that can be used to rewrite A in reduced row-echelon form. 


1 0] (})R > R PENES. 
11 UE, 


1 0 1 0 
Е, = 
0 Le - >R Sb \1 


Use the elementary matrices to find the inverse. 


1 EH 
Perne 1 of} 0|_ l0 
-] Цо 1 - 1 


Find a sequence of elementary row operations that can be used to rewrite A in reduced row-echelon form. 
[10-2 1 0 0] 
01 4|({)R > R E,=|0 4 0 
oo 1 0-01 
[10 0] R«2R, >R, [1 0 2] 
0 1 i E,-2|0 1 0 
00 1 0 0 1j 
[10 0l 1 0 0 
SEEE оа а-о 
0 I1 |0 0 1 


Use the elementary matrices to find the inverse. 


10 01 0 2]|1 0 

A! = EEE-|0 1 -l[0 1 ojo 4 
00 ılo 0 1/0 O 

10 21 0 0 10 2 

= 1 1 = 1 _1 
=/0 1 -50 0 2. 12 
00 1/001 0 1 


49 
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50 Chapter 2 Matrices 


For Exercises 30—36, answers will vary. Sample answers are shown below. 


0 1 
30. The matrix A = | is itself an elementary matrix, so the factorization is 


1 1 
32. Reduce the matrix А = E i as follows. 


Matrix Elementary Row Operation Elementary Matrix 
[11 10 
Add -2 times row one to row two. E = 
[0 -l -2 1 
s Multipl two by -1 E. Dm 
ultiply row two by —1. - 
0 1 ply y 2 Gi 
1 0 І 1 -1 
Ge Fi Add –1 times row two to row one. Е, = 62°44 


So, one way to factor A is 


1 olı oli 1 
А = ЕГ ЕЕ = К 
2 Цо -1][0 1 


12 3 
34. Reduce the matrix 4 = |2 5 б |аѕ follows. 
134 


Matrix Elementary Row Operation Elementary Matrix 
[1 2 3] 1 0 0] 
0 10 Add -2 times row one to row two. E -|-2 1 0 
[1 3 4j 0 0 1 
[12 3| [10 0| 
1 0 Add -1 times row опе to row three. Е,=|0 1 
[O 1 1j 1-1 0 1 
[1 2 3] [1 0 0] 

1 0 Add —1 times row two to row three. E =|0 10 
ka 0 m - -l 8, 
[1 2 0| [10-3] 
1 0 Add —3 times row three to row one. Е= |01 0 
|0 0 1 0 0 1 
[1 0 0] [1 -2 0] 
1 0 Add -2 times row two to row one. Е, =|0 1 
|0 0 Ij 0 0 1j 
So, one way to factor А 15 
100/10 ото 103][12 0 
А = ЕЕЕ, ЕРЕ; = |2 1 010 1 00 1 ojo 070 1 0 
0 0 110 1/0 0 0 10 0 1 
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36. 


38. 


Section 2.4 Elementary Matrices 51 


Find a sequence of elementary row operations that can be used to rewrite А in reduced row-echelon form. 


1] (1 
10 0 1|(ÜR >R, 1000 
01 0 1 ETE, 
0 0 -1 2 Т 
10 0-2 oig 4 
Е : 
1 0 2 1000 
00 -1 2 z= 0 r3 
5 
0 0 0 -F| Ra- R > R, |-1 0 0 1 
[1 0 1] гоо 0 
0 1 1 010 0 
Е, = 
00-2 001 0 
2 2 
оо о 1| (2) > R, 000-2 
[100 1| го оо 
010 1 01 00 
E,- 
0 0 1 2| -R > R 00-10 
000 1| DE NC 
100 0| &-(DR > R 100-1 
010 0 
010 1 Е, = 
00 1-2 001 0 
|0 00 ıl 0 0 0 1 
100 œ [100 0 
010 0| R-R >R, EEA Mr 
001 -2 " 1001 0 
000 I lo 00 1 
10 0 о [1000 
0100 
0100 Е, = 
00 10| R+2R >R 00 12 
0001 0 0 0 1 
So, one way to factor А is 
A = EĮ'E;'E3'E7'E5'E;' E7! 
400 поо отоо ofi o 010 o 1[1000[10 о о 
0100/0 10 оо то Oo т olo то olo 10 10 10 0 
оо 1 oloo 1 0/0 0 1 olo o = oloo 1 00100 1 0100 1 -2f 
ооо тоо 1/0 0 0 -žo o о ılo 0 o 1/|0 0 о 1]0 00 1 


(a) EA has the same rows as A except the two rows that are interchanged in E will be interchanged in EA. 
(b) Multiplying a matrix on the left by E interchanges the same two rows that are interchanged from 7, in Е. 


So, multiplying Е by itself interchanges the rows twice and E? = Z. 
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40. 


42. 
applying any elementary row operation to the 
identity matrix. 

(b) True. If A = АЕ, ... Е, where each Е, is an 
elementary matrix, then A is invertible (because 
every elementary matrix is) and 
Al = Ег... ЁГЕ, 

(c) True. See equivalent conditions (2) and (3) of 
Theorem 2.15. 


44, Matrix 


РЕ 


Elementary Matrix 


© © 


РЕА =U => А = EE; ИШ 


— © © 
о o м 
obo 
S=- © 


(a) False. It is impossible to obtain the zero matrix by 


GO |— 


1 —a 0 
0 oli -a 0 
10/0 1 0|2/|-5 1+ab 0 
o 110 0 1 i 
0 0 = 
C 
48. Matrix Elementary Matrix 
[20 0 
-2 1-1 
=A 
2 1 0 
|00 0-1 
го 0 0| 1000 
0 1-1 1100 
E = 
62 1 0 00 10 
10 0 0 -| 000 1 
2 0 0 0| [1 0 о 0] 
0 1-1 0 100 
Е, = 
02 1 O0 30 10 
00 0 -| 0 0 0 1] 
ого 0 0| [1 0 0 0] 
0 1 -l 1 0 
=U E, = 
00 3 0 -21 
10 0 0 -ij [o 0 0 1j 
E,E,E,A = U => А = ЕГ!ЕЕ ШЦ 
100020 0 0 
-1100/01-1 0 
3210/00 3 0 
0001/00 0-1 
= LU 
10 0 о[у 4| 
-] 100 -4 
ly sb Yo) _ 
32 1 0|» 15 
0 0 0 I|», -1| 
yi = 4, =y +y = 4 = у, = 0, 
Зу, + 2y, + у; = 15 > у; = 3, andy, = -1. 
20 0 Ol» 4 
01-1 olx 0 
Ux = у: = 
00 3 olx% 3 
00 0 -1||\х -1 
x, =1, x = 1,0-5 =0 x, = Land x = 2. 


So, the solution to the system Ах = bis: x, = 2, 


X= X30 xg = 1. 
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52. 


54. 


Section 2.5 Markov Chains 


Е 


Because A? + A, Ais not idempotent. 


0 1 0/0 10 10 0 
A = |10 0/10 0|2]0 1 ol 
0 0 1/0 0 1 00 1 


Because 4? + A, Ais not idempotent. 


Assume A is idempotent. Then 


A = А 
(ey = 
(4 АТ) = AT 


which means that A’ is idempotent. 
Now assume A’ is idempotent. Then 
AT AT гы AT 
(447) = (my 
AA = A 


which means that А is idempotent. 
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56. (4B)? = (АВ)(АВ) 
= A(BA)B 
= A(AB)B 
= (44)(BB) 
= AB 
So, (AB) — AB,and AB is idempotent. 


58. 


60. 


If A is row-equivalent to B, then 
А = E, ++ E;EB, 


where E, ..., E, are elementary matrices. 


So, 


В = ЕГ!Е; Ер А, 


which shows that В is row equivalent to А. 


(a) When an elementary row operation is performed on 


(b) 


(c) 


a matrix А, perform the same operation on / to obtain 
the matrix £. 
Keep track of the row operations used to reduce A to 
an upper triangular matrix U. If 4 row reduces to U 
using only the row operation of adding a multiple of 
one row to another row below it, then the inverse of 
the product of the elementary matrices is the matrix 
„апа A = LU. 
For the system Ах = b, find an LU factorization of 
A. Then solve the system Ly = b for y and 

Ux = y for x. 


2. The matrix is not stochastic because every entry of a stochastic matrix satisfies the inequality 0 < а; < 1. 


4. The matrix is not stochastic because the sum of entries in a column of a stochastic matrix is 1. 


6. The matrix is stochastic because each entry is between 0 and 1, and each column adds up to 1. 
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8. 60% 7096 


son зов 


{_ )50% 


The matrix of transition probabilities is shown. 
From 
G L S 
0.60 0 0 |G 
Р = |0.40 0.70 0.50 L ; To 
0 0.30 0.50] 5 


The initial state matrix represents the amounts of the physical states is shown. 
0.20(10,000) 2000 

X, = | 0.60(10,000) | = | 6000 
0.20(10,000) 2000 


To represent the amount of each physical state after the catalyst is added, multiply P by X, to obtain 


0.60 0 0 2000 1200 
PX, = |0.40 0.70 0.50} |6000| = |6000|. 
0 0.30 0.50] |2000 2800 


So, after the catalyst is added there are 1200 molecules in a gas state, 6000 molecules in a liquid state, and 2800 molecules in a 
solid state. 


10 roe o2 oli 4 0.26 12. Form the matrix representing the given transition 
: f ` 3 Е е babilities. А represents infected mice and В 
Ху = PX, = |02 07 01||1|=|1|=| 03 du DUE 
1 0 . . | 3 noninfected. 
102 0.1 0.9] 1 2 From 
- А B 
[Г 714 17 
0.6 0.2 0 15 E 0226 _ 02 0.1) A 
X, = PX, = |02 07 0.1||1|=|42|=]0326 fete usps 
L02: Ө 0? E a vee The state matrix representing the current population is 
= 0.3| A 
" 17 151 — 
06 02 0 as S 0.2013 Xo = s 
X, = PX, = |02 0. 0.1|| 49 |= | 239 |= 0.3186 
02 01 09 Fa P 0.48 (a) The state matrix for next week is 
i 150] L 25 [0.2 0.1][0.3 0.13 
Ху = PX) = = Я 
10.8 0.9 ||0.7 0.87 
So, next week 0.13(1000) = 130 mice will be 
infected. 
[0.2 O.1][0.13 0.113 
(b) X; = PX, = = 
10.8 0.9 || 0.87 0.887 
[0.2 0.1][0.113 0.1113 
10.8 0.9 || 0.887 0.8887 
In 3 weeks, 0.1113(1000) = 111 mice will be 
infected. 
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16. 
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Form the matrix representing the given transition probabilities. Let S represent those who swim 
and В represent those who play basketball. 


From 
EN 
S B 


0.30 0.40) S 
Р = То 
0.70 0.601 B 
The state matrix representing the students is 


0.4] S 
X, = ; 
pa B 


(a) The state matrix for tomorrow is 
0.30 0.4010.4 0.36 
Ху = PX, = = ' 
0.70 0.60 || 0.6 0.64 
So, tomorrow 0.36(250) = 90 students will swim and 0.64(250) = 160 students will play basketball. 
(b) The state matrix for two days from now is 
5 0.37 0.36 || 0.4 0.364 
X, = PX, = = ; 
0.63 0.64 | 0.6 0.636 
So, two days from now 0.364(250) = 91 students will swim and 0.636(250) = 159 students will play basketball. 


(c) The state matrix for four days from now is 


eso о y bee 


X, = P'X,- 
0.636363 0.636363|0.6| | 0.63636 


u 


So, four days from now, 0.36364(250) = 91 students will swim and 0.63636(250) = 159 students will play basketball. 


Form the matrix representing the given transition 0.2511 
probabilities. Let А represent users of Brand A, B users (b) X, = P2X, = (0.3330 
of Brand B, and N users of neither brands. 
0.325 
From 
A B N In 2 months, the distribution of users will be 


0.2511 - 110,000 = 27,625 for Brand A, 
0.3330 - 110,000 = 36,625 for Brand B, and 
0.325 - 110,000 = 35,750 for neither. 


0.75 0.15 0.10| A 
Р = |0.20 0.75 0.15| B; To 
0.05 0.10 0.75|N 


0.3139 
The state matrix representing the current product usage is (с) Xp = P*X, = |03801 
d 0.2151 


In 18 months, the distribution of users will be 
11 N 0.3139 - 110,000 = 34,530 for Brand A, 


0.3801 - 110,000 = 41,808 for Brand B, and 
0.2151 - 110,000 = 23,662 for neither. 


2 

11 

23 
Xo = || В 

3 


u 


(a) The state matrix for next month is 


u 


0.75 015 0.10] 2- 0.2227 
X, = P'X, =|0.20 0.75 015] 2| =| 0.309, 
0.05 0.10 0.75 | 3- 0.372 


1 


So, next month the distribution of users will be 
0.2227 - 110,000 = 24,500 for Brand A, 


0.309 - 110,000 = 34,000 for Brand B, and 
0.372 - 110,000 = 41,500 for neither. 
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18. 


20. 


Chapter 2 Matrices 


The stochastic matrix 


0 03 
Р = 
| a 


is regular because Р? has only positive entries. 
= > 0 0.3 | x, х 
РХ =X > = 
1 0.7 || x5 Xz 


x, + 07x = x, 


Because x, + x; = 1, the system of linear equations is 
as follows. 


-x + 0.3% = 0 


x, = 0.3x, 
X + HM = 


The solution to the system is x; = 0 апа 


zis oa 
ж =1—1у = ту 
эЛ 
v _|B 
cS А 
So, 10 


13 


The stochastic matrix 
02 0] 
P- 
0.8 1| 
is not regular because every power of P has a zero in the 
second column. 


eE 0.2 0| x, Xx 
PX =X > = 
0.8 1| х X2 


0.2x, = x 


0.8x, +0 = № 


Because x, + x, = 1, the system of linear equations is 


as follows. 
—0.8x, = 0 
0.8x, = 0 
XH +x = 1 


The solution of the system is x, = бапа x, = 1. 


E 0 
so, efi) 
1 


22. 


24. 


The stochastic matrix 


7: 
10 
3. 
10 


Р = 


Mw чл |м 


is regular because Р! has only positive entries. 


241, M 
= == 1 1 
PX =X > |? '° = 
3 3] x x 
5 1072 z 
2 ЛЕ 
39 + 1092 = X 
> 
B. ож ЗЫ. a 
3% 10^2 = X, 


Because x, + x, = 1, the system of linear equations is 


as follows. 

T8 ie hey 
=X ip? = 0 
Buc eS 
3 1022 0 

е! 
The solution of the system is x; = бапа 
ае б X 
х= 1-13 = ту 
ah 
Е 13 
So X = 6t 


The stochastic matrix 


Sla w= хоһо 
Ble Nie Ble 
Wl Wile wile 


is regular because Р! has only positive entries. 


211 
9 4 3|% x 
y y 111 Е 
PX =X > |5 5 з| |= | % 
4 1 1|у x 
9 43° : 
2 1 i5. 1 
ge + 40 + 3% X 
ly + ix, + lg = x 
371 272 373 2 
4 1 li. te: 
ойл + 420 + 32% X3 


Because x, + x; + x; = 1, the system of linear 
equations is as follows. 


1 
gu + 40 + 503 = 0 
1 1 йы 
3*"i 202 + 323 0 
4 1 Dai ы 
ол + 220 + 5203 0 
X + X; X,-1 


The solution of the system is x4 = 0.33, x. = 0.4, and 
x 21-04 - 033 = 027. 


0.27 
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26. The stochastic matrix 28. The stochastic matrix 
d de | 0.1 0 03 
2 5 
prado P=/07 1 03 
3 : 02 0 04 
1 3 
6 5 0 is not regular because every power of P has two zeros in 


; 2 " : the second column. 
is regular because P" has only positive entries. 


s 0.1 0 03] x, x 
11 m lim 
25 [|] [m PX = X > |071 03| |= |» 
PX =X > |110] |= |, 0.2 0 0.4 | x, x 
+ i 0 |23 % 0.1x, + 0.3х; = л 
iy m i E 0.7x, + x; + 0.355 = ху 
: 5 0.2.x, + 04х = x, 
371 5n n Because x, + x; + x; = 1, the system of linear 
Du * ix = 23 equations is as follows. 
Because x, + x; + x; = 1, the system of linear cH ооо 
equations is as follows. 0.7%, + 03% = 0 
7 i 0.2x, — 0.6х; = 0 
—5X, + =X) + x, = 0 
2 5 д tX; 4B = 1 
dy — 4y =0 . : 
3^1 572 The solution of the system is х; = 0, х 21-021, 
tx, + in - x = 0 and x, =1-1-0=0. 
X + XH +e = 1 0 
The solution of the system is So, X = |1) 
5 5 5(5 5 0 
3 = 3520 = 17 iss) 27, and 
=l- 5, = 5, = © 30. The stochastic matrix 
1000 
mm 0.54 
So X = |5 0.227 РЕ а 
кас 0100 
25 0.227 0001 


is not regular because every power of P has three zeros 
in the first column. 


100 0} x, Xx 
= E 0010]|x х 


РХ =X > = 
010 0] x, X; 
000 1] x, X4 

X = д 

Xy = № 

X) = X3 

X4. m a 


Because x, + xj + x; + x4 = 1, the system of linear 
equations is as follows. 


0-20 

-x + X = 0 

X) — X = 0 

0 = 0 
Е! 


Let x, = sand x, = t. The solution of the system is 
x4 = t, % = S, X; = s,and x, = 1— 2s — t, where 
0<5< 1,0 << ],апй2з+/<1. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


58 


Chapter 2 Matrices 


x 


32. Exercise 3: To find X, let X = X5 |. Then use the 


Хз 
matrix equation PX — X to obtain 


03 0.16 0.25 [5 х 
03 0.6 0.25} x. = |x 
03 0.16 0.5 |x X3 


or 
0.3x, + 0.16х„ + 025x, = хл 

0.3x + 0.6x, + 025x, = x 

0.3x, + 0.16x, + 0.5x; = х; 
Use these equations and the fact that x, + x; + x; = 1 
to write the system of linear equations shown. 

-0.6x, + 0.16x, + 0.25x; = 0 

0.3x, — 0.3x, + 0253, = 0 

0.3x, + 0.16x, + 05x = 0 

х + X) + x3 = 1 

The solution of the system is 


— x EJ _ 4 
Xy = i$» = jp and Xy = TF 


So, the steady state matrix is 


Х = ||. 


X2 
. Then use the 
X3 


Exercise 5: To find X, let X = 


X4 
matrix equation PX = X to obtain 
1 0 0 Olx x 


010 Of x} |x 

00 1 Ofx,| |x, 

0 0 0 Ilx, X4 

or 

x = № 

x2 =% 
X3 23x 
X4 = X4 


Use these equations and the fact that 
Xj + xX, + x; + x, = 1 to write the system of linear 


equations shown. 


Xy +X. + x3 +x, = 1 


Let x, = р, x; = s, and x, = t, where r, s, and t are 
real numbers between 0 and 1. 

The solution of the system is 

X =l-r-—-s—-t,x = Р, х3 = sand x, = t, where 


r, s, and t are real numbers such that 
O0<srsLOss<s10Stslandr+s4+¢t< 1. 


So, the steady state matrix is 

l-r-s-t 

z r 

X — 
5 
ГА 


2 | Then use the 
X3 


Exercise 6: To find X,let X = 


X4 


matrix equation PX = X to obtain 


Lad aps] fa 
$307 51р 
гзта 
bed dal | 

or 

Іх + 205 + 1% + oxy = X 
ix + Dx + {1% + foxy = x 
ly + 2x, + ln + fy = а 
bx, mx + ix + Ix = x4 


Use these equations and the fact that 
д + xX + x; + x, = 1 to write the system of equations 
shown. 


Жу ЧЕ ==» c 


4, = 
x + 3X3 + 4% х4 
X + ant g+ x4,-1 


The solution of the system is 


24 18 16 
T = 7 3 = 7% 


х= and x, = =. 


So, the steady state matrix 15 


24 
73 0.3288 
18 

Seeds e 0.2466 
16 0.2192 | 
73 
15 0.2055 
73 
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34. Form the matrix representing the given transition probabilities. Let 4 represent those who received an *A" and 
let N represent those who did not. 
From 
REN 
A N 


0.70 0.10| A 
pus To 
0.30 0.90| N 


"m = x 
To find the steady state matrix, solve the equation PX = X,where X = | : 


| and use the fact that x, + x; =1 
x2 


to write a system of equations. 


0.70x, + 0.10% = X -0.3х + 0.1% = 
0.302 + 0.90, = x», > 03x — 0.1% = 
x, + XH = 1 x, + ху) = 1 


l— 


The solution of the system is x = 1 and xX, = 3, So, the steady state matrix is X = H This indicates that eventually i 


Aju 


of the students will receive assignment grades of “A” and i of the students will not. 


36. Form the matrix representing transition probabilities. Let 4 represent Theatre A, let B represent Theatre B, and let 
N represent neither theatre. 


From 
F— A LEM 
A B N 


0.10 0.06 0.03] A4 
Р = |0.05 0.08 0.04] B; To 
0.85 0.86 0.97 |В 
x 


To find the steady state matrix, solve the equation PX = X where X = | x, | and use the fact that x, + x + x =1 


X 

to write a system of equations. 

0.10x, + 0.06x, + 0.033, = x, — -0.90x, + 0.06x, + 0.003, = 0 

0.05x, + 0.08x, + 0.04x, = x, > 0.05x, — 0.92x, + 0.04x, = 0 

0.85x, + 0.86x + 0.97х = X 0.85x, + 0.86x, — 0.03%; = 0 

x + X) + x3 = 1 x + X) + x3 = 1 

4 
119 

The solution of the system is x, = 75, X» Lg and x, — но, So, the steady state matrix is Х = 5 . This indicates 
110 
119 


that eventually 5 = 3.4% of the people will attend Theatre A, Б = 4.2% of the people will attend Theatre B, and 


110 92 494 of the people will attend neither theatre on any given night. 


119 

38. The matrix is not absorbing; The first state S, is 40. The matrix is absorbing; The fourth state S, is absorbing 
absorbing, however the corresponding Markov chain is and it is possible to move from any of the states to S, in 
not absorbing because there is no way to move from S, one transition. 
ог S; to S. 
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42. Use the matrix equation PX — X,or 


44. 


01.0 Of x, х 
02 10|» = [№ 
07 0 l|» X 


along with the equation x, + x; + x4 = 1to write the 


linear system 

—0.9х, = 
0.2x, = 
0.7x, = 


АХ + Ху) + g= 


— © © © 


The solution of this system is x, = 0, x; = 1— t, and 


x, = t, where t is a real number such that 0 < ¢ < 1. 
0 

So, the steady state matrix is X = |1 — t|, where 
t 


O<sts<tl. 


Use the matrix equation PX = X or 
0.7 0 02 01| х x 
01 1 0.5 0.6 |х X) 
00 02 0.2} x; X3 
0.2 0 0.1 O.jx, Xa 


along with the equation x, + x; + x4 + x, = 1 to write 


the linear system 


—0.3x, + 02x, + 0.14 = 
0.1x, + 0.5x, + 0.6x, = 
— 0.8х; + 02x, = 0 
0.2x, + 0.1х% — 0.9х = 0 
Xj + хх + XE X4 = 


The solution of this system is x, = 0, x; = 1, x = 


and x, = 0. So, the steady state matrix is X = 


46. Let S, be the state that Player 1 has n chips. 


48. 


From 
So S Sy S, S, 
107 0 0 O0|S, 0 
0 007 0 0|S 0 
P= |0 03 0 07 O0|S;,; ТоапахХ = |1 
0 003 0 0/5» 0 
0 0 003 15, 0 
So, 
491 
58 
0 
Р"Х > PX, = | 0|. 
0 
9. 
L58 


So, the probability that Player 1 reaches S, and wins the 


tournament is E z 0.155. 


(a) 


(b) 


(c) 


(d) 


(e) 


To find the nth state matrix of a Markov chain, 
compute X, = P"X,,where X,is the initial state 
matrix. 

To find the steady state matrix of a Markov chain, 
determine the limit of Р” Ху, as n — œ, where X, 


is the initial state matrix. 


The regular Markov chain is PX), P? X9, P? X,, ..., 
where P is a regular stochastic matrix and X, is the 
initial state matrix. 


An absorbing Markov chain is a Markov chain with 
at least one absorbing state and it is possible for a 
member of the population to move from any 
nonabsorbing state to an absorbing state in a finite 
number of transitions. 


An absorbing Markov chain is concerned with 
having an entry of 1 and the rest 0 in a column, 
whereas a regular Markov chain is concerned with 
the repeated multiplication of the regular stochastic 
matrix. 
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50. (a) When the chain reaches S; or S4, it is certain in the 52. (a) Yes, it is possible. 
next step to transition to an adjacent state, 5, ог S;, (b) Yes, it is possible. 


respectively, so 5, and 5, reflect to 5 or 53. Both matrices X satisfy P'X = X. The steady state 


(b) 004 00 matrix depends on the initial state matrix. In general, 
1 0 03 0 Ét 
5_5 
P =|0 0.6 0 1 = qp om 
the steady state matrix is X = р 
0 0 07 0| Št 
[1 1 ] t 
0 5 0 Е where t is апу real number such that 0 € t < £. In 
P? 5 5 
6 9 6 ? part (a) t = 0 and in part (b), t = $. 
7 7 
[0° 0 a 
Pau | n 54. Let 
жр. а Ь 
35.0 + p P= 
ji 6 12 l-a 1-b 
Р = 02 0 à 
" 6 3 б bea 2 x 2 stochastic matrix, and consider the system of 
112 0 5 0 | equations PX = X. 
Other high even or odd powers of P give similar a b |x EE 
results where the columns alternate. 1-а 1-b|x E x, 
1 
12 You have 
5 
(d X = 24 ax, + bx, = x 
5 
12 (1 — a)x, + (1 - b)x, = x» 
7 
24 ог 
Half ће sum entries in ће corresponding columns of (a - 1) + bx, = 0 
Р" апа P"*!approach the corresponding entries in (1- a)x, — bx, = 0. 


X. 
Letting x, = band x, = 1 — a, you have the 2 x 1 state 


matrix X satisfying PX = X 


х | 


56. Let P bea regular stochastic matrix and Х be the initial state matrix. 


lim P^X, = lim P"(x, + x ++ x) 


п Э оо п оо 


= lim P" . x, + lim P^. x, +- + lim Р". x 


п Э оо пЭ о no 
= Рх, + Рх) + + Рх 
= Р(х +++ ax) 


= PX, 


ll 


X, where X is a unique steady state matrix. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


62 Chapter 2 Matrices 


Section 2.6 More Applications of Matrix Operations 


2. Divide the message into groups of four and form the uncoded matrices. 
HELP IS COMING 


[S 5 12 16 [0 9 19 o] B 15 13 9 [l4 7 о 0] 


Multiplying each uncoded row matrix on the right by А yields the coded row matrices 


-2 3 -1 +1 
Sp 1 1l 1 
[8 5 12 164 = [8 5 12 16] 
-1 -1 1 2 
3 1 -2 —4 


= [15 33 -23 -43] 
[| 9 19 0]4 = [-28 -10 28 47] 
[3 15 13 9]|a =[-7 20 7 2] 
[4 7 0 0]4 = [-35 49 -7 -7]. 
So, the coded message is 15, 33, —23, —43, —28, —10, 28, 47, —7, 20, 7, 2, -35, 49, —7, -7. 


-4 3 
4. Find 4! = | 4 | and multiply each coded row matrix on the right by 4^! to find the associated uncoded row matrix. 


[85 шо] 


3 
|- eo 15] >T, 0 


6 &ӨА!=[0 2] _,В 
10 15]4 = [5 0] > Е, _ 
84 1174! = [15 18] = O, R 

2 56]4 = [0 14] = ,N 

90 125]47 = [15 20] = O, T 

60 80]4 = [0 20] = ,T 

30 45|4' = [i5 0] = 0, - 

19 26[|4".— [|2 5| => B, E 

So, the message is TO BE OR NOT TO BE. 


4 


[ 
[ 
[ 
[ 
[ 
[ 
[ 
[ 


11 2 -8 
6. Find 4! =| 4 1 -3,and multiply each coded row matrix on the right by A~! to find the associated uncoded row matrix. 
-8 -1 6 
11 2 -8 
[12 -140 83]4' = [112 -140 83| 4 1 -3|=[8 1 22] = H, A, V 
-8 -1 6 
[9 -25 АЭА = [5 0 d] > E, , A 
[2 -76 e]4' = [0 7 18] > , G, R 
[5 -118 7]4' = [5 1 20] > E A, T 
[20 21 -38|A* = [0 23 5] => , W, E 
B5 -23 36]4 = [5 11 5] => E, K, E 
[42 -48 32]4 = [4 4 0 > N D, _ 


The message is HAVE A GREAT WEEKEND . 
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b 
8. Let 4! = | Jona find that 
c d 
_ 5 
а Ь 
[-19 zl | = [0 19] 
c d 
U E 
a b 
[37 id | = (21 “S|, 
c d 
This produces a system of 4 equations. 
—19a = 19c = 0 
— 19b — 19d =19 
37a + 16с = 21 
37Ь +164 = 5. 


Solving this system, you find a = 1, b = 1, c = -1, and 
d = -2.So, 


азр 
етедц 


Multiply each coded row matrix on the right by 4^! to 
yield the uncoded row matrices. 


B 1, [I4 3], [5 12] [0 15], [18 4] 
[5 18, [19 0} [о 19} [21 5} 

This corresponds to the message 
CANCEL ORDERS SUE. 


10. You have 


[45 as j = [10 15] and 


[38 ap i = [8 14] 


у 2 
So, 45w — 35у = 10 and 45х— 352 = 15 


38w – 30у = 8 38x – 302 = 14. 
Solving these two systems gives w = y = 1, х = —2, 
and z = —3.So, 

4 = | A 
1 -3 
(b) Decoding, you have: 

[45 3547 = о 15] > J, O 

[38 -304" = [8 14 > H, N 

[8 -184" = [0 18] > , R 

[35 -30]41 = [5 20] > E, T 

[81 —60]4 = [21 18] > U, R 

[42 -28]41 = [а 0 > м, _ 

[75 -ss]4 = Do 15] 2 T, о 

[2 -2347 = fo. [5—5 , B 

[22 2114 = | 19] > A, S 

[5 -10]4 = [5 0 > E, _ 


The message is JOHN RETURN TO BASE . 


12. Use the given information to find D. 


User 
VN 
A B 


5 is A 


Supplier 
0.40 0.40 | ЕР 


The equation X = DX + E may be rewritten in the 
form (1 — D)x = E,that is 


0.7 -02 x 10,000 
-04 06} |20,000[ 
Solve this system by using Gauss-Jordan elimination to 
obtain 


29,412 
X = А 
52,941 
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14. From the given matrix D, form the linear system 


X = DX + E, which can be written as (Z – D)X = E, 
that is 
0.8 -0.4 —04 5000 
-04 0.8 -0.2 |X = |2000 |. 
0 -02 0.8 8000 
21875 


Solving this system, X = |17,000 |. 


16. (a) 


(b) 


(c) 


14,250 


The line that best fits the given points is shown in 
the graph. 


eL 


Using the matrices 


] -3 0 
-1 1 
Х = and У =] | 
1 1 1 
1 3 2 
4 0 4 
you have ХЇХ = , XTY «| | and 
0 20 6 


sware ШЕШ 


So, the least squares regression line is y = бх +1. 


Solving Y = ХА + E for E, you have 
—0.1 
0.3 
-0.3 | 
0.1 


E = Ү-– ХА = 


So, the sum of the squares erroris ETE = 0.2. 


18. 


20. 


(a) The line that best fits the given 
points is shown in the graph. 


— у ш 


} | >x 


%—] 
(2,0) (3,0) 5 6 


(b) Using ће matrices 


and Y = 


С tn A BWW NY — 


7 8 28 " 8 
ХХ = XA = ‚апа 
28 116 37 


A = (x7X) (хт) = | 


So, ће least squares regression lineis у = 


(c) Solving Y = XA + E for E, you have 


E-Y ХА=[} is м3 d of % 4 i; 


and the sum of the squares error is ETE = 1.5. 


Using the matrices 


] 1 0 
X = |1 3jladdY-2/3, 

1 5 6 
you have 


ON чы © 
ll 

Poe al 
UJ 

© № 

p 
EY 
2 
c 


So, the least squares regression line is y — 3x — 3. 
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22. Using matrices 26. Using matrices 
] -4 -1 1 0 6 
-2 
X = and Y = д 5; d 
1 Х =|1 5|аау =| O, 
1 4 1 8 -4 
you have ] 10 —5 
XTX = 4.9 XTY = 8 апі you have 
0 40| 32] 
1 0 
r 1 0 41 4 
A = (x'x) (x = | | | j Е | | ONERE M NEN 
Vds. HS 10 4 5 8 10| 2 [27 2057 
So, the least squares regression line is у = 0.8х + 2. cp 
] 10 
24. Using matrices [ 6 
1-3 4 3 
B 2 „o [111 1 fo 
ae апа Кот ns ils DTI ТШ" 
1 1 4 
1 3 0 _5 
уои ћауе i 205 -27 0 
A = (ХХ) (ХУ) = X4 
( ) ( ) 296 —27 5||—70 


ro o 7 
ХХ = xk = , and 
0 20 -13 — [1890 
i | | _ | | ~ 296/350 


1 bo ae ot 

0 611-13 = o0. So, the least squares regression line is 
— _175, ү 945 
У = -RY + 1%: 


So, the least squares regression line is 


y = —0.65х 1.75. А . 
28. Using matrices 


] 9 0.72 
1 10 0.92 
Х= |1 11) and Y = |1.17, 
1 12 1.34 
1 13 1.60 
you have 
5 55 5.75 
XTX = and XTY = Ё 
55 615 65.43 
E —1.248 
A = (Xx) xv = 
0.218 


So, the least squares regression line is 
y = 0.218x — 1.248. 


30. (a) To encode a message, convert the message to numbers and partition it into uncoded row matrices of size 1 x n. 
Then multiply on the right by an invertible и X n matrix A to obtain coded row matrices. To decode a message, 


multiply the coded row matrices on the right Бу А”! and convert the numbers back to letters. 


(b) A Leontief input-output model uses an n х n matrix to represent the input needs of an economic system, and 
an n x 1 matrix to represent any external demands on the system. 


(c) The coefficients of the least squares regression line are given by А = (х TX )4À тү. 
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Review Exercises for Chapter 2 


1 2 7 1 —2 =4 56 8 54 4 
2. 23:5 —4|+81 2|=|-10 8|+| 8 16|2|2 24 
6 0 1 4 -12 0 8 32 -4 32 
1 5[6 -2 s] [ц6)+5(4) 1(-2)+5(0) 1(8) +5 
4. = 
2 -4]4 0 0 2(6) – 4(4) 2(-2)- 4(0) 2(8) – 4 
2 114 2 -2 4 5 5 -2 4 3 9 
6. + = + = 
6 011-3 1 0 4 24 12 0 4 24 16 
. 2 -1 x 5 
8. Letting A = x= , and b = , the 
3.22 X, -4 
system can be written as 
Ax =) 
2 ix) | 5 
3 2151 |-4l 
Using Gaussian elimination, the solution of the system is 
$ 
-2 
7 
2 3 I| Xx, 10 
10. Letting А = |2 -3 -3|, х = |х, |, and = 22, 
|4 -2 3] X3 -2 
the system can be written as 
Ax =) 
2 з Ца 10] 
2 —3 -3 |0 |= | 22| 
4 -2 3|»% -2| 
Using Gaussian elimination, the solution of the system is 
5 
х= |2 |. 
—6 
12. А 


16. 


18. 


-2 8 
Heh 
1 
AT =|-2 
-3 
1 1 -2 -3 
АА =1-2 | 2 -3]=|-2 4 6 
=3 3 6 9 
1 
A4 = | —2 —3|—2| = [14] 
-3 
From the formula 
pcs cc E M 
ad —bc|-c a 


you see that ad — be = 4(2) – (-1)(-8) = 0, and so the 


matrix has no inverse. 


Begin by adjoining the identity matrix to the given 
matrix. 
11 11.00 
[A Д= 01 101 0 
001001 
This matrix reduces to 
100 1-1 0 
[r 4"'|s|o 1 0 0 1-1 
00 10 0 | 
So, the inverse matrix is 
1 -1 0 
А! =|0 1 -il 
0 0 1 
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20. 


22. 


24. 


34. 


ЕГП 


4 -2 2 ed 
+ | = | Ў | solve the 
-1 3 “a0, Cg 


equation Ax = b as follows. 


Because А! = 


SEHE 
10 10 
A x b 
1 1 2| x 0 
1 -1 1[x|2]|-1 
2 1 ц 2 


Using Gauss-Jordan elimination, you find that 


А = 


| 
le чш ape 
| 
MIN Al Nfs 


| 
lwo Ale tato 


Solve the equation Ax = bas follows. 


2 1 3 
- 5 GD 1 
с, ol) eee 1 3 1 = 
x=4'b=| 1-2 l|- 1 
3 1 2 
$ 5 752] Ll 
A X b 


Because 4! = 


4 1 MEE 
| | = | ы | solve the 
-3 2 TDI 


Ax = bas follows. 


equation 


26. 


28. 


30. 


32. 


Review Exercises for Chapter 2 67 


A x b 
0 1] 2|x 0 
3 2 1||у|=|-1 
4 -3 -Alz -7 


Using Gauss-Jordan elimination, you find that 


S 

1 

ү a 
&|^ 


a “Ооо 
| 
Dale WIE | 


LOIN ele oj 


oo 


Solve the equation Ax = b as follows. 


Ds JL Л _23 

is 9 sj? 18 

get 8 A EXE, 
x74 b 9 9 3 1 9 
22.2 — 1|.3 17 

I8 ^9 6 18 


Because (24) ' = б 


the inverse of a 2 x 2 matrix to obtain 


2 4p 1 {1 -4] 111-4 
2А = =~ = | ү 
0 1 2-90 2| 2/02 


-1 


2 4 
| | you can use the formula for 


i А 


2 


n 
2 
a 
Ш 
Ale 
ЭНИН ШЕЕ ‹ 
oO. 
о Ё 
| eS | 
Il 
o ^|-— 


2 x 
The matrix | 2 will be nonsingular if 


ad — bc = (2)(4) - (1)(x) # 0, which implies that 
х # 8. 


Because the given matrix represents 6 times the second 
row, the inverse will be i times the second row. 


0 0 


0 
1 


o 
© ol 


For Exercises 34 and 36, answers will vary. Sample answers are shown below. 


Begin by finding a sequence of elementary row operations to write A in reduced row-echelon form. 


Elementary Matrix 


Matrix Elementary Row Operation 
| 1 -4 

Interchange the rows. 
1-3 13 


[1 -4 
0 1 Add 3 times row 1 to row 2. 
[10 
[0 1 
Then, you can factor A as follows. 


0 1| 10/1 —4 
А = E,'E;'E;! = 
1 0—3 110 1 


Add 4 times row 2 to row 1. 
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36. Begin by finding a sequence of elementary row operations to write A in reduced row-echelon form. 


Matrix Elementary Row Operation Elementary Matrix 
[1 0 2] + 0 0 
02 0 Multiply row one by 1. E 2|0 1 0 
[1 0 3] 00 1 
[1.0 2] [1.0 0| 
2 0 Add –1 times row one to row three. E,-2|0 10 
0 0 1| 1-1 0 1 
[1 0 0| [1 0 -2| 
02 0 Add -2 times row three to row one. Е,=|0 1 0 
[0 0 1| 0 0 | 
[10 0] [10 
010 Multiply row two by 1. E, 20010 
[0 0 1j 0 0 


So, you can factor A as follows. 


A= ЕГІЕЛЕЛЕ; = |0 


a b 
38. Letting A = | | you have 
c 


pul? oye 5| [d * 5c ab+bd| |O 0 
|e d|c d ас + ас сь + а? 0 of 
So, many answers are possible. 
0 0] Jo 1 
А , etc. 
0 0:10 0 
40. There are many possible answers. 


ШО 


b olo ИТЕ 
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42. Because (a7 + B) + Вв) = [f (41 + Вч); exists, it is sufficient to show that Ci + BAA + B)'B) = І 


for equality of the second factors in each equation. 


(47  B7)(4(4 + ву'в) = A" (4(4 + В) BJ + В (4(4 + в) B) 


A" A(A + BJ! B + B'A(A + BJ. B 


I(A + BJ B + B^ A(A + В) В 
= (I + В1А)((А By B) 


= (вв + в) (а + В)'В) 


= В(В + А(А+В) В 


= В(А+В)(А+В) В 
= BIB 

= BB 

-I 


Therefore, (41 + gr = A(A+ B) B. 


44. Answers will vary. Sample answer: 


Matrix Elementary Matrix 


-3 1 
=A 
12 0 


EA =U 
ВЕ ү 
-4 1] 0 4 
46. Машх Elementary Matrix 
[1 1 I 
12 2|-4 
1 2 3 
[1 1 I 1 0 
0 1 1 E -|-11 0 
123 001 
11 I] [1 0 0| 
0 1 1 Е,=| 0 10 
0 1 2| I-10 1 
111 [1 0 0] 
0 11/-U E, = 10 
[o o I| [0 -1 1| 
10 ofi 11 
E,E,E,A = U > А = ЕПЕЈЕУО =|1 1 O00 1 1! = LU 
1 1 1/0 01 
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Chapter 2 Matrices 


48. Matrix Elementary Matrix 
[2 1 1 -T] 
03 1-1] 
=A 
002 0 
|2 1 1 -2| 
[2. qT- d E 1000 
03 1-1 0 100 
=U; Е = 
00— 0 00 10 
10 0 0 -1| -1 0 0 0 
100 0[2 1 1 -I 
010 0103 1-I 
EA=U > A= = LU 
00 10/0 0 2 0 
100 1100 0 -I 
[1 0 0 о[у, 7 7 
0 100 -3 -3 
Ly =b Jm => у = 
00 1 Olly, 2 2 
11 0 0 |у, 8 
[2 1 1 -I|l[» 7 4 
03 1! -lil -3 -] 
Ux = y: = ә xX-— 
00-2 olx 2 -1 
10 0 о ~i||x, 1 -1 
аа 100 90 70 30] [110 99 77 33 
' "| 40 20 60 60| | 44 22 66 66 


52. (a) In matrix B, grading system 1 counts each midterm 
as 25% of the grade and the final exam as 50% of 


the grade. 


Grading system 2 counts each midterm as 2096 of 
the grade and the final exam as 60% of the grade. 


[78 82 80] 80 80] 

84 88 85 85.5 854 
025 020 

92 93 90 9125 91 

(b) AB = 0.25 0.20] = 

88 86 90 88.5 88.8 
0.50 0.60 

74 78 80 78 784 

|96 95 98| 196.75 97| 


(c) Two students received ап “А” in each grading system. 


s. ли) =| 
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56. 


58. 


60. 


62. 


The matrix is not stochastic because the sum of entries in 


columns 1 and 2 do not add up to 1. 


This matrix is stochastic because each entry is between 


0 and 1, and each column adds up to 1. 


0.307 
X, = PX, = 
0.693 
0.38246 
X, = PX, = 
0.61754 
[0.3659 
Xs = PX = бза 
E = 
| 
X, = PX, = = = | 0.185 
10 20 
Es 0.370 
37 
СП 0.4568 
X, = PX, = |2| [02716 
22 0.2716 
81 
103 
243 0.4239 
X, = PX, = |22. = |0.2428 
1 0.3 
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64. Begin by forming the matrix of transition probabilities. 


From Region 
1 2 3 
0.85 0.15 0.10} 1 
Р = |010 0.80 0.10 2; To Region 
0.05 0.05 0.803 


(a) The population in each region after 1 year is given by 


0.85 0.15 010]i| [036 

РХ =\010 080 010|1|-]|0.3 |. 
005 005 080/1 0.3 

0.36 110,000] Region 1 

So, 300,000 | 0.3 | = |100,000 | Region 2. 


0.3 


90,000 | Region 3 


(b) The population in each region after 3 years is given by 


0.665375 0.322375 0.2435] 5 0.4104 
PX = 0.219 0562 0.219] 4} =| 03 
0.115625 0.115625 0.5375] 1 0.25625 
0.4104 123,125 | Region 1 
So, 300,000] 0.3 | = | 100,000] Region 2. 
0.25625 76,875 | Region 3 


66. The stochastic matrix 


4i 


alo raja 


68. The stochastic matrix 
0 0 0.2 


05 09 0 
0.5 0.1 0.8 


P= 


is not regular because Р” has a zero in the first column 


for all powers. 


E = x 
To find X, begin by letting X = | 


X» 


matrix equation PX — X to obtain 


| 


|» raja 


Use these matrices and the fact that x, + x; = 1to write 


the system of linear equations shown. 
х = 0 

—-2x, = 0 
Xt x = 1 


The solution of the system is x, = 


= 1 
So, the steady state matrix is X = А 


| Then use the 


land x, = 0 


is regular because Р? has only positive entries. 
To find X, let X = [x X» als Then use the matrix 
equation PX = X to obtain. 
0 0 02| X 
0.5 0.9 
0.5 0.1 


0/x,|-2|x. 
0.8 || x3 X3 
Use these matrices and the fact that x, + x; + x; = 1to 
write the system of linear equations shown. 


= + 0.2x; = 0 
0.5x, = 0.1 = 0 
0.52 + 0.10 — 0.2% = 0 
x, + х + x, = 1 
The solution of the system is x, = ae х = n? and 


5. 


3 =F 


So, the steady state matrix is X= 
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70. Form the matrix representing the given probabilities. Let C represent the classified documents, D represent the declassified 
documents, and S represent the shredded documents. 


From 
C D S 


0.70 0.20 O/C 
Р = |0.10 0.75 0| D; To 
0.20 0.05 15 


x 


Solve the equation PX = X,where X = | x, | and use the fact that x, + x, + x; = 110 write a system of equations. 


X3 
0.70x, + 0.20x; = x —0.3x + 0.2 = 0 
0.10х + 0.75x; = х > Olx — 0.25% = 0 
0.205 + 0.05x; + x; = x; 0.2x, + 0.05x, = 0 
x + Xy d Нг ТТ x + х +x, = 0 


0 
So, the steady state matrix is X = | 0|. 
1 


This indicates that eventually all of the documents will be shredded. 


72. The matrix 
1 0 0.38 
Р= |0 030 0 
0 0.70 0.62 


is absorbing. The first state S, is absorbing and it is possible to move from S, to S; in two transitions and to move from 5; to 
5; in one transition. 


74. (a) False. See Exercise 65, page 61. 
1 0 -1 0 
(b) False. Let A = б and В = : 


0 -1 

0 0 

Then 4+ B = ; 
0 0 


A + B is a singular matrix, while both A and B are nonsingular matrices. 


76. (a) True. See Section 2.5, Example 4(b). 
(b) False. See Section 2.5, Example 7(a). 


78. The uncoded row matrices are 
BEA M_M E HW P S COT TY _ 
[2 5 1] [13 o 13] [5 o 21] [16 o 19] [3 15 20] [20 25 0] 
Multiplying each 1 x 3 matrix on the right by A yields the coded row matrices. 
рт 6 20] [o 0 13] [232 -16 -43] [-6 — 7] [1 -2 -3] [15 45 155] 


So, the coded message is 
17, 6, 20, 0, 0, 13, —32, –16, –43, —6, —3, 7, 11, —2, —3, 115, 45, 155. 
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80. 


82. 


84. 


Review Exercises for Chapter 2 


Find 4^ to be 


PX a 
ik de. У 


and the coded row matrices are 


рі 52], [-8 -9], [-13 -39], [5 20], [12 56], [5 20], [-2 7], [9 41], [25 100] 


Multiplying each coded row matrix on the right by 4^! yields the uncoded row matrices. 
SH OW | ME TH E: MO NE Y 
[9 s] [15 23] [o 13] [5 o] ро 8] [5 o] (з 15] [i4 5] [25 9 


So, the message is SHOW ME THE MONEY . 


Find 4^ to be 
4 Es L 
B 1 B 
Еб 29 A, 
4A = |15 -5 ish 
5 4 2 
B 13 7713 


[66 27 -31]4" = [66 27 —31] 


32 19 -5647 = [0 9 MJ >, L N 
43 -9 -204^ = [0 19 5] = , S, Е 
68 23 -344 = [22 5 14] > V, Е М 


B7 5 94 = [ll 5 5] > K, E E 
[61 46 -73]4' = [19 0 23] > S, _, W 
[46 -14 94" = [9 14 0 > LN _ 
[4 21 -49]4' = [23 15 18] > W, О, R 
[32 - оја = [122 4 O > LD, _ 
[66 31 -53]4' = [19 5 18] > S E R 
[47 33 -67/4' = [|| 5 19 > L E, S 
[ 

[ 

[ 


The message is YANKEES WIN WORLD SERIES IN SEVEN. 


Solve the equation Х = DX + E for X to obtain 86. Using the matrices 
(I — D)X = E, which corresponds to solving the 12 1 
augmented matrix. 1 3 3 
0.9 —0.3 -0.2 3000 X = |1 4jand Y = 2, 
0 08 —0.3 3500 1 5 4 
-04 -0.1 0.9 8500 1 6 4 
The solution to this system is you have 
10,000 5 20 14 
X = | 10,000 |. dide Ё | = || m 
15,000 


: 18 -04]14 
A= (XTX) x = = 
-04 0.1163) |07 


So, the least squares regression lineis y = 0.7x. 


73 
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88. Using the matrices 


1 -2 4 
1 -l 
X ={1 Ojfand Y = | 1| you have 
1 1 =) 
1 2 -3 
XTX = Р | XTY = | | and A = (X^X) XY = | | | | 
0 10 -18 0 di|-18]-L8 
So, the least squares regression lineis y = —1.8x + 0.4, ог y = -2x Re 
П 8] [2.93] 
1 9 3.00 
90. (a) Using the matrices X = Ro and Y = Md , you have 
1 11 3.10 
1 12 3.21 
1 13] 13.39 | 
A g] 
1 9 
xx= p. 1 1 1 {| 10 -|; 
8 9 10 11 12 13j|1 11 63 679 
] 12 
1 13] 
and 
[ 2.93 ] 
3.00 
pyc КЕ $ 4 | 3.01 -| | 
8 9 10 11 12 13|3.10 197.23 
3.21 
13.39] 


Now, using (X TX Ne to find the coefficient matrix A, you have 


97 3 
_ 97 c [1864] [2.2007 
A-(xrx) xm =|? 5 5 | 
-3 ә |197.23| | 0.0863 


(5 35 
So, the least squares regression line is y = 0.0863x + 2.2007. 
(b) Using a graphing utility, the regression line is y = 0.0863x + 2.2007. 


(с) 


Year 2008 | 2009 | 2009 | 2010 | 2011 | 2012 | 2013 


Actual 2.93 | 2.93 | 3.00 | 3.01 | 3.10 | 3.21 | 3.39 


Estimated | 2.89 | 2.89 | 2.98 | 3.06 | 3.15 | 3.24 | 3.32 


The estimated values are close to the actual values. 
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Project Solutions for Chapter 2 


1 Exploring Matrix Multiplication 00 1 0 1 1 
1. Test 1 seems to be the more difficult test. The averages 3. 10 0 Olindex2; |O 0 1|шйех3 
Were: 000 0 0 
Test 1 average = 75 Ё 
Test 2 average = 85.5 ооо 1] 00 1 1 
0 0 0 Of. 000 1. 
2. Anna, David, Chris, Bruce 4. index 2; index 3; 
0000 0000 
3. Answers will vary. Sample answer: 0 0 0 0j 0000 
1 ы Е 
M | | represents scores on the first test. 0111 
0 0 0 1 1| 
index 4 
0 000 
Mj | represents scores on the second test. 
1 [o 0 0 0| 
4. Answers will vary. Sample answer: O 1 1 11 
[| 0 0 0]M represents Anna’s scores. 0 0 1 1 I 
[0 0 1 0]M represents Chris’s scores. 5.1000 1 I 
0000 1 
5. Answers will vary. Sample answer: 00000 


6. No. If A is nilpotent and invertible, then 4^ — O for 
some kand 4! = O.So, 


1 
M || represents the sum of the test scores for each 


1 
student, and М | represents each students’ average. 
2 || 5 Р ATA =I = 0 = A'A = (AAA unt = О, 


hich is i ible. 
6. [1 1 1 1|M represents the sum of scores on each test; ИЕ 


11 1 1 1]M represents ће average on each test. 7. If A is nilpotent, then (4 ү = ( АТ у = O.But 


(a) = (a=) + O, which shows that A’ is 


1 ; 
7. [1 1 1 ЦМ И represents the overall points total for nilpotent with the same index. 


all students on all tests. 8. Let A be nilpotent of index k. Then 


1 (I-AA + А? e А+ At T= I-A = 1, 
8. il 1 1 in| | = 80.25 
1 which shows that 


(4 + AR? e à ASI) 


1.1 
M is the inverse of J — A. 


2 Nilpotent Matrices 
1. А? + Oand А? = 0, so the index is 3. 


2. (a) Nilpotent of index 2 
(b) Not nilpotent 
(c) Nilpotent of index 2 
(d) Not nilpotent 
(e) Nilpotent of index 2 
(f) Nilpotent of index 3 
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CHAPTER 3 
Determinants 


Section 3.1 The Determinant of a Matrix 


2. The determinant of a matrix of order 1 is the entry in the A-2 К 
matrix. So, det[-3] == 12. j Gad = (A E 2)(4 = 4) — 4(0) =4°-6А4А+8 
4. -3 l = -3(2) - 5(1) = -11 14. (a) The minors of the matrix are shown. 
5 2 Mı =|-5|=5 My, =6=6 
E Max =|i|=1 My =0=0 
6 4 3 = 2(3) - 4(-2) = 14 (b) The cofactors of the matrix are shown. 
Cy = (рм, =5 С, = (рм, = 6 
1 
i 5 
в. | ^"-1.(9-5.4--2 Cy = (IMa 21 © = (-) М = 0 
4 -9 
2 -3 
10. = 2(9) – (—6)(—3) = 0 
f= 29) = C903 
16. (a) The minors of ће matrix are shown. 
3 1 6 1 6 3 
My = =-17 М, = =-52 М, = = —54 
-7 -8 4 -8 4 -7 
joo S ueni wisi. Serge. Corel o ue ss 
a =. g^ 2 = |4 7 3) 4 | 
Mes шш Weel leas. Ише es 
3 Eh l5 25| || 97 63 
(b) The cofactors of the matrix are shown. 
Cy -(dM,--7 Cy = (-1) My = 52 Сз = (-1! Mi = -54 
Cy = (М = 18 С» = (C1! M, = 16 С» = (C1) M5 = -5 
Cy = (-1)'My = -2 Cy = (I) My = 15 Cy = (-1! M3 = -33 


3 4 2 
6 3 1= 46 — 7С - 804 = 4(-2) - 7(15) — 8(-33) = 151 
4 -7 -8 
(b) Expand along the first column. 
3 4 2 
6 3 1)=-3C, + 60€, + 4C,, = —3(—17) + 6(18) + 4(—2) = 151 
4 -7 -8 
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20. Expand along the third row because it has a zero. 


3- p 3 
-1 2 ТЕ 
4 1 4|- (-2) = +1 
1 4 4 4 |4 1 
-2 0 1 
= (-2)(-6) — 0(4) + 1(7) 


= 19 


22. Expand along the first row because it has two zeros. 
-3 0 


11 0 7 0 7 11 
7 11 02-3 = -3(22) = -66 
2-2 1 2 1 2 
] 22 
24. Expand along the first row. 
0.1 02 03 
02 02 -0.3 02 -0.3 0.2 
-03 02 0.2|= 0.1 = + 
0.4 0.4 0.5 04 0.5 0.4 
0.5 0.4 04 


0.1(0) — 0.2(—0.22) + 0.3(-0.22) 
0.022 


26. Expand along ће first row. 


x у 1 
-2 1 —2 1 -2 -2 
-2 -2 Ц= х = у 
5 1 11 1 5 
1 5 1 


x(77) - y(-3) + (-8) 
-7x + 3y – 8 


28. Expand along the first row, because it has two zeros. 


з 0 


7 


0 


6 11 12 2.6 12 

2 6 1112 
= 31-1 2|+7|4 1 2 

41-12 
5 2 10 1 5 10 

15 2 10 


The determinants of the 3 x 3 matrices are: 


6 11 12 


-1 2 1 2 ES 
1-1 2|-6 = 12 

2 101 |5 10 5 
5 2 10 

= 6(-10 — 4) – 11(10 — 10) + 12(2 + 5) = -84 + 84 = 0 

2612 

1 2| |42 4 1 
4 1 2|- -6 +12 

5 10] |1 10 15 
1-5 10 


= 2(10 — 10) – 6(40 — 2) + 1220 - 1) = 0 


So, the determinant of the original matrix is 3(0) + 7(0) = 0. 
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30. Expand along the first row. 


Section 3.1 The Determinant of a Matrix 79 


w x y 2 
15 —25 30 10 

10 15 -25 30 
= w20 -15 -10|- x|-30 

-30 20 -15 -10 
35 —25 -40 30 


30 35 —25 -40 


The determinants of the 3 x 3 matrices are: 


-15 
-25 


+ 30 


—30 20 
30 35 


30 10 15 30 10 15 —25 
10 - y|-30 20 —10|— 2—30 20 -15 
-40 30 35 -40 30 35 -25 


-15 
—25 


-30 20 
30 35 


30(-1050 — 600) 


15 -25 30 
-15 -10 20 -10 
20 -15 -10|= * + 30 
-25 —40 35 -40 
35 -25 -40 
= 15(600 — 250) + 25(-800 + 350) + 30(-500 + 525) 
= 5250 — 11,250 + 750 
= -8250 
10 -25 30 
15 -10 30 -10 
-30 -15 -10|- 10 * 25 
-25 -40 30 -40 
30 -25 -40 
= 10(600 — 250) + 25(1200 + 300) + 30(750 + 450) 
= 3500 + 37,500 + 36,000 
= 77,000 
10 15 30 
20 -10 -30 -10 
-30 20 -10|- -15 +30 
35 -40 30 -40 
30 35 -40 
= 10(-800 + 350) — 15(1200 + 300) 
= -4500 — 22,500 + 49,500 
= -76,500 
10 15 -25 
20 -15 -30 -15 
-30 20 -15|-10 - - 
35 -25 30 -25 
30 35 -25 


= 10(-500 + 525) — 15(750 + 450) 


25(-1050 — 600) 


= 250 — 18,000 + 41,250 
= 23,500 


So, the determinant is —5250w — 77,000x — 76,500y — 23,5002. 


32. Expand along the fourth row because it has all zeros. 


-4 3 2 -1 -2 
1-2 7 -13 -12 
6 2 -5 6 7|= 0 
0 0 0 0 0 
1 -4 -2 0 9 


34. Copy the first two columns and complete the diagonal 
products as follows. 


28012 0 


—90 256 0 


Add the lower three products and subtract the upper 
three products to find the determinant. 


3 8 -7 
0 -5 4|= -90 + 256 + 0 – 280 – 12 – 0 = -126 
8 1 6 
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4 2 

"MEME. 
32 4 5 
61 32 
85 1-2 0 
107 1 6 

38. | 0 8 6 5 -3|= 48834 
12 5 -8 4 
262 0 6 


40. The determinant of a triangular matrix is the product of 
the elements on the main diagonal. 


40 0 
0 7 0[= 4(7)(-2) = -56 
0 0 -2 


42. The determinant of a triangular matrix is the product of 
the elements on the main diagonal. 


400 0 
-1 0 0 
2 = 4(4)(3)(-2) = -12 
353 0 (3)6X 
-8 7 0 -2 
A-5 
50. à v |= (4 - SA - 5) - 301) = 4? – 104 + 22 


44. (a) False. The determinant of a triangular matrix is equal 


to the product of the entries on the main diagonal. 
For example, if 


1 0 
A= Ё 
02 


then det(A) 2223-2 1+ 2. 


(b) True. See Theorem 3.1 on page 113. 


(c) True. This is because in a cofactor expansion each 


cofactor gets multiplied by the corresponding entry. 
If this entry is zero, the product would be zero 
independent of the value of the cofactor. 


46. (x - 6(x + 1) - 3(-2) = 0 
x-5x-646-20 
x? —5x = 0 
x(x — 5) = 0 
x = 0,5 
48. (x + 3(x – 1) - (-4)(1) = 0 
x? +2x-34+4=0 
xX +2x+1=0 
(x +1) =0 
x=-l 


The determinant is zero when A? — 104 + 22 = 0. Use the Quadratic Formula to find A. 


-(-10) + ,/(-10)° – 4(1)(22) 


m xj) 
10 + V12 
HANE. 
10 + 24/3 
ИШЕ 
=5 +43 
Ao 1 
2.04 3 -A^ ? lad? 4 
2 4-2) [22 
2 2 A2 


= A(4? - 24 - 6) + 1(0 — 24) 
= 42 – 242 – 84 
= A(4? - 24 - 8) 
= AA - 4YA + 2) 


The determinant is zero when A(A — 4)(2 + 2) = 0. So, 4 = 0,4, -2. 
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54. 


56. 


62. 


64. 


66. 


68. 


(а) Take the determinant of the (n — 1) x 


(n - 1) 


matrix that is left after deleting the ith row and jth 


column. 
(b) If i + j isodd, then C; = —Mj. If i + j is even, 
then C; = Mj. 
(c) | A| = а1С + aC +... + au 
Зх? -3y? 
: : = (àx3()) -1(23»?) = 3x? +3)? 
]-v -u 0 
v(1 — w) 
vw uw uv 


= (1 = v)(u’v) + u(uv?) 
= и?у — u’? + y? 


= и?у 


Evaluating the left side yields 


w cx 
= сул — сху. 
y cz 


Evaluating the right side yields 


w x 


c = c(wz - xy) = сит — сху. 


y zZ 


Evaluating the left side yields 


w x 
= сих — сих = 0. 


CW CX 


Expand the left side of the equation along the first row. 
1 1! 1 


" i b c | a c i a b 
a с|= — + 
$ gh be а с a Б 
а с 
= рс – b’c – ас? + ас + ab — db 


= b(c? - а?) + (а — с) + ас(а? – с) 


ac? | 


- b)] 


Section 3.1 


= (c - a)|bc? + abe + ba? — b’ — а?с 

= (c - aj e*(b — а) + ac(b — a) + b(a — by(a + b)] 
= (c - ab - alle? + ac - ab - &?] 

= (c - a)(b – a)(e — b)(c + b) + alc 

= (с - ab — а)(с — b(c + b + a) 

= (a – b)\(b — с)(с — a)(a + b + с) 


The Determinant of a Matrix 81 


= (e7) - x)e* - (-e*)(xe™) 


= (1 — x)e?* + xe?* 


=(l-x+ x)(e**) =e 


= x(1 + In x) - 1(x In x) 


=x+xInx-xInx =x 


u(l— w) —-uv|= (1- v)nev(t = и) + иу] + ци (1 = м) + иу 


70. Expanding along the first row, the determinant of a 4 х 4 matrix involves four 3 х 3 determinants. Each of these 3 х 3 
determinants requires 6 triple products. So, there are 4(6) = 24 quadruple products. 
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Section 3.2 Determinants and Elementary Operations 


2. Because the second row is a multiple of the first row, the ] 1 1 1 1 1 
determinant is zero. 26. |2 1 2|=|0 3 4 

4. Because the first and third rows are the same, the 1 -2 1 0 -3 -2 
determinant is zero. 11 

6. Because the first and third rows are interchanged, the = |0 4 = ( 3)(2) im: 
sign of the determinant is changed. 0 0 


8. Because 3 has been factored out of the third row, the first 


determinant is 3 times the second one. 
28. |2 -3 


10. Because 2 has been factored ош of ће second column 1-22 1-20 
and 3 factored out of the third column, the first 
determinant is 6 times the second one. 


ll 
N 
| 
[m 
о 
ll 
о 


8 -7| |3 8 -7 
12. Because 6 has been factored out of each row, the first 30. 0 -5 4/=|0 -5 4 
determinant is 6^ times the second one. 6 1 6| 10 -15 20 
14. Because a multiple of the first row was added to the 3o Be 
second row to produce a new second row, the =10 -5 4 
determinants are equal. 0 0 8 
16. Because a multiple of the second column was added to = 3(—5)(8) 
the third column to produce a new third column, the = -120 
determinants are equal. 
18. Because the second and third rows are interchanged, the deer ds iom i E 
sign of the determinant is changed. 3.2 7 6 -5| |l 3 80 
r А 4 1-2 0 4 1-20 
20. Because the fifth column is a multiple of the second 
column, the determinant is zero. T 3° 410 SIE WES 0-0 
9 -4 5 
22. Expand by cofactors along the second row. 7 7 00 
a ds EU |4 1-0 
02 0|=2 -21-2)--2 -11 11 0 0 
1 1 -l 
27 7 0 
A graphing utility or a software program gives the same =(-5) 412 
determinant, —2. 
-] 11 0 
32 11 3:2 1-1 27 7 
í Ё = (-5)(2) 
zgo TE Е 10 20 -11 11 
`|4 1-1 0] |4 1 -1 0 27 7 
31 10] |10 20 Ex | 
32 11 = (-110)(27 + 7) 
pz eed = -3740 
5 1 -1 0 
0 00 


Because there is an entire row of zeros, the determinant 
is 0. A graphing utility or a software program gives the 
same determinant, 0. 
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0-4 9 3 0 -4 9 3 38. (a) False. Adding a multiple of one row to another does 
9 22 7 9 22 7 not change the value of the determinant. 
< 7 oul (-8) LE 4 (b) True. See page 118. 
(c) True. In this case you can transform a matrix into 
-8 0 0 16 1 0 0 -2 a matrix with a row of zeros, which has zero 
0-4 9 3 determinant as can be seen by expanding by 
0 2 -2 25 cofactors along that row. You achieve this 
= (-8) transformation by adding a multiple of one row to 
9 c 0 1 another (which does not change the determinant of 
1 0 0-2 a matrix). 
-4 9 3 
0 100 
--(-8(0|2 -2 25 
40. 0 1 02-00 1 0| 2-4 
7 0 1] 
1 0 00 1 
= (8)[8 + 1575 + 0 + 42 + 0 –18] 
= 12,856 1 0 100 
42. 0 1 0|=|0 1 0|=1 
3-2 431 |3 2 4 31 ок 1 ооп 
-1 0 210| |1 0 2 10 
-1 0 3 2=)-1 3 -8 -3 0 1+а 1 1 0 -a -a-c- ac 
RAE ike d d 44. | 1 1+b 1 |= рь -с 
AX RCM ЕЛЫ, 1 1 1+е |1 1 1+с 
-10 2 1 
= ac — b(-a – c — ac) 
[713 -8 -3 
EET з 0 = ac + ab + bc + abc 
TIU . abc(ac + ab + bc + abc) 
-10 21 abe 
1 1 1 
—4 3 -2 0 = abc| 1 +> += + = 
= b c a 
47 -80 
-116 70 0 0 4 
432 46. (a) |а =/1 0 
Ern oe sos cl |0 0 3 
-11 6 7 
0 10 -10 22 
= — 4 — 
T7 8 E. 
-11 6 7 
= -(1)(4)(-3 
E Q4) C9) 
--10 4 7 -8 nd 
-116 7 0 1 1 0 1 
= —10[(—1)(28 — 88) - 1024 + 77)] PONE. „уш д acu 
— 410 0 -16| |4 0 -16 
Expand by cofactors in the second row. 
1 0 1 
1 1 
0 -3 0|2 -3 = -3(-16 – 4) = 60 
4 -16 
4 0 -16 
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48. If B is obtained from A by multiplying a row of A by a nonzero constant c, then 


au tod] 
det(B) = det| can >> Caim | = Ca Cy +... + са„Сь = c(agCa +... + ca C,,) = cdet(A). 
ant Ut Ann 


Section 3.3 Properties of Determinants 


3 4 2 01 
2. (a) |А|= =-7 
4 3 4. (а) |AJ=|1 -1 2|=0 
ene i 3 10 
"ls ol 2 -1 4 
(ob) |B|20 1 3|=-7 
3 42 -1 26 -3 
M a 
4 3/5 0 23 -4 
2 0 1[2 -1 4 7 4 9 
26 -3 E - 
(d) |48| = = 35 (с) АВ=|1 -312|0 1 3|=|8 -6 3 
23 -4 з 10|3 2 1 6 -2 15 
Notice that | 4||B| = (-7)(5) = -35 =| 4B]. 7 4 9 
(d |48|=8 -6 3-0 
6 -2 15 


Notice that | 4||B| = 0(—7) = 0 =|AB\. 


2 470 
1—2 11 
6. (9) |д|=| g , 77 
1-1 10 
61-1 0 
E exc dn og 
OPIS gig: em e 
00 0-1 
2 4706 1-1 0] f8 10 9 18 
1-2 11-12 1 8 -3 -2 -I 
(c) AB = = 
0 021|0 1 2| l0 0 2 3 
1-11 0[0 o al |7 a -1 d 
8 10 9 18 
йе DL a n 
( c» 2 3 
7 -1 -1 1 


Notice that | А|В|= 7(-13) = -91 = [48|. 


21 7 
28 -56 


3 1 
4 -8 


8. |4|- - = 49(-28) = –1372 
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4 16 0 1 4 
10. |4|= 12 -8 8|-4|3 2 
16 20 -4 4 5- 
14 0 
= 41118 0 
4 5-1 


= (-64)(-36) = 2304 


40 25 10 852 
12. |а| 130 5 20|=56 1 4 
15 35 45 379 
-22 0 -18 
2-5 6 1 4 
-39 0 -19 
= 125(-284) = -35,500 
0 16 -8 -32 0 2-1 -4 
м. јај |76 8 78 19 шс 11 2) дові) = 61,440 
8 -24 8 -8 1-3 1-4 
-8 3 0 32 1 4 0 4 
16. (a) at Ted 
1 0 
(b) =}, = 
0 0 
(à ass=] “al*lo E N 
1 of lo o} |: 0 
4 -4 
(d) |A+ B|- i |" 


Notice that | A| i |B| = 2+0=2 | А + В|. 


0 1 0 1 
18. (а) |4|2- 1 -1 021 -1 0| = 5 
2 1 30. [03 1 
01-1 
(6) |B|=|2 1 Ц= -2(2) = ~4 
01 1 
0 12] [01-| |02 1 
ТОЕП 1|=|3 0 1 
2 1 T [01 1f |22 2 
02 1 
(d) |4+8|=|3 0 1ļ= -2 
2229: 02 
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20. Because 1 1 
z |22 3:3 
3 -ÓL 39 20, 26. aed E ae 
4 2 SER T ee 
es | з 6 
the matrix is nonsingular. 
E 1(1 1/1 1 1 1 
n -+l 
22. Because 346 3A3 18 9 6 
14 5 7 Notice that | 4| = 6. 
-15 0 3|- 0, 1 1 
1 -5 =10 So, |4" "ide 
the matrix is singular. 
[1 1 
24. Because 2 1 72 
08 02 -0.6 01 28. 412| 2 -1 0 
-12 06 06 0 3 1 
= 0.015 z 0, = -l = 
0.7 03 01 0 L 2 2 
0.2 -03 0.6 2d 1 m 1 0 0 
the matrix is nonsingular 2 2 2 1 0 1 
> TM » _ = EN 
[А'|=| 2 24 0|= К а 
3 E 1 э bus 
2 2 2 2 


1 0O I| |1 0 1 


1-23| |-3 0 -l 


So, 4 |= — =--, 
|| 2 
EE SE 
2 
3 
3. 45213 "MEC 
0 1 0-1 
o 1- 
L 2 | 
xu E val |e eB 
2 2 
3 3 2-3 4 0 32 
ai {1 3 = 3 1 = 3 1| 1 1 
LE 2 - 2 mox zc ded “Жез 
0 | 0 -l 0 1 0 -l 0 1 -l 0 1 -l 
One о 0-1 o0 
2 2 
0 1 0 3| |o 
10 3 
1 -2 -3 Ц lo 
Notice that | 4| = - =-|0 1 0=2 
0.0 2 -2| (|0 - 
02 -2 
12-4 1] 1-2- 
1 
So, |4"|= = = = 
|4] 
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32. 


34. 


36. 


38. 


40. 


The coefficient matrix of the system is 


3 4 
PEN D 
3 9 


Because the determinant of this matrix is zero, the 
system does not have a unique solution. 


The coefficient matrix of the system is 


11-1 
Ды]. 1 
3 -2 2 


Because the determinant of this matrix is zero, the 
system does not have a unique solution. 


The coefficient matrix of the system is 


1 -1 -1 -l 
1 1 -1 -l 
1 1 1-1 
p l1 1 1 


Because the determinant of this matrix is 8, and not zero, 
the system has a unique solution. 


Find the values of k that make A singular by setting 
|| = 0. 
k-1 2 

2 k+2 
= (k -1(k + 2) - 4 
=k°+k-6 
= (k + 3)(k - 2) = 0 


|4|- 


which implies that k = —3or k = 2. 


Find the values of k that make A singular by setting 
| А| = 0. Using the second column in the cofactor 


expansion, you have 


Ik 2 
-2 -k 1 2 
|A|=|-2 0 -k|» -k - 
3 -4| |-2 -k 
314 


—К(8 + 3k) – (-k + 4) 
-3k? — 7k — 4 
-(3k + 4)( + 1). 


So, 


A|= 0 implies that k = -ior k 2-1. 
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42. Find the value of k necessary to make A singular by 
setting | 4| = 0. 
k -3 -k 
|4|=|-2 k lj=-k- 2k =0 
k 1 0 
So, k = Oor k = +V2. 


—4 10 
5 6 


44. First obtain | A| = 


(a) |47 |= |4| = -74 


(6) |4°|\=|д||А|= (774). = 5476 


(с) |447 |= |a] 4? |= (774774) = 5476 


(à) |24| = 2?|4| = 4(-74) = 296 


1 1 1 
Al == = = 
© | |А| (774) 74 
1 5 4 
46. First obtain |4|=|0 -6 2|= 18. 
0 0 -3 


(a) [47 |= |4|» 18 
œ) |.4?| =| Al] 4| = 18? = 324 
(о) |447| =| A]]47| = (18)(18) = 324 


(à) |24| = 23| 4] = 8(18) = 144 


Yd 
Al =) Sf ai 
= e] [4] 18 
41 9 
48. First observe |4| -]-1 0 -2|= 3. 
-33 0 


(а) |АТ|=|А|= 3 
©) L£|- |4|4|- 9 


(о) |447 |= |a|4"|- 9 


(à) |24| = 2°|А|= 24 


| 1 


1 
1-2 
(е) А ~ [4] 3 
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2 001 
| 0-3 00 
50. First observe that |A| = = -12 
0.040 
1 001 
(a) |47 |= [4|= -12 
(6) |4?| =| Al] 4| = 144 
(о) |447 |= | 4| 4" | = 144 
(d) |24|= 2*|4| = -192 
amd ull 
EN |A| 12 
-2 
52. (a) |A| = , |= -16-24 = -40 
(b) [4 |= ||» -40 
(о) [42 |= |4|4| 2 | 4f = 1600 
(d) |24|» 2?| 4|» -160 
aes de es ЫЛ. 
Ө |4| | 40 
3) 2 1 
4 3 4 
54. |А|=| 2 1 1=- 
шы qo B 
4 3 4 
@ |4"|=|4|= -x 
€) [4| -|4]4|7 т 
(с) |24|= 2|4|» -2 
(d) 4| — 


“Tal = 


62. Expand the determinant on the left 


a+b a a 
a a+b а |= 
a a a+b 


(a + b)(2ab + b?) — a(ab) + a(-ab) 


2a*b + ab? + 2ab? + b? — 2а2Ь 


= b?(3a + b). 
64. Because the rows of A all add up to zero, you have 
2 -1 -1 2 -1 0 
|AJ=|-3 1 2[=|-3 1 0|=0. 
0—2 2 0-20 


56. 


58. 


60. 


66. 


65 1- 
(a) |A| euin Oe Perens 
a = = — 
6 1-4 -2 
22 1 3 
œ) |4 |= [4|= -312 
(о) [421 = ||| = [4 = 97,344 
(d) [24| = 2*|4|- –4992 
1 1 
А^! =— = –——— 
Өе 
(а) |АВ|=|А|В|= 4(5) = 20 
(b |2А|= 23/4] = 8(4) = 32 
(c) Because | 4| 0 and |B| 0, Aand Bare 
nonsingular. 
1 1 1 1 
A! m mm = zu ud 
reden a Els 
(е) |(48) | -| 8| = 20 


Given that AB is singular, then | AB| = | А||В| = 0.бо, 
either | A| or | BI must be zero, which implies that either 


A or B is singular. 


(a + b)((a + by - а?) - a((a + ba – а?) + а(а? - a(a + b)) 


Calculating the determinant of А by expanding along the 
first row is equivalent to calculating the determinant of 


AT by expanding along the first column. Because the 
determinant of a matrix can be found by expanding along 


any row or column, you see that | 4| = | 47 l. 
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68. |4'°|=|А|° = 0 >|4|= 0 = Ais singular. ТОРЕШ 
с а i 
70. If the order of A is odd, then (—1)" = —1, and the result A = “2 V2 = А7, 
| ; В 1 1 
of Exercise 59 implies that | 4| = —| A| or | A] = 0. E а 
|4l- аот |а ER. 
72. (a) False. Let this matrix is orthogonal. 
PIS l | add B= P | 78. Because 
0 1 0 -l 
I D 
Then det(4) = det(B) = 1 = 0 = det(4 + B) J2 J2 
-1 и Т 
(b) True. Because det(A) = det(B), ja t va P 
1 1 
det(AB) = det(A)det(B ==, c 
et(AB) = det( A)det(B) Z’ 4 
= det( A)det( 4 
ан) this matrix is orthogonal. 
= det( 4A) 
= det(4?) 80. If А7 = A47, then |47 |=|47| and so 
(c) True. See page 129 for “Equivalent Conditions for a |z| = |447 | =|А| А! | -|4| 4" |-|4[ =15|4|= +1. 
Nonsingular Matrix" and Theorem 3.7 on page 128. 
2 2 1 
74. Because А | f 
10 11 82. А = МЕ ES 
А = and A? = Р dq до 55. 
-1 1 0 1 3 3 3 
A + А? and the matrix is not orthogonal. Using a graphing utility, you have 
2 2 1 
3 3 3 
Aes (o> oium 
4 =|-$ 3 |54. 
d. 20 2 
3 3 3 
Because А7! = A’, A is an orthogonal matrix. 
For this given A, A| = 1. 


84. |SB| =|S||B| = 0|B| = 0 = SB is singular. 


Section 3.4 Applications of Determinants 


2. The matrix of cofactors is 


Leal е 


So, the adjoint of A is 


EXER 


Because | 4| = —4, the inverse of A is 
1 0 
1 114 0 
A! = — adj(4) = — - 
[aA 1. b 0 n 
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4. The matrix of cofactors is 6. The matrix of cofactors is 
1 -1 _|0 —1 0 1 r 2 3 1 3 121] 
25:2 2. 2 2: «2 = 
A. X 5 2 1 -2 1 NE ; 
2. 3 1 3 12 TRGS 
= = =12 4 2 1 1 0 1 0 | 1 1-1 
22 2. :2 2. 2 + = = = 
5 1 1 1 -2 1 -2 1 -l ic tei 
2 3 jl 3 1 2 11 01 or d 
Lira ou Jo Ц | B T ET o 2) | 
the adjoint of A i 
зо Шеашош ок 1; 1. So, the adjoint of A is 
4 2 —5 
-1 1 1 
j(A) =|-2 -4 1}. 
adi(4) ad(4) -|-1 1 1, 
-2 2 1 
В J 1 -1 -l 
B = —6, the i fAi 
йе A] шеле Because det(A) = 0, the matrix A has no inverse. 
[2 1 5] 
3 3 6 
1 1 2 1 
А! = adj(A) = : 
| A| it) 3 3 6 
M EE: 
|3- 3 - €] 
8. The matrix of cofactors is 
| |10 1 10 1 1 11 11 0|] 
0 1 1| —1 1 1 10 1 -10 1 
1 11 0 11 0 1 0 1 
110 110 1 10 1 11 
-0 1 1 11 1| -]1 0 1 101 -] -1-1 2 
11 1 0 1 1 0 1 1 0 11 —1 -l 2 -l 
1 1 0 1 10 110 11 1 Е =1 2 -1 -l 
10 1| -10 1 11 1 -11 0 2 -1 -1-1 
1 1 1 0 1 1 0 1 1 0 1 1 
1 10 110 1 10 1 1 1 
410 1 10 1 -1l 1 1 110 
| 011 1 1 1 1 0 1 1 0 1 | 
-] -1-1 2 
5 . . -1 -1 2 -l1 . 1 
So, the adjoint of A is adj(4) = НРКУ . Because det(A) = —3, ће inverse of A is 
2 -1 -1 -1 
[111 2] 
3 3 3 3 
UON МЕ ME. 
ghe aye oe: ee S 
| 4| 1 2 11 
3 3 3 3 
2 1 1 1 
L3 3 3 3| 
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10. The coefficient matrix is 


12. 


14. 


2 
А = 
3 


—1 
| where | A] = 7. 
2 


Because |A| # 0, you сап use Cramer's Rule. 


The solution is 


кы VM 
~ [4] 7 
_ [4a] _ 28 _ 

|4| 7 


The coefficient matrix is 


18 12 
А = | | where | A| zy. 
30 24 


Because |A| + 0, you can use Cramer's Rule. 


13-12 
A = А |4 |= 36 

23 24 

18 13 
А = > 

30 23 


The solution is 


| A,| = 24 


|A| 36 1 
X = — = — = — 
l4 72 2 
[4| 24 1 
Xz = — = — = —, 
|4| 2 3 


The coefficient matrix is 


13 -6 
a=] | where | A] = 0. 
26 -12 


Because | 4| = 0, Cramer's Rule cannot be applied. (The 


system does not have a solution.) 


Section 3.4 Applications of Determinants 


16. The coefficient matrix is 


18. 


ie 0.8 


} where | А| = —0.28. 
0.2 03 


Because | 4| # 0, you can use Cramer’s Rule. 


1.6 0.8 
A= А |4 |= 0 
0.6 03 
[94 16 A |= -036 
2 f o2 06[ y 


The solution is 
_|А|__0 


ЭС == = —-— = 
|a| -028 
4| 2 056 - 5 


A| -0.28 © 


The coefficient matrix is 


4 2 3 
А = |2 2 5 |, where | A] = -82. 
8 -5 -2 


Because | 4| # 0, you can use Cramer's Rule. 


2 -2 3 
4=|16 2 S, |А|=-410 
4 -5 -2 
VEN. 
А = 16 5, | 4,| = —656 
8 4 -2| 
PENNE. 
4 -|2 2 16, | 4;| = 164 
=з 4| 
The solution is 
he 14] _ 2810 s. 
|| -8&8 
l4| _ —656 
= —— z= — = 8 
7 4 -82 
l4| | 164 
zZz = — = —— = –;, 
l4  -8 
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20. 


22. 


24. 


Chapter 3 Determinants 


The coefficient matrix is 
14 -21 -7 

А -|-4 2 -2, where | A| = 1568. 
56 -21 7 


Because | 4| # 0, you can use Cramer's Rule. 


-21 -21 -7 
А=| 2 2 -2| |A]= 1568 
7 -21 7 
[14 -21 -7 
4-2|-4 2 2, |A,|= 3136 
56 Tg 
[14 -21 -21 
A =|-4 2 2| |4|= -1568 
56 -21 7 
The solution is 
ре жуш 
4| 1568 
A| 3136 
d Æ| 1568 _ 
|A 1568 
The coefficient matrix is 
2 3 5 
А= |3 5 9} where | 4| = 0. 


5 9 17 


Because | 4| = 0, Cramer's Rule cannot be applied. 


(The system does not have a solution.) 


The coefficient matrix is 


Shi т) 
A=|12 3 5 
15 -9 2 
[—151 7 -10 -8 -151 -10 
А=| 86 3 -5,4,=|12 86 —5, 
187 -9 2 15 187 2 
[-8 7 -151 
А, =|12 3 86 
15 -9 187 
Using a graphing utility, | 4| = 1149, |4 |= 11,490, 
| A,| = —3447, and |4| = 5745. 
A 
NT |4 _ 11,490 _, 0, 
|A| 1149 
Aj | -344 A| 5745 
а а са аар 
|A| 1149 |A| 1149 


26. 


28. 


30. 


The coefficient matrix is 


-1 -1 0 1 
PI 3 5 5 0 
0 0 2 1 
2 3 -3 0 
-8 -1 0 1 -] -8 0 1 
24 5 0 з 24 0 
A ~ , A, s , 
-6 0 2 1 0 -6 2 | 
1-15 -3 -3 0 -2 -15 -3 0 
[-1 -1 -8 1 -1 -1 0 -8 
3 5 24 0 3 5 24 
A = Tv 
0 0 -6 1| 0 0 2 -6 
|-2 -3 -15 0 -2 -3 -3 -15 
Using a graphing utility, | 4| = 1, | 4| = 3, 
|4&|= 7, |4 |= —4,апа |А,|= 2. 
So, x, |a| 2 3, x; |4| D 7, 
A 1 А 1 
4|_- 2 
% = [l= St = -4an л - 1-22 


Draw the altitude from vertex C to side c, then from 
trigonometry 


c = acos B + bcos A. 
Similarly, the other two equations follow by using the 


other altitudes. Now use Cramer's Rule to solve for cos C 
in this system of three equations. 


0 


с 

ba с 
cos C = ———— 
0 


e 


ba 0 


—с(с? - b?) + а(ас) gq.p-e 


—с(—Ба) + b(ac) 2аЬ 


Solving for c? you obtain 
2аЬ соз С = а? +h? – с? 


c) = а? + b? — 2аЬ соз C. 


Use the formula for area as follows. 
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32. 


34. 


36. 


38. 


46. 


48. 


50. 


Use the formula for area as follows. 


* Л 1 De dps 
Area = +4/x, у» 1|= +4/-1 1 ILES 
Хз Уз 1 0 -2 1 
Use the fact that 
X Md -] 0 1 
х у» 1||= 1 1 1|22 
Хз Уз 1 331 


to determine that the three points are not collinear. 


Use the fact that 


x »1| |1 31 
х у» 1|=|—4 7 1|=0 
Xy уз 1 2 -13 1 


to determine that the three points are collinear. 


Find an equation as follows. 


x у 1 х у 1 
0-x у 1|=|—4 7 1= Зх + бу – 30 
X; у» 1 2 4 1 


So, an equation of the line is 2y + x = 10. 


Use the formula for volume as follows. 


x д z l 5 4 

Volume = +} Aa: OU Bet = +} 2 Te 
Xy у; z 1 -6 -6 
X4 Y4 24 ] 0 0 

Use the fact that 

a » 2 1 1 3- 1 

о Уз z 1 |-l 0 | Io 

Хз Уз 23 | 0 —2 —5 1 

X4 Y4 Z4 |] 2 6 11 1 


to determine that the four points are coplanar. 


Use the fact that 


a nh 2А 1 1271 
о Jg: Zl 3 6 6 1 Sei 
X3 Уз 23 |] 4421 
X4 Ya Z4 1 3 3 4 1 


to determine that the four points are not coplanar. 


S4 


Section 3.4 Applications of Determinants 


40. Find an equation as follows. 


x yl x yol 
О=|хл у 1|=|1 4 1|22y-8 
х ya 1 3 4 1 


So, an equation ofthe lineis y = 4. 


42. Use the formula for volume as follows. 


à » 4 1 
Volume = +1 аа. 
X3 Уз 23 1 
X4 Va Z4 |] 
11 141 
жае ауаз 
-1 1 21 


44. Use the formula for volume as follows. 


л p» 2 1 
Volume = +1 А uw ae 
$ Хз Уз 23 1 
X4 Y4 24 1 
0 0 0 1 
zx, 201 = +1(24) = 4 
~6 ~6 
3 0 0 1 
1 14 1 
(1386) = 231 


52. Use the fact that 


xy д 2% l 1 -5 1 
X) у» Z 1 Е -1 -5 9 1 zd 
хз y 23 l 1 -5 -9 1 
х у, Z4 1 -] -5 -9 1 


to determine that the four points are coplanar. 
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54. Find an equation as follows. 


x pom od x yzl 
бс X ЭУ z 1l Е 0-101 
X y; 25 l 1 0 1 
Xy уз 23 l 2 Р! 


-1 0 1 0 01 0 
0 1l-yl1 0 1|+21 11-11 10 
2 


1 
+ 
EN 


121 2.21 
—-4x—-2y – 22-2, or 2x-y-ze=l 


56. Find an equation as follows. 


x y zl X Pow 
dz Yı а 111271 
о у 25 1 4421 
хз уз z 1 3--3- 4-1 
2-3 Д 171 12 1| 12 7 
= х4 2 1|—у|4 2 lj+ 2/4 4 1-4 4 2 
3 4 1 3 4 1 3 3 1| 3 3 4 


=-x-y-z+10, or xty+z=10 


58. Find an equation as follows. 


x Pe Ж X y zi 
без X » z 1 7 3 2 -21 
X) y? Zz 1 3 -2 21 
Xy y 23 l -3 -2 -2 1 
2 -2 1 3 -2 1 3 21 3 2 -2 
=x|-2 2 Ц-у| 3 2 1+2|3 -2 1 3 -2 2 
-2 -2 1 -3 -2 1 3 -2 1 3 -2 -2 
= 16х — 24y — 242 — 48, or 2x - 3y - 3z = 6 
60. Cramer’s Rule was used correctly. 64. Following the proof of Theorem 3.10, you have 
| ' | A adj(4) =| All. 
62. Given the system of linear equations, 
xa hy =e Now, if A is not invertible, then | А| = 0,and A adj(A) 
| + by = о, is the zero matrix. 
if a = 0, then the lines must be parallel or 90 adj(adi(4)) a adj( 4|47) 
eh = ae Ap Lap] 
coinciding. 


= [аһ 41] 14 ари 


|4| 


68. Answers will vary. Sample answer: 


-1 3 

LetA = . 
1 2 

—1 


ma E 3 => adj(adj(A)) = IE | = ДЕ | 


So, adj(adj(4)) =|А| A. 
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70. Answers will vary. Sample answer: 


1 3 
Let A = й 


Review Exercises for Chapter 3 


2. Using the formula for the determinant of a 2 x 2 matrix, 
you have 


= 0(2) - (1)(-3) = 3. 


0 -3 
1 2 


4. Using the formula for the determinant of a 2 x 2 matrix, 


Review Exercises for Chapter 3 95 


6. The determinant of a triangular matrix is the product of 
the entries along the main diagonal. 


5 02 
0 -1 3|= 5(—1)(1) = -5 
0 01 


ч: 8. Because the matrix has a column of zeros, the 
» : = (-2)(3) - (0)(0) = —6. determinant is 0. 
-15 0 3 -5 0 1 -5 0 
10. 3 9 -6-3|1 3 -2/=27/-9 3 0227 3 
12 3 6 d d Э 14 -1 0 zl 
= 27(9 — 42) 
= —891 
12. The determinant of a triangular matrix is the product of its diagonal entries. So, the determinant equals 2(1)(3)(-1) = —6. 
3-1. 2 1 3 -l1 2 1 1 2 -l 1 2-1 3 4 
14. 1—2 1-3 [2 1 3 ane д 0 -1 1-4 -10 
-1 -3 4 |5 1 16.|1 2 0 1 -|=|0 0 1 -2 5 
—2 1-2 1 1 0 2 1 0 2 -l 0-2 3 -4 -4 
-2 1 -3 0-1 1 0 0 -l 1 0 2 
=-(-1)| 5 1 6 1 -1 4 10 
10 2 0 1 -2 -5 
Ё>=3|, eae a “Ho 1 16 
a LE 00 412 
= 9 + 2(-7) = —5 1 -2 -5 
= —|0 21 
0 4 12 
= {72 — 84) = 12 
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18. 


о о о о о 
оо о о о 
о оо о о 
ооо шо о 
о о о о ш 
ll 
o 
о шо о c 
о Ро шо c 
c Ф ocu 


ll 
we 

| 
SS 
a 
© 
чө 


0 3 
з 0 


= -9(3)|9 ?|- (-27)(-9) = 243 


20. Because the second and third columns are interchanged, 
the sign of the determinant is changed. 


22. Because a multiple of the first row of the matrix on the 
left was added to the second row to produce the matrix 


on the right, the determinants are equal. 


26. First find 
0 
| A| = -1 0 
1 


(a) |4|-|a]| 2 -1 
(b) |4°]=|4] = (-1)’ = -1 
(с) |474|=| 4" || 4] = (-1)(-1) =1 


(d) |5А|= 5*| A] = 125(-1) = —125 


-2 1 3| |0 -9 3 
28. (a) |4|=| 2 0 4 о 10 4|=(—)| ^ 
. (а = — = (— = 
10 4 
-1 5 of | 5 0 
EN 
b |а| = 
y [2 [4] 66 
7 1 
7 -2 74 37 
30. 41 = 1 zer v 
742 10] |1 5 
37 37 
l= als) Callas] 
74437) (37)\ 37 
35 І І 


= A = 
2738 1369 74 


Notice that |A] = 74. 


1 1 


So, = — = —. 
| A| 74 


А | 


012 
24. (a) |А|=|5 4 3|= -15 
7 6 8 


2. 3-52 
)|B|2]1 -1 0|=12 
0 3 -2 
0о12]2 12 
(с) АВ=|5 4 3|1 -1 0|= 
7 6 8|0 32 
1 5 -4 
(d) |4B|-|14 10  4|- -180 
20 25 -2 


Notice that | 4| B| = (-15)(12) = 


1 5 -4 
14 10 4 
20 25 -2 
-180 =|АВ| 
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s qu 
3 6 
кое ud 
3 6 
d gr 
| 2 2] 
RT 0 0 1 
3 6 
||- 2 1 l-2 ils al 
3 6 3 6 12 
Io l lyg 
2 2 2 2 
Notice that 
- 12 
|А|=|2 4 8|= (8 – 8) – (-1(-8 - 4) = -12. 
1 -1 0 
So, |4 |= — = zh, 
|4| 12 
12 14 1 2 1 4 1 2 
34. (a) |-3 1 -2 1| > 1 1315 [0 1 
23 -1 9 -1 -3 1 0 7 
1 2 1 4 12 1 4] 
5101 3-12[|013 -1 
0 0 -20 20 00 1-I 


So, x3 = =l, x, = —1— 3(-1) = 2, and x, = 4 - (-1) - 2(2) = 1. 


121 4 10-5 6 [10 
(0) 0 13 -1|2/|0 1 3 -1| 25/0 1 
0 7 1 13 00 1-1 o o0 


(c) The coefficient matrix is 


12 1 

A=|-3 1 -2| where| A| = —20. 
2 3 -l 
[4 2 1 

A -|1 1 -2|and|A4|- -20 
9 3 -1 
[14 1 

A, -|-3 1 -2|and|4 |= —40 
129 4 
[12 4 

A, =|-3 1 1|and|4|= 20 
|32703 9 

So, x; 20 1, x2 EE 2, and x, 
-20 -20 


Review Exercises for Chapter 3 
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23 5 4 ar 
36. (а) |3 5 9 7|5 |3 5 9 
5.9 13 17 5.9 13 17 
[1 3 5 
1 3 
3 1 
0227 
[1 3 5 
155 
> 1 3 
0 0 1 -l 
So, x, = Lx, = 2 - 3(-1) = 5,and x, = 2 - 2(-1) - 3(5) = -3 
3 5 r 
NI 0, 0 2 -l 
(b) |0 13 2| 1 3 2 
0 0 1 -l 100 1 -l 
[100—3 
5 10 5 
0 1 -l 
So, x, = -3, x5 = S,and x, = -1. 
(c) The coefficient matrix is 
22037 5 
A=|3 5 9| and |A|- –4. 
5 9 13 
EN = 
Also, 4. =| 7 5 9| and |4 |= 12, 
17 9 13 
[2 
4 =|3 7 9| and |A,|= -20, 
5 17 13 
[2 3 4 
A,=|3 5 7| and |4|= 4. 
5 9 17 
So, x; 12 -3, x; A 5, and x; = = = –]. 
-4 -4 -4 
38. Because the determinant of the coefficient matrix is 40. Because the determinant of the coefficient matrix is 
2 -5 2 3 |] 
=1#0, 
3 -7 2 -3 -3|= 0, 
8 6 0 


the system has a unique solution. 


the system does not have a unique solution. 
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42. Because the determinant of the coefficient matrix is 


48. 


50. 


52. 


54. 


56. 


15 30 0 
42 50 0 
00 3 8 6|- -896 # 0, 
24 0 0-2 
20-10 0 


the system has a unique solution. 


= —e?'sin? y — e?'cos? y = -e 


a 1 1 1 0 1-а? 1-а l-a 
lali а І І 
11а 1| |0 1-а а-1 0 
1 ] la 0 1-а 0 a-i 
1-а? 1-а 1-а 
--|l-a a-l 0 
1-а 0 a-i 
1+а 1 1 
=(-а)| 1 -1 0 
1 0 -1 
= (1- ay (0) - -1- a 
= (1— aĵ (a +3) 
Әх ox 
J(u y) a |“ dwj IG — ad — bc 
à ду |с 
ди ду 
e'sinv  e'"cosv 
J(u, v) = 1 MN 
e'cosv —e"sinv 
1 -1 1 
J(u, v, w) 212v 2u 0 
1 1 1 


Use the information given in the table on page 122. 


Cofactor expansion would cost: 


(3,628,799)(0.001) + (6,235,300)(0.003) = $22,334.70. 


Row reduction would cost much less: 
(285)(0.001) + 339(0.003) = $1.30. 


= 1(2и) + 1(2v) + 1(2v - 2и) = 4v 


44. 


46. 


2и 


(а) 
(b) 


(d) 


Review Exercises for Chapter 3 


5(-2) = -10 


BA| = |B||4| 


4 


B*|=|B = 5* = 625 


2А|= 2?| 4| = 22(-2) = -16 


(4B) 


-|45|- |л|в|= -10 


Bl zd 
|| 5 


p | 


021 1 0 2| 1 02 
-1 2 
1 0; |2 1 -l) 3 0 1 
10 


ll 
an 
| 
um 


1 
tA 
+ 
tA 


(factoring out (1 — a) from each row) 


(expanding along the third row) 


58. Because |B| 0, B^! exists, and you can let 


C = AB", then 


А = CB and ШЕЕ ШЕ 


99 


В| 


Eg 
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60. The matrix of cofactors is given by 4 -1 1 
1 2! lo 2 о 11 66. The coefficient matrix is 4 = |2 2 3| 
0 -1| |0 -1 0 0 5 -2 6 
WEM T NUS 
"i | -lai ao -5 -] 1 4 -5 1 
0 —1| |0 -l 0 0 FI A =|10 2 3,4 = |2 10 3, 
-1 1 1 1 ] -1 | 1 2 6 5 1 6 
|. 12 0 2 0 1] [4 zio 5 
So, the adjoint is А= |2 2 10 
1 -1 1 -] -1 -3 5 2 1 
ай0 1 20=|0 -1 -2| Using a graphing utility, Al = 55, A| = —55, 
e dE A. |2 |= 165, and | 4| 110. 
62. The determinant of the coefficient matrix is So, x, | A | /| Al -l x; | A | /| Al = 3,and 
2 1 
=-5 #0. x3 = 4/41 = 2. 
3 -1 
So, the system has a unique solution. Using Cramer's 68. Use the formula for area as follows. 
Rule, x, »1 4 0 1 
03 1 Area = tx 1|2-*1|4 0 1 
е ‚|А|= 10 DE 2 
-1.3 -1 хз уз 1 061 
2 03 = +1(—6\(—4 – 4) = 
Ay , |4|= -3.5. +5(-6)(-4 - 4) = 24 
3 -13 
So 70. Find an equation as follows. 
f f x y l x y l 
x ell. L = -o2 Е оова вр E % 
| | X; у» 1 6 -l 1 
[4| -3.5 | Las 
у = Па] = = = 07. So, an equation of the line is 2y + 3x = 16. 
72. Find an equation as follows. 
64. The determinant of the coefficient matrix is x y zl 
4 4 4 0 X у д 1 
4 -2 -8/=0. "Mu ж» 1 
8 2 4 з у; д 1 
So, Cramer's Rule does not apply. (The system does not x yzl 
have a solution.) 0 001 
= -1 11 
3 251 
X yz 
212 -1 1 
3 2 5 


x(-7) — y(13) + z(1) = 0. 
So, the equation of the plane is 7x + 13y — z = 0. 
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74. (a) atb+c = 1765 

4a + 2b + с = 1855 

9a + 3b + c = 1920 

(b) The coefficient matrix is 

[111 
A-|4 2 I| where| A] = -2. 
[p 3 1 
[1765 1 1 
A, = |1855 2 l|and|A|- 25 
|11920 3 1| 
[1 1765 1| 
А = |4 1855 l|and|4|- -255 
1920 1| 
1 1265 
2 1855 and|4,| = –3300 
3 1920 


o 


A 


А = 


$о, а = = = —12.5,Ь = == = 127.5, and c = M = 1650. 


(c) у = -12.5? + 127.5t + 1650 


2,000 


0 9 
0 


(d) The function fits the data exactly. 


76. (a) True. If either А or B is singular, then det(A) or det(B) is zero (Theorem 3.7), but then 
det(AB) = det(A)det(B) = 0 + —1, which leads to a contradiction. 


(b) False. det(24) = 2?det(4) = 8-5 = 40 = 10. 


(c) False. Let А and B be the 3 x 3 identity matrix /,. Then det(A) = det(B) = det(/;) = 1, but 


det(A + B) = det(2/;) = 2° - 1 = 8 while det(A) + det(B) = 1 +1 = 2. 


78. (a) False. The transpose of the matrix of cofactors of A is called the adjoint matrix of А. 
(b) False. Cramer’s Rule requires the determinant of this matrix to be in the numerator. The denominator is always det( А), 


where A is the coefficient matrix of the system (assuming, of course, that it is nonsingular). 
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Project Solutions for Chapter 3 


1 Stochastic Matrices 


7 7 
1. Px, = Р|10| = |10 
[4] |4 
"I 
Px, = Р|—1| = |—.65 
|1] | .65| 
[—2 [-1.I 
Px, = P| 1|=| .55 
m ee 
7 0 -2 1 0 0 
2.8 =]10 -1 1 S'PS = |0 65 0|-D 
4 1 1 0 0 .55 


The entries along D are the corresponding eigenvalues of P. 


3. SPS = D = PS = SD = P = SDS". Then 
Р" = (SpS"')" = (SDS")(SDS“') --(SDS“!) = 80"5-. 
1 0 0 0.333 0.333 0.333 0.333 
For n = 15,0" = |0 (0.65)° 0 |= P® = sp*s" = |0476 0.477 0.475 | > РХ = |0.476| 
0 0 (065) 0.191 0.190 0.192 0.191 
2 The Cayley-Hamilton Theorem 
A-2 2 
1. |4 - 4|- -A -A-6 
2 А +1 
| 2 -2][ 2 -2 2 -2 1 0 8 -2 8 -2 0 0 
4-A-61 = - - 6 = - = 
2 -1|—2 -1| |-2 -1 lo 1] |2 5| i 5| loo 
A-6 0 4 
2. |A- Al=| 2 2-1 -3 |=% -114 + 264-16 
-2 0 A-4 
344 0 336 44 0 40 604 100 000 
A -114 +264 -16I =|-36 1 -1|-11-8 1 7|«26 1 3|-160 1 O/=|0 0 0 
168 0 176 20 0 24 204 00 1 000 
3. |a - ap 7t x e (a * d)À * (ad — bc) 
-c 4-4 
2 + 
4? — (a + 4)A + (ad ZI Tbe: sah MEZEN ИШЛЕ е | 
ас dc bcd? c d 0 1 0 0 
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4. Eee - e 44? -—6A- al)à4 = (г - e, 4A - +++ = cA? — oA) = 3 sti = [ 
Co Co Со 
Because с] = —4" — c, 4" — +++ — cod” — cA from the equation, p(A) = 0. 
аА БЕР 
3 4-5 
А = SE d +61) =A-6I = [р 4 
(-1) dr. 


5. (a) Because А? = 24 + Г youhave А = 24? + А = 2(24 + D) + А = 5A + 2I. 


pad’ Haai Лар 2 
2 x4 0 1 10 -3 


Similarly, 4^ = 24? + A? = 2(5A + 21) + (24 + I) = 12A + 5I. Therefore, 


ps d H К J! °] _ E £l 
2-0 lo 1| 24 -7 


Note: This approach is a lot more efficient because you can calculate А” without calculating all the previous powers of A. 
(b) First, calculate the characteristic polynomial of A. 


A 0 -1 
|A - 4|= |2 2-2 1 |= 2-44 432042. 
- 0 4-2 


By the Cayley-Hamilton Theorem, 4? — 44? + 34 + 21 = Oor Æ = 44? — ЗА — 2I. Now you can write any positive 


power А” аз a linear combination of 42, A and J. For example, 


At = AP — 34? - 24 = 4(44? — 34 - 21) - 34? - 24 = 134^ – 144 - 8I, 


А = 44 -38 – 24? = 4(13 4° 14А 8I) 3(44° 3A 21) 24? = 384? — 47А — 261. 


Here 
1 00 оо 1 10 2 
А=|2 2 3, Æ =Ad=/2 2 -1]2 2 -1|=|3 4 2| 
2 10 2/1 0 2 20 5 


With this method, you can calculate 4° directly without calculating 4? and А first. 


10 2 00 1 10 0 12 0 29 
А 2384 – 47А – 261 2383 4 —2|-472 2 –1|– 2610 1 0|=|20 32 -29 
20 5 10 2 0 0 1 29 0 70 
Similarly, 
10 2 00 1 10 0 5 0 12 
A‘ 2134? - 144 - 8I = Т, 4 2/|-142 2 -1|-80 1 0|=|11 16 -12 
20 5 10 2 00 1 12 0 29 
20 5 
A = 44 -ЗА- 21 = |6 8 5. 
5 0 12 
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СНАРТЕК 4 
Vector Spaces 


Section 4.1 Vectors in R" 


12. у= u + w = (22,3) + (-3, -2) = (-5, 1) 


ELI T 
з) | 


C5.DN wy 

w^ 24 

(-3,-2) | 

-4 -3 -2 SE ad: 1 41 


~ 
St 

x 
3 


n 
П П | 
shel 
* 
S: 
2 


2 


18. (а) 4v = 4(3,—2) = (12, -8) 


10. u + v = (4, 2) + (2, -3) (b) -iv = -4(3, -2) = (-$.1) 

= (4 - 2,-2 – 3) (c) Ov = 0(3, –2) = (0, 0) 

= (2,-5) 1 

" 

Á 

1+ 

“LU as 
у, и 


SL uty” -D 


(—2, -3)r ^s x 
el 3 
=J 
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20. а-у + 2w = (1,2,3) - (2,2, -1) + 2(4,0, -4) 


= (-1,0, 4) + (8,0, —8) = (7,0, -4) 
22. 5u – Зу – Sw = 5(1, 2,3) - 3(2, 2, -1) - 3(4, 0, -4) 
= (5,10,15) - (6,6, –3) — (2, 0, -2) 
= (-3,4, 20) 
24. 2u + v — w + 32 = 0 implies that 
3z = -2u - v + wW. 
So, 
3z = —2(1, 2, 3) — (2, 2, —1) + (4, 0, —4) 
= (22, —4, -6) – (2, 2, —1) + (4, 0, —4) = (0, -6, -9). 
z = 1(0,—6,—9) = (0, —2,—3). 


28. (a) Because (6, —4,9) # (1, 


=2, 3) for any c, u is not 
a scalar multiple of z. 


(b) Because ( 1, = 3) = 2(1, 2s 3), v is a scalar 


multiple of z. 
30. (а) u — v = (0, 4,3, 4, 4) — (6,8, 3,3, 5) 
= (-6,-4, 6,1, 9) 
(b) 2(u + 3v) = 2[(0, 4,3, 4, 4) + 3(6, 8, —3, 3, —5) | 
= 2[(0, 4, 3, 4, 4) + (18, 24, -9, 9, -15)| 
= 2(18, 28, —6, 13, —1 1) 
= (36, 56, -12, 26, —22) 


(с) 2v-u 


2(6, 8, —3, 3, —5) — (0, 4, 3, 4, 4) 
(12, 16, —6, 6, -10) — (0, 4, 3, 4, 4) 
= (12, 12, -9, 2, -14) 


32. (а) u- v = (6,-5, 4,3) – (-2, 3, -4, —1) 


3” 3? 
8,- 2, 16 a 


( 
=(6+2 S444 
zi 


(b) 2(u + 3v) = “| E 
(6, —5, 4,3) + 


6—6, 


5+5,4-4,3 


= (0, 0, 0, 0) 


х 


= x 2,3, -4, 1) (6, —5, 4, 3) 
= (5 %,-% 
= (-10, 35, — 20, -5) 


2) (6, —5, 4,3) 


34. Using a graphing utility with 


u= (1, 2, -3, 1), У = (0, 2, -1, -2) and 
- (2, —2,1, 3), you have the following. 


(а) у + 3w = (6 —4, 2, 7) 


(b) 2w - ju = (5-5 5.) 


(© l(4v -3u + w) = (-4, 0, 3, -4) 


36. w+u = -vV 
w=-v-u 
= ~(0, 2, 3, -1) - (1, -1, 0, 1) 
= (-1, -1, -3, 0) 
38. w + 3v = -2u 
w = —2u – 3v 
= —2(1, -1, 0, 1) — 3(0, 2, 3, —1) 
= (—2, 2, 0, —2) - (0, 6, 9, -3) 
= (-2, -4, -9, 1) 
40. 20 + v-3w = 0 
= 2 1 
үү = 3u T 3V 
= 2(-6,0, 2, 0) + 1(5, —3, 0, 1) 


= (-4,0, $0) + ($, -1 0, 3) 


6, —5, 4,3) + 3(-2, $, -4, -1 


3) 


) 


(76, 5, -4, * 
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42. 


44. 


50. 


52. 


The equation 


au+ bw =v 


a(1, 2) + b(1, -1) = (0, 3) 
yields the system 
at+b=0 
2a — b = 3. 
Solving this system produces a = land b = -1. 


So, у =u-w. 


The equation 
au + bw = v 
д(1,2) + b(1,-1) = 


| 
— 
= 
| 
= 
U 


yields the system 
a+b= 1 
2a — b = -1. 


Solving this system produces a = бапа b = 1. 
So, v = w = Ou + Iw. 


The equation 


qu, + bu, + cu, = v 


a(2,1,1, 2) + b(-3, 3, 4, 5) + с(—6, 3,1,2) = (7, 2, 5, — 


yields the system 
2a – ЗЬ – бс = 7 
a + 3b + 3c 


ll 


a+4b+c=5 
2a — 5b + 2с = —3. 


Solving this system produces a = 2, b = Land c = -1. 


So, v = 2u; + Uy – u}. 


The equation 


1 2 8) 
а|7|+Ь|8|= (9 
4 5 7 


yields the system 


a+2b=3 
7a+8b=9 
4a + 5b = 7. 


46. 


48. 


3) 


Section 4.1 Vectors in R” 107 
The equation 
au + bw = v 
a(l, 2) + b(1, -1) = (1, -4) 
yields the system 
a+b= 1 
2a — b = —4. 
Solving this system produces a = –1 апа b = 2. 
So, v = -u + 2w. 
The equation 
ащ + bu, + cu; = v 
a(l, 3, 5) + b(2, —1, 3) + c(-3, 2, -4) = (21,7, 2) 


yields the system 
a+ 2b- Зс = -1 
3a- b+2c= 
5а + ЗЬ – 4с = 
Solving this system you discover that there is no 


solution. So, v cannot be written as a linear combination 
of u, u;, and u,. 


Because the system has no solution, it is not possible to write the third column as a linear combination of the first two columns. 
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54. Write a matrix using the given Uj, U5, ..., us as columns and augment this matrix with v as a column. 


[1 21 0 1 5] 
1 12 2 1 8 
А=|-1 20 0 2 7 
2-11 1-1 

1 12-4 2 4| 


The reduced row-echelon form for A is 


10000 -i 
01000 I 
4= 100100 2, 
000 10 1 
0 0 0 0 1 2 
So, у = —u, + u, + 2и; + Uy + 2u;. 


Verify the solution by showing that 
—(1,1,—1, 2,1) + (2,1, 2, 21,1) + 2(1, 2, 0,1, 2) + (0, 2, 0, 1,-4) + 2(1 1, 2,-1, 2) = (5,8, 7, -2, 4). 


56. The equation 


ll 
= 


av, + bv, + СУ; 
а(1, 0, 1) + b(-1, 1, 2) + ¢(0,1, 3) = (0, 0, 0) 


yields the homogeneous system 
a- b = 0 

b+ c=0 
a + 2b + Зс = 0. 


Solving this system produces a = —t, b = —t, and с = t, where t is any real number. 


Letting f = -l,youobtain a = 1,b = 1,c = —l, and so, v; + v) — У; = 0. 


58. (a) True. See page 155. 
(b) False. The zero vector is the additive identity. 


60. You can describe vector subtraction u — v as follows. 


Or, write subtraction in terms of addition, и — v = u + (—1)v. 
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62. (a) 


(b) u + v = (3,-4) + (9,1) = (12, 3) 
(с) 2v -u = 2(9,1) – (3,4) = (182) – (3,-4) = (15,6) 
(d 


— 


The equation 
au + Бу = ү 
а(3,-4) + (9,1) = (39,0) 
yields the system 
За + 9b = 39 
—4а + b = 0. 
Solving this system produces а = land b = 4.So, w = u + 4v. 
64. Prove each of the ten properties. 
(1) + v = (m,...,u,) + (vs vs) = (up + э,...‚, Up + v,)isavectorin R”. 
(2) ut v = (u,.... Un) + (vs. Vn) = (t + Vis., Un + Vn) 
= (v +щ,...,У„ + Up) 
=(y,...5%,) + (ш) = Vu 
(3) (u+v)t+we (ш, weigh) + (Vioo v,)] + (м, ..., Wp) 
= (и vsus us + vy) + (Wes Wp 


) 
(и, + vi) + ws... (Un + vp) + и) 
) 
) 


Uy, +++ Ug) + (v, + Wie Vn + Wy 


( 
= (и, + (и + w) -Up + (vy + We) 
( 
(us... p, Un) + [v es Va) + (Wo, wn) | 


(4) u +0 = (um,...,4,) + (0,...,0) = (и, + 0,...,и, +0) = (m,...,u,) =U 
(5) u + (-u) = (щ,...,и,) + (=щ,...,—и„) 
= (и = щ,...,и, — Un) = (0,...,0) = 0 
(6) cu = C(t, ..., Uy) = (cu, ..., cu, is a vector in А". 
(7) с(и + v) = c| (in; ...,а,) + (ant) | = с(ш + vs ..., Uy + Vp) 
= (c(u + ъ),...‚с(и„ + у„)) = (сщ + си,..., си, + Cvp) 
= (cu, ..., си„) + (су,..., cv) 


= c(u,...,U,) + с(м,...,су„) = cu + су 
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(8) (c + аи = (e + 4)(щ,...,и,) = ((с + d)u,...,(e + d)u,) 


= (cu, du, ..., cu, + du,) 
- (сщ, ils cu) + (аш, "S du,) 
= cu + du 
(9) c(du) = с(а(ш, ‚иһ)) = c(du, ..., du,) = (c(du;), Sus c(du, )) 


= ((cd m, has (cd)u,) = (ed)(u, ...,u,) = (cd)u 


66. (a) Additive identity 
(b) Distributive property 
(c) Add —c0 to both sides. 


(d) Additive inverse and associative property 
(e) Additive inverse 
(f) Additive identity 


Section 4.2 Vector Spaces 


2. The additive identity of C [—1, 0] is the zero function, 
f(x) =0,-1 < x < 0. 


4. The additive identity of М; is the 5 х 1 zero matrix 


0 


ооо о 


6. The additive identity of M5»is ће 2 х 2 zero matrix 
0 0 
0 of 

8. In C(—ee, œ), the additive inverse of f(x) is fx). 


10. In М, 4, the additive inverse of [vi Y) V3 уз] 18 


|-и -v —W ЕЯ! 


12. The additive inverse of 

ау ар а; ал 45 
dj 0» 9з айм 5 
аз 03) аз аз 35 |15 


d4) Ay аз ад Ags 


а а а\з 414 dis 
a1 a» аз O54 а›5 
a3) аз азз азд d55 
ад ay ал ам 445 
а51 452 ü55 а54 а55 


68. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 


(а) Additive inverse 

(b) Transitive property 

(c) Add v to both sides. 
(d) Associative property 
(e) Additive inverse 

(f) Additive identity 


Mi, with the standard operations is a vector space. АП 


ten vector space axioms hold. 


This set is not a vector space. The set is not closed under 
addition or scalar multiplication. For example, 


(^X + х) + (x< — x°) = xf — x is not a fifth-degree 
polynomial. 

This set is not a vector space. Axiom 1 fails. For 
example, given f(x) = х + land g(x) = —х— 1, 
f(x) + g(x) = 015 not of the form ax + b, where 

a,b # 0. 


This set is not a vector space. Axiom 1 fails. For 
example, given f(x) = х? and g(x) = -x° + x, 


f (x) + g(x) = x is not a quadratic function. 


This set is not a vector space. Axiom 6 fails. A 
counterexample is —2(4, 1) = (—8, —2) is not in the set 


because x < 0, y < 0. 


This set is a vector space. All ten vector space axioms 
hold. 


This set is not a vector space. The set is not closed under 
addition nor scalar multiplication. A counterexample is 


1 1 1 1 2-52 
+ = | 
1 1 1 1 22 
Each matrix on the left is in the set, but the sum is not in 
the set. 
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28. 


30. 


36. 
38. 


40. 


This set is not a vector space. Axiom 1 fails. For 
example, 


1 0 0 111 
01 0|+[1 1 1|- 
001 111 


Each matrix on the left is in the set, but the matrix on the 
right is not. 


2 l 1 
1 21. 
11 2 


This set is a vector space. All ten vector space axioms 
hold. 


This set is a vector space. All ten vector space axioms hold. 
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32. This set is not a vector space. The set is not closed under 
addition nor scalar multiplication. A counterexample is 


1 0 1 0 2 0 
+ = І 
0 1 0 -l 0 0 
Each matrix on the left is nonsingular, and the sum is 


not. 


34. This set is a vector space. АП ten vector space axioms 
hold. 


This set is not a vector space because Axiom 5 fails. The additive identity is (1, 1) and so (0, 0) has no additive inverse. 


Axioms 7 and 8 also fail. 


Verify the ten axioms in the definition of vector space. 
[up ш WV uty и; + |. 

(1) u+ve= + = is in Мз). 
из U4 Уз Và из + V3 Ug + Vy 


(2) mL MEN Ер 


(3) ч + (v +w) 


ll 
1 
= 
= 
N 
p 
ae 


Ги и» vtm У + И 
= + 
|u; u4 v3 + w 


u + (у + m) u t (v; +w) 
[us + (з + m) ug + (v, + w4) 


(uy + v3) + w 


(u4 + v4) + wa | 


Uj +v uy +v m w 
= + 
из ЖУ; U4 + V4 w, w4 


2 Tu —и) 
‚ you have -u = ; 


=из —Uy 
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ш u си си 
(6) cu = 4 : | = | E | is in M». 
из Ug си; Сид 
у v иту 0 + Vz 
+ =й 
Уз va из + Yy Ug + Vy 


с(и + | Е bs + су си + A 


Сиз + су; Сид + Суд 
cv ev u Uy Yi v 
F = С + с 
су;  CV4 из Ug Уз V4 


(8) (c + d)u = (с + d) | | = h + dum (c+ | 


(7) c(u + v) 


1 
le] 
SCENES," 
i | 
х Е 
сток 
>e N 
Se 


p +» 


ll 
et | 
o o 

BS 
су су 
SORS 
A N 
| 
pe 


(9) c(du) 


1 
о 
жы 
a 
pu 
S S 
SOS 
>e N 
ELI 
ми 
| 


42. (а) Axiom 10 fails. For example, 
1(2, 3, 4) = (2, 3, 0) # (2, 3, 4). 
(b) Axiom 4 fails because there is no zero vector. For example, 
(2, 3, 4) + (x, у, 2) = (0,0,0) # (2, 3, 4) for all choices of (x, y, z). 
(c) Axiom 7 fails. For example, 
2[(1,1,1) + (1,1,1)] = 2(3,3,3) = (6,6, 6) 
2(1, 1,1) + 2(1,1,1) = (2, 2,2) + (2, 2,2) = (5, 5, 5). 


So, c(u + v) # cu + cv. 


(d) (х, у, 21) + (x2, уз, 22) = (x; X; thy ty +12 + 2. + 1) 


c(x, y, z) = (сх +e-loaoyt+e-La +с—1) 
This is a vector space. Verify the 10 axioms. 
(1) (л, У» а) + (x2, №, 2) є № 


(2) (ж, у, а) 2 (x2, уз, 22) = (х tx» +l, yi + р +l, za + 2. + 1) 


=(x +x +l, y +y +125 +z +1) 


= (x2, Y2; 2) + (х, У» а) 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


Section 4.2 Vector Spaces 113 


(3) (х, У» z) $ [ (x2, У, 2) + (25, Уз» z;)] 


а (x +x, +l, y + y; +1,2% + 23 4 1) 


= ( 
= (x +(x +x +1) +1, yı + (y, + y; +1) +1, z + (25 +z; + 1) + 1) 


Иа КК 


= (x, +x +l y +y +l z +z +1) (хз, уз, 23) 
= [(, у, zi) + (0, р, z;)] + (25, уз, 23) 
(4) 0 = (-1,-1,-1): (х, у, z) + (-1,-1,-1) =(х-1+1,у-1+1,2-1+1) 
= (x, y, z) 
(5) —(х, y, z) = ( х=2,=у=2,=@ 2): 


(6) с(х, у, z) e R? 


(7) с((х\, У» а) + (25, У, z;)) 
-c(x-tx»ctbLhyctyctlnzcz-l) 


"m 
z= 
^ 
— 
^ 
— 

N 
N 
N 
+ 
A 
z= 
^ 
pä 
= 


с( + x, +1)+с—-1,с(у + р 


= (ср +с- 1+ с +с—-1+1,су +с-1+су,+с-1+1,сд+с-1+с+с—1+1) 


cx +с- 1, су + с 1, сд + с 1) + (со + с 1, суз + c 1,с25 + с — 1) 


= с(ҳ, Jv z) zd c(x;, У, 2) 
(8 (с + d\(x, у, 2) = ((с+ d)x +с+а – 1, (с + а)у+с+а – 1, (с + 4) + с+а – 1) 
= (х +е-1+ах+а -1+1су+с-1+ дужа - 1+1 +е-1+ джа - 1+1) 


= (ex +е-1,су+е- l,cz +c- 1) + (dx +d - 1, ау + d - l, dz + d — 1) 
= с(х, y, Z) + d(x, y, 2) 
(9) c(d(x, y, z)) = c(dx + d -L dy + d - 1, dz + d - I) 
= (c(dx + d - 1) + c - 1, c(dy + d 1) +c- l,c(dz +d -1)+c 1) 
= ((cd)x + cd – 1, (cd)y + cd – 1, (cd)z + cd — 1) 
= (аа) 
(10) 1(x, у, 2) = (Ix +1- L1y +1- Liz +1- 1) 


= (x, y, 2) 
Note: In general, if V is a vector space and a is a constant vector, then the set V together with the operations 
u ®v = (u+a)+(v+a)-a 


c*u = с(и+а) -а 


is also a vector space. Letting а = (1,1,1) є R? gives the above example. 
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44. Let u be an element of the vector space V. Then —u is the additive inverse of u. Assume, to the contrary, that v is another 


additive inverse of u. Then 


u+v=0 
u+u+v= 
О+у= 
У = —u. 


46. (а) А set on which vector addition and scalar multiplication are defined is a vector space when the following properties hold. 


1. uveV>ut+veV 

2. utv=vtu 

3. u+(v+w) =(ut+v)+w 

4. 0€ V suchthat u + 0 = u forall u e V. 
5. If u € V,then —u є V and u + (-u) = 0. 
6. fue V,ce А, си є V. 

7. c(u + v) = cu + cv 

8. (c + d)u = cu + du 

9. c(du) = (cd)u 

10. (и) = 


(b) The set of all polynomials of degree 6 or less is a vector space. 
The set of all sixth-degree polynomials is not a vector space. 


48. К° is а vector space. Verify the ten vector space axioms. 
(1) ч+у= (ш + у, U + V, U3 + V3...) is in R”. 
2) u+ve= (u, му, из,...) + (v, v2, vs, ...) = (u + V, U + V2, Uz + у...) = (vi + Uy, V2 + Uy, V3 + U3,...) =vtu 
(3) ut(v +з) = (ui, u5, 15,...) + (vi + m, v2 + w, v3 + Уз,...) 
up + (уу + m), us + (vy + w), us + (у; + ws), ...) 


(ш + у) + м, (uz + v) + Wo, (из + vs) + Ws, ...) 


( 
(uj + уш + у, из + V3,...) + (Wi, W, ws...) 
(u + у) + 


(4) The zero vector is 
0 = (0,0, 0, ...) 

и + 9 = (ш, U2, u5,...) + (0,0,0,...) = (u, u2, из,...). 

(5) The additive inverse of u is 
-u = (-uj, —u5, —us, ...) 

и + (-u) - (u + (714), и + (еш), из + (=и;),...) = (0, 0, 0,...) = 0. 
(6) cu = (сщ, сиз, cus, ...) is in the set. 
(7) c(u + v) = с(и + у, ш +, из + ›з,...) 
(с(и, + ъ),с(и› + vz), e(us + у;),...) 


= (cu, + су, cus + cv, cus + cvy, ...) 


ll 


(сш, сиз, сиз,...) + (суу, суз, суз,...) 


cu + cv 
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(8) (c + d)u = ((с + du. (c + d)uy,(c  d)us,...) = (cu, + diy, cu, + du, cu, + dus, ...) = cu + du 
(9) c(du) = c(du,, duz, dus, ...) = (с(аш), c(du;), (dui), ...) = ((са)ш, (cd)u;, (cd)us,...) = (cd)u 


(10) lu = (lu, lu, luz, ...) = (u, U2, u3, ...) = ч 


50. (a) True. For a set with two operations to be a vector 52. (-1)v Ф 1(у) = (-1 ES 1)у = бу = 0. Also, 
space, all ten axioms must be satisfied. Therefore, if 
one of the axioms fails, then this set cannot be a 
vector space. inverses of v. Because the additive inverse of a vector is 
(b) False. The first axiom is not satisfied, because unique, (-l)v = vy 


у + у = 0. So, (-1)v апа -v are both additive 


x + (1 — x) = Lis nota polynomial of degree 1, but 
is a sum of polynomials of degree 1. 


(c) True. This set is a vector space because all ten vector 
space axioms hold. 


Section 4.3 Subspaces of Vector Spaces 


2. Because Wis nonempty and W c Ё?, you need only check that W is closed under addition and scalar multiplication. Given 
(xi; у, 4 ~ 5) and (0, у», 4x, — 5y;), 
it follows that 
(ж, yi 4x, = 5yi) + (х, у, 40 — 5x3) = (х + х,у + ys A + x) – 5(у + »)) є W. 
Furthermore, for апу real number с and (x, y,4x —5 y) € W it follows that 


c(x, у,4х — 5y) - (cx, cy, 4(сх) — 5(су)) e W. 


4. Because Wis nonempty and W C М; з, you need only check that W is closed under addition and scalar multiplication. Given 


а, b, a b, 
a — 2b, О|є W and a — 2b, 0|eW 
| 0 С | 0 €) 
it follows that 
| a bl | a b, a + à, b + by 
a -2bh 0|+|a, -2b, 0 -|(a*a)-2b +b) 0 jew. 
0 с, 0 €) 0 € t с) 


Furthermore, for any real number d, 


a b | da db 
da-2b 0|=|da-2db 0ļe W. 
0 с | 0 ас 
6. Recall from calculus that differentiability implies 8. The vectors in W are of the form (2, a). This set is not 


continuity. So, W c V. Furthermore, because W is 
nonempty, you need only check that W is closed under 
addition and scalar multiplication. Given differentiable 
functions f and g on [—1, 1] it follows that f + g is 


differentiable on [-1, 1] and so f + g e W. Also, for and 


any real number c and for any differentiable function 2(2, 1) = (4, 2) e W. 
f € W,cf is differentiable, and therefore cf є W. 


closed under addition or scalar multiplication. For 
example, 


(2,1) + (2,1) = (4,2) e W 


10. This set is not closed under scalar multiplication. For 
example, 


44,3) = (2.3) e W. 
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12 


14 


16 


18 


20. 


40. 


42. 


44. 


Chapter 4 Vector Spaces 


. This set 1s not closed under addition. For example, 
consider f(x) = —x + land g(x) = x + 2, and 


f(x) + g(x) =3¢ W. 


. This set is not closed under addition. For example, 
(3, 4, 5) + (5, 12, 13) = (8,16, 18) e W. 


. This set is not closed under addition. For instance, 
2 1 3 
0 1+ 10| = [0 |e W. 
12 3 15 


. This set is not closed under addition or scalar 
multiplication. For example, 


lo aslo dl ale” 
Оа path 


The vectors in W are of the form (a. a’). This set is not 


closed under addition or scalar multiplication. For 
example, 


(3,9) + (2,4) = (5,13) e W 
and 


2(3, 9) = (6,18) e W. 


sum is also in W. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


38. 


This set is not a subspace because it is not closed under 
scalar multiplication. 


This set is a subspace of C(—ee, е) because it is closed 


under addition and scalar multiplication. 


This set is not a subspace because it is not closed under 
addition or scalar multiplication. 


This set is not a subspace of C(—e, оо) because it is not 


closed under addition or scalar multiplication. 


This set is a subspace because it is closed under addition 
and scalar multiplication. 


This set is a subspace of M,,,, because it is closed under 


addition and scalar multiplication. 


This set is not a subspace because it is not closed under 
addition or scalar multiplication. 


. This set is not a subspace because it is not closed under 


addition. 


W is not a subspace of R°. For example, 
(0,0, 4) € W and (L1, 4) € W, but 


(0, 0, 4) + (L1, 4) = (1,1,8) е У, so Wis not closed 


under addition. 


W is a subspace of R?. Note first that W с №? and W is nonempty. If (si, fi, 5 + 1) апа (55, ty, S2 + b) are in W, then their 


(5,6. +4) + (9,5,9 +t) = (sı + 5, +b, (9 + s2) + (f + t)) e W. 


Furthermore, if c is any real number, 


c(s, Ls t) = (cs, ct,cs = ct) e W. 


W is not a subspace of R°. For example, 
(1,1,1) € W and (LL 1) € W, but their sum, 


(2, 2; 2) € W.So, Wis not closed under addition. 


not proper subspaces, even though they are 
subspaces. 


(b) True. Because W must itself be a vector space under 


inherited operations, it must contain an additive 
identity. 

(c) True. See Theorem 4.5, part 1 on page 168. 

(d) True. See Definition of Subspace, page 168. 


(a) False. Zero subspace and the whole vector space are 


46. 


Example 5 showed that W; CW, for i < j. To show W; 


is a subspace, show that it is closed under addition and 
scalar multiplication. 


И: Iffand gare integrable, f + g and cfare 
integrable. So, W, is a subspace. 
Wz: The sum of two continuous functions is 


continuous, and a continuous function multiplied 
by a constant is continuous. So, W3 is a subspace. 


И: If y, and уз are differentiable, y, + y; and cy, are 
differentiable. So, И is a subspace. 


W,: The sum of two polynomials is a polynomial, and a 


polynomial multiplied by a constant is a 
polynomial. So, W, is a subspace. 


So, W; is a subspace of W; for i € j. 
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48. Sis a subspace of C [0, 1.5 is nonempty because the zero function is іп S. If. fj, f; € 5, then 


50. 


52. 


58. 


J (A оа = Јоле) + Ala) fe 


1 1 
= Í, Л(х)ах + [20а 
0+0=0 > fithesS. 
If f e Sand ce R,then 


| (cf)(x)dx = I: of (x)dx = ef. f(x)dx = c0 = 0 > f eS. 


So, S is closed under addition and scalar multiplication. 


The commutative, associative, and distributive properties 
in the larger vector space still hold for a subset of the 
larger space. If the set is closed under addition and scalar 
multiplication, the remaining axioms for a vector space 
are satisfied, and the subset is a subspace. 


Because W is not empty (for example, x є W ) you 
need only check that Wis closed under addition and 
scalar multiplication. Let 


ax + by + cz e У, 


ax + by + cz e И. 

Then 

(ах + by + cz) + (ax + by + c22) = 

(ах + ax) + (by + by) + (ez + e) = 

(a, + а)х + (b, + b)y + (e + e)z e W. 
Similarly, if ax + by + cz є Wand d є К, then 
d(ax + by + cz) = dax + dby + deze W. 


(a) V + W is nonempty because 0 = 0 + 0€ V +W. 


54. 


56. 


Because W is not empty you need only check that W is 
closed under addition and scalar multiplication. Let 
сє Rand x, y, c И. Then Ax = 0 and Ay = 0.So, 


A(x + y) = Ax + Ay = 0 + 0 = 0, 
A(cx) = cAx = c0 = 0. 


Therefore, x + y e Wand cx e W. 


Let V = R?. Consider 
W -1(x0):xe R}, О = {(0, у): y € R} 

Then W U U is not a subspace of V, because it is not 
closed under addition. Indeed, (1,0), (0,1) е W UU, 


but (1, 1) (which is the sum of these two vectors) is not. 


Let uj, u; є V + W.Then u, = v; + wj, Uy = V; + w,, where v; є V and w; є W.So, 


uj + u; = (v; +) + (vo + Wo) = (у, + vj) + (wi + wj e V +W. 


For scalar c, 


cu, = с(у + wj) = су t ew e V + W. 


(b) If = {(x, 0): x isa real number} and W = {(0, y): y is a real number}, then V + W = А. 


Section 4.4 Spanning Sets and Linear Independence 


2. 


(a) Solving the equation 
с\(1, 2,—2) + (2, 2,1) = (-4,-3,3) 


for c; and c; yields the system 


cj + 2€ = —4 
20—- & = -3 
-24a + о = 3. 


The solution of this system is c, = —2 and с = —1. So, z сап be written as a linear combination of the vectors in S. 
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(b) Proceed as in (a), substituting (2, —6, 6) for (1, 855: —5). So, the system to be solved is 
а + 2с) =—2 
2¢,- о =-6 
-24a + су = 6. 


The solution of this system is с = -4 and c = Е So, у сап be written as a linear combination of the vectors in S. 


(c) Proceed as in (a), substituting (—1, —22, 22) for (1, —5, —5). So, the system to be solved is 
€ + 2с, = -l 
20 = с; = 22 
—2¢, + о = 22. 
The solution of this system is c, = —9 and с, = 4. So, w can be written as a linear combination of the vectors іп S. 


(d) Proceed as in (a), substituting (1, —5, —5) for (-4, -3, 3), which yields the system 


q+ 20 = 1 
2с|— © = —5 
-20 + су = —5. 


This system has no solution. So, u cannot be written as a linear combination of the vectors in S. 


4. (a) Solving the equation 
c,(6, —7, 8, 6) + c5(4, 6, —4, 1) = (2,19, -16, —4) 
for c, and c; yields the system 
6c, + 4c, = 2 
—le + бс) = 19 
8c, = 4c; = -16 


6c, + о = -4. 
The solution of this system is c, = —1 and c, = 2. So, u сап be written as a linear combination of the vectors in S. 
(b) Proceed as in (a), substituting (2, 14, Ej ) for ( 42, 113, -112, 60), which yields the system 
6c, + 4c, = 2 
Tea + бс = 9 
8c, — 4c, = -14 
бар+ су = D 


The solution of this system is c; = 3 and c; = 5.So, у can be written as a linear combination of the vectors in S. 


(c) Proceed as in (a), substituting ( 4,14, 2 5) for ( 42, 113, -112, 60), which yields the system 


727278 
6c + 4c, = -4 
-7c + 6c, = -14 
8c, = 40 = A 
6c, + с) = = 


This system has no solution. So, w cannot be written as a linear combination of the vectors in S. 


(d) Proceed as in (a), substituting (8, 4, –1, 17) for ( 42, 113, -112, 60), which yields the system 


6c, + 4c, = 
-7c + 6с = 
8с d 4c, = –] 


бс + с = 


F 


The solution of this system is c; = i and c; — К So, z can be written as a linear combination of vectors in S. 
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From the vector equation 


23 0 5 6 2 
с, + €; = 
| | | 1 à | 1 | 


you obtain the linear system 


2с = 6 
-3q + 50 = 2 
4с, + о = 9 

€ — 205 = 11. 


This system is inconsistent, and so the matrix is not a 


linear combination of А and В. 


From the vector equation 
2 -3 0 5 0 0 
с, + Cy = 
4 1 1 -2 0 0 
you obtain the trivial combination 


fot all 


Let u = (ш, и.) be any vector in R°. Solving the 


0 
= 0A + OB. 
0 


equation 
(1, 1) + с (3, 1) = (ui, и») 
for c, and c; yields the system 


=c + 305 = и, 


C + су = d. 


The system has a unique solution because the 
determinant of the coefficient matrix is nonzero. So, S 


spans R?. 


Let u = (ш, и.) be any vector іп R°. Solving the 
equation 
c2, 0) 4 с›(0, 1) = (ш, Uy) 
for c, and c; yields the system 
2c = щ 
с; = и). 


The system has a unique solution because the 
determinant of the coefficient matrix is nonzero. So, S 


spans R?. 


S does not span. R? because only vectors of the form 
(1, 1) are in span(S). For example, (0, 1) is not in 


span(S). S spans a line in R?. 


16. 


18. 


20. 


22. 


Let u — (ш, u) be any vector іп R°. Solving the 
equation 
c (0, 2) + c(l, 4) = (u, u2) 
for c, and c, yields the system 
C2 = Uy 
2c, + 4c, = и. 


The system has a unique solution because the 
determinant of the coefficient matrix is nonzero. So, S 


spans Ё?. 


Let u = (ш, Uy) be any vector іп R°. Solving the 

equation 

a(-1 2) + с›(2, —1) + c(l, 1) = (ш, Uy) 

for cj, Co, and сз yields the system 

—су + 2с› + с; = u 

2€ — CG + с; = и». 

This system is equivalent to 

€ — 2€; — с; = –щ 
3c, + 3с; = 2щ + и). 

So, for any и = (u,v) in R?, you can take 

сз = 0, с = (2и, + и›)/3, апа 


c = 2с; — щ = (ш + 2u;)/3. So, S spans R^. 


Let u = (и\, и», us) be any vector іп R°. Solving the 
equation 

e(5, 6, 5) + с(2, 1, —5) + c(0, —4, 1) = (ш, и, из) 
for су, су, and сз yields the system 

Se, + 2c = uy 

бс, + Cy — 46 = и» 

5e — 5с) + с; = U3. 


This system has a unique solution because the 
determinant of the coefficient matrix is non zero. So, S 


spans R°. 


Let u = (ш, и», и) be any vector in Ё?. Solving the 
equation 

a(l, 0, 1) + c(l, 1, 0) + c;(0, 1, 1) = (ш, и, us) 

for су, C, and сз yields the system 

с + с) = u 


C) t Cz = Uy 


с, + G = Uy. 
This system has a unique solution because the 
determinant of the coefficient matrix is nonzero. So, S 


spans R°. 
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24. This set does not span R°. Notice that the third and fourth vectors are spanned by the first two. 
(4, 0, 5) = 2(1, 0, 3) + (2,0, -1) 
(2, 0, 6) = 2(1, 0, 3) 


So, S spans a plane in Р. 


26. Let ay + ax + ax? + аух? be any vector in P. Solving ће equation 
ox? - 2x) + cp? + 8) + e? - x) + ex - 4 = dy + ax + ах? + ау? 


for су, C2, сз, and c, yields the system 


€, + сз = а; 

с, -G t C47 а, 
-2c = a 
8c; = 4c, = а. 


This system has a unique solution because the determinant of the coefficient matrix is nonzero. So, S spans P,. 


28. The set is linearly dependent because 34. Because these vectors are multiples of each other, the set 
(3, -6) + 3(-1, 2) = 0. S is linearly dependent. 


36. From the vector equation 


30. This set is linearly dependent b 
is set is linearly dependent because (4-3,4) + (12,3) + (6,0,0) = 0 


—3(1, 0) + (1, 1) + (2, ^1) = (0, 0). 
you obtain the homogenous system 


32. Because (71, 3, 2) is not a scalar multiple of (6, 2: 1), the —4с, + с + 6c; = 0 
set is linearly independent. -3c — 2c, = 0 
4c, + 3c, = 0. 


This system has only the trivial solution 
с, = Cy = с; = 0. 80, the set S is linearly independent. 


38. From the vector equation 
c(4, -3, 6, 2) + c(1, 8, 3, 1) + e(3, –2, 21, 0) = (0, 0, 0,0) 
you obtain the homogeneous system 
4c + €, + 3с; = 0 
-3q + 8c — 2с; = 0 
бс, + 30 — с; = 0 
2€ + с = 0. 


This system has only the trivial solution сү = c; = с; = 0.So, the set S is linearly independent. 


40. This set is linearly independent because 
5(4, 1, 2, 3) — 7(3, 2, 1, 4) + 3(1, 5, 5,9) — 2(1, 3, 9, 7) = (0, 0, 0, 0). 


42. From the vector equation 44. From the vector equation 
a(x? - 1) + e(2x + 5) = 0 + Ox + Ox? a(x?) + e(x + 1) = 0 + Ox + Ox? 
you obtain the homogenous system you obtain the homogenous system 
-4 + 5с = 0 с, = 0 
2c, = 0 0=0 

с, = 0. € + с) = 0. 
This system has only the trivial solution. So, the set is This system has only the trivial solution. So, the set is 
linearly independent. linearly independent. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


46. 


48. 


50. 


52. 


54. 


56. 


From the vector equation 


Section 4.4 Spanning Sets and Linear Independence 


G(=2 — x) + (2 + 3x + x°) telo + 5x + x°) = 0 + Ox + 0x? 


you obtain the homogenous system 


121 


2с, 2с› 6c; = 0 
с, 3c, 5с; = 0. 
€t с; = 0 

This system has infinitely many solutions. For example, с = 2, c; = —1, and с; = 1. So, S is linearly dependent. 


From the vector equation 


e(7 - 4x + 4x?) + e (6 + 2x - 3x?) + (20 - бх 52) = 0 + Ox + 0х2 


you obtain the homogenous system 


7с, 6c, 20c, = 0 
—4c + 2€ — 6c; = 0. 
4c, — 3c) + 5с; = 0 
This system has infinitely many solutions. For example, с = 2, c; = 1, and с; = —1. So, Sis linearly dependent. 


From the vector equation 


1 0 0 1 0 0 
с, + Cy + с = 
0 1 0 0 ] 0 


you obtain the homogeneous system 


[o 


с = 0 
с; = 0 
сз = 0. 
So, the set is linearly independent. 


The set is linearly dependent because 
2 0 -4 -1 -8 -3 

2 +3 = Я 
Е | | 0 ; Ls v 


One example of a nontrivial linear combination of 
vectors in S whose sum is the zero vector is 


(2, 4) + 2(-1, —2) + 0(0, 6) = (0, 0). 
Solving this equation for (2, 4) yields 
(2, 4) 


-2(-1, -2) + 0(0, 6). 


One example of a nontrivial linear combination of 
vectors in S whose sum is the zero vector is 


2(1, 2, 3, 4) — (1, 0, 1, 2) — (1, 4,5, 6) = (0, 0, 0, 0). 


Solving this equation for (1, 4, 5, 6) yields 
(1, 4, 5, 6) = 2(1, 2, 3, 4) — (1, 0,1, 2). 


58. (a) 


(b) 


60. (a) 


(b) 


(с) 


62. The matrix |0 


1 
1 
1 


From the vector equation 
c(t, 0, 0) + c5(0, 1, 0) + с(0, 0, 1) = (0, 0, 0) 
you obtain the homogeneous system 
tc = 0 

Cy = 0 

сз = 0. 

Because c, = с; = 0, the set will be linearly 
independent if ¢ # 0. 


Proceeding as in (a), you obtain the homogeneous 
system 

tc, + fc + їс; = 0 

tc, + Cy = 0 

tc, + с; = 0. 

The coefficient matrix will have a nonzero 
determinant if 212 — t + 0.That is, the set will be 


linearly independent if t + Oor t + 2, 


Because (-2, 4) = —2(1, –2), S is linearly 
dependent. 
Because 2(1, —6, 2) = (2, —12, 4), S is linearly 
dependent. 
Because (0, 0) 


0(1, 0), $ is linearly dependent. 


002 100 
] l'rowreducesto |0 1 O0 and 
pa 0 0 1 


1 2 100 
] l'rowreducesto |0 1 0 jas well. So, both 
2 1 00 1 


sets of vectors span R^. 
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64. (a) False. A set is linearly dependent if and only if one 


of the vectors of this set can be written as a linear 
combination of the others. 

(b) True. See “Definition of a Spanning Set of a Vector 
Space,” page 177. 


1 3 0 100 
66. The matrix |2 2 O'rowreducesto | 0. 1 0 |, which 
3 1 1 0.0 1 


shows that the equation 
c(l, 2, 3) + e; (3, 2, 1) + ¢3(0, 0, 1) 


only has the trivial solution. So, the three vectors are 


linearly independent. Furthermore, the vectors span А? 
because the coefficient matrix of the linear system 


1 3 Olle uy 
2 2 Offe.| = (и, 
з 1 це U3 


is nonsingular. 

68. If S, is linearly dependent, then for some 
Щщ, ..., 0, VE S, У = сщ + + cu, So, in 5), 
you have у = cju, +- + си, , which implies that S, 
is linearly dependent. 

70. Because iui, xy Ms у} is linearly dependent, there exist 
scalars c, ..., c,, c not all zero, such that 
cu, +... + cu, + cv = 0. 
But, с + 0 because Г, IE u,} are linearly 


independent. So, 


су = -cu, = С, — У u = u,. 


Section 4.5 Basis and Dimension 


2. There are four vectors in the standard basis for R^. 


(1 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} 
4. There are four vectors in the standard basis for M4). 
1 
0||1 
of jor 
0||0 
6. There are three vectors in the standard basis for Р). 
fi, X, x] 
8. S is linearly dependent and does not span Ё?. 


10. S does not span R?, although it is linearly independent. 


72. Suppose v, = cv, ++ + c, ур. For any vector 


ue J, 
и = dv, + + аур + div, 
= divi + + dg Vey + @(сүуү + + сука) 


(di + e&dy)vi + + (disi  exadi)via 
which shows that u € span(vj,..., Ук). 
74. The vectors are linearly dependent because 


(у= u) + (w - v) + (u - w) = 0. 


76. On [0.1] %(х) =|х| = x = 13x) 
= M 
= |f. fo} dependent. 


On [—1, 1] fi and №, are not multiples of each other. 
falx) # efi(x) for -1 € x < 0, that is 
f(x) = |x| + ix) fo -l<x<0. 


у А (х) = 3х 
/ 


12. A basis for А? can only have two vectors. Because S has 


three vectors, it is not a basis for R?. 
14. S is linearly dependent and does not span R?. 


16. A basis for Ё? contains three linearly independent 
vectors. Because 


Y2,1, 2) (22, 1, 2) + (4, 2, 4) = (0,0, 0) 


S is linearly dependent and is, therefore, not a basis for 
R. 


18. S does not span А°, although it is linearly independent. 
20. S is linearly dependent and does not span Ё?. 


22. S is not a basis because it has too many vectors. A basis 
for R? can only have three vectors. 
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24. 


28. 


30. 


32. 


34. 


36. 


46. 


48. 


50. 
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5 is not a basis because it has too many vectors. A basis 26. S does not span P,, although S is linearly independent. 


for P,can only have three vectors. For example, 1 + x + x? € ѕрап(5). 


S is not a basis because the vectors are linearly dependent. For example, 
-(1 — 2x + x?) + (3 = бх + 32) + (-2 + 4х – 2x?) = 0 + 0х + 0x”. Also, S does not span P,. 


S is not a basis because the vectors are linearly 38. Because [v,, v;] consists of exactly two linearly 
dependent. ДА А 
independent vectors, it is a basis for А“. 
10-3 + 6x) + (3?) + 3{1 - 2x - x?) = 0 
40. Because the vectors in S are not scalar multiples of one 
S is not a basis because the vectors are linearly another, they are linearly independent. Because 5 
dependent. consists of exactly two linearly independent vectors, it is 


0 1 1 1 1 0 a basis for R?. 
For example, | | – | | = | | 


s p m. 42. S does not span R^, although it is linearly independent. 


Also, 5 does not span M, ». So, S is not a basis for R°. 


44. This set contains the zero vector, and is therefore linearly 
dependent. 


Because у; апа уз аге multiplies of each other, they do 1(0, 0, 0) + O(1, 5, 6) + 0(6, 2, 1) = (0, 0, 0) 


S does not span M», although it is linearly independent. 


; 2 
not form a basis for R”, So, 5 is not a basis for R^. 


To determine if the vectors of S are linearly independent, find the solution of 

с\(1, 0, 0, 1)  c;(0, 2, 0, 2) + с(1, 0,1, 0)  c4(0, 2,2, 0) = (0, 0, 0, 0). 

Because the corresponding linear system has nontrivial solutions (for instance, С = 2,0; = —l, c, = —2,and cy = 1), the 
vectors are linearly dependent, and S is not a basis for R^. 

Form the equation 

c(4t - 7) + (5 +0) + (5 +3) + (3? + 2°) = 0 


which yields the homogeneous system 


Cy + 2c, = 0 
=c; — 3c, = 0 
4c, + 3с; = 0 
5c, + 5с; = 0. 


This system has only the trivial solution. So, S consists of exactly four linearly independent vectors. Therefore, S is a 
basis for P. 


Form the equation 
af- +) + (22) + (3 +) + (5 + 2t + 27 +) = 0 
which yields the homogeneous system 
с, + cy = 0 
2с› + 2c, = 0 
сз + 2c, = 0 
-4 + 3с; + 5c, = 0. 


This system has nontrivial solutions (for instance, с = 1, c; = 1, сз = 2, and с, = —1). Therefore, S is not a basis for Р, 


because the vectors are linearly dependent. 
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52. 


54. 


64. 


66. 


68. 


70. 


Chapter 4 Vector Spaces 


Form the equation 


1 2 2r =F 4 -9 12 -16 0 0 
с + €; + C + C4 = 
-5 4 6 2 11 12 17 42 0 0 


which yields the homogeneous system 
€ + 20; + 4с; + 124 = 0 


26 = Te, = 9c, = 16c, = 


0 

—5e + 6c; + lle + 17с = 0 
4c, + 2c, + 12с; + 42c, = 0 

Because this system has nontrivial solutions (for instance, су = 2,c, = —l, c3 = 3, and с, = -1), the set is linearly 


dependent, and is not a basis for М». 


Form the equation 56. Form the equation 
c (L, 0, 0) + с›(1,1,0) + ¢(1, 1, 1) = (0, 0, 0) o(2, 3,1) + e (13.0) + &(2.12,6) = (0, 0, 0) 
which yields the homogeneous system which yields the homogeneous system 
сү + су+ су = 0 2o + €; + 2с; = 0 
с; + с; = 0 За + Bey + 12c; = 0 
сз = 0. с, + 6c; = 0. 


Because this system has nontrivial solutions (for 


This system has only the trivial solution, so S is a basis 
instance, с = 6,c, = —2,and с; = -1), the vectors 


for R°. Solving the system 


: : А 3 
Cc t+ + с = 8 are linearly dependent. So, S is not a basis for ЛА”. 


€; + с = 3 58. Because a basis for А has one linearly independent 
с = 8 vector, the dimension of R is 1. 
yields c; = 5,c; = —5,and c, = 8. So, 60. Because a basis for P) has five linearly independent 


es 5/1, 0, 0) Е 5/1, ў 0) P 8(1, 1, 1) m (8, 3, 8). vectors, the dimension of Р, 15 5. 


62. Because a basis for М. has six linearly independent 


vectors, the dimension of M3, is 6. 
Because a basis for P,,,_; has 2m linearly independent vectors, the dimension for P,,,_; is 2m. 


One basis for the vector space of all 3 x 3 symmetric matrices is 


10 9 [0 1 ojfo o поо o] [o o oj] fo o o 
0 0 ото ollo o оо ı ollo o 1,0 0 o 
o o ollo o 0||1 o ollo o ollo 1 0||0 0 A 


Because this basis has 6 vectors, the dimension is 6. 


Although there are four subsets of S that contain three vectors, only three of them are bases for R°. 
{(1, 3, —2), (74. 1, 1), (2, 1, 1)}, {(L 3, 2). (72. 7, -3), (2, 1, 1)}, {(-4, 1, 1), (72. 7, -3), (2, 1, 1)} 


The set {(L 3, 2), ( 4,1, 1), ( 2,7, 3)} is linearly dependent. 


You can add any vector that is not in the span of 72. (a) Wisa line through the origin (the y-axis). 
Sm {(1, 0, 2), (0, 1, 1)}. For instance, the set (b) A basis for W is {(0, 1). 
{(1, 0, 2), (0, 1, 1), (1, 0, 0)} is a basis for R°. (c) The dimension of Wis 1. 
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74. (a) W is a plane through the origin. 
(b) A basis for Wis {(2, 1, 0), (-1, 0, 1)}, obtained by 
letting s = 1,¢ = 0, and then s = 0,¢ = 1. 
(c) The dimension of W is 2. 


76. (a) A basis for W {(5, —3, 1, 1)}. 
(b) The dimension of Wis 1. 


78. (a) A basis for Wis {(1, 0, 1, 2), (4, 1, 0, —1)}. 
(b) The dimension of W is 2. 


80. (a) True. See Theorem 4.10, page 189, and “Definition 
of Dimension of a Vector Space,” page 191. 
(b) False. A set of n — 1 vectors could be linearly 
dependent. For instance, they can all be multiples of 
each other. 


82. (1) Let S = {v,,..., v,] be a linearly independent set 


of vectors. Suppose, by way of contradiction, that S 
does not span V. Then there exists v є V such that 


v € span(v,, ..., у,). So, the set {v),..., v,, v] is 
linearly independent, which is impossible by 
Theorem 4.10. So, S does span V, and therefore is 
a basis. 

(2) Let S = {v,,..., v,} span V. Suppose, by way of 
contradiction, that S is linearly dependent. Then, 
some v; € Sis a linear combination of the other 


vectors in S. Without loss of generality, you can 
assume that v, is a linear combination of 


Vis... №, and therefore, Ivi, — Vai} spans V. 


But, n — 1 vectors span a vector space of at most 
dimension n — 1, a contradiction. So, S is linearly 


independent, and therefore a basis. 


84. (a) Since the dimension of R? is three, any basis must 
have exactly three vectors. S; cannot span R°. 
(b) Four vectors in R° must form a linearly dependent 
set. 
(c) If S; is linearly independent, it will be a basis 
for R^. 


86. Let the number of vectors in S be n. If S is linearly independent, then you are done. If not, some v є S isa linear combination 


of other vectors in S. Let S, = S — v. Note that span(S) = span(S,) because v is a linear combination of vectors in Sj. You 


now consider spanning set S,. If S, is linearly independent, you are done. If not, repeat the process of removing a vector, 


which is a linear combination of other vectors іп S}, to obtain spanning set S5. Continue this process with S. Note that this 


process would terminate because the original set S is a finite set and each removal produces a spanning set with fewer vectors 
than the previous spanning set. So, in at most n — 1 steps, the process would terminate leaving you with minimal spanning set, 


which is linearly independent and is contained in S. 


Section 4.6 Rank of a Matrix and Systems of Linear Equations 


2. (a) (6,5,-1) 
€) [6], [5]. [-1] 


4. (a) (0,3, —4), (4, 0, —1), (6, 1,1) 


-4 
(b) | 4,101, -1 
-6| |1] | 1 


6. (a) A basis for the row space is {(0, 1, -2). 


(b) Because this matrix is already row-reduced, the rank 
is 1. 


8. (a) A basis for the row space is lU 3 


(b) Because this matrix row reduces to 
1 


0 
0 


© о wl 


the rank of the matrix is 1. 


10. (a) A basis for the row space is |, 0, 4), (0, 1, 1) 


(b) Because this matrix row reduces to 


4 
1 0 - 

1 
0 1 = 
ооо 


the rank of ће matrix is 2. 
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12. (a) A basis for the row space is {(1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0), (0, 0, 0, 0, 1)}. 


14. 


16. 


18. 


(b) Because this matrix row reduces to 


10000 
01000 
00 100 
000 10 
0000 1 


the rank of the matrix is 5. 


Use v4, V2, and у; to form the rows of matrix A. Then 


write А in row-echelon form. 


jae es 1 0 0]w, 
А=|1 3 -9|v, > B-2|0 1 Olw, 
01 5|w 0 0 Iw, 


So, the nonzero row vectors of B 
wW = (1, 0, 0), WwW, = (0, 1; 0), апа W; = (0, 0, 1) 


form a basis for the row space of A. That is, they form a 
basis for the subspace spanned by S. 


Use уу, V2, and у; to form the rows of matrix A. Then 


write А in row-echelon form. 


1 2 591% 1 0 0], 
А=|-1 0 0|, >B=|0 1 Iw, 
DO d. 000 


So, the nonzero row vectors of B 
w; = (1,0,0) and w, = (0,1,1) 


form a basis for the row space of A. That is, they form a 
basis for the subspace spanned by S. 


Begin by forming the matrix whose rows are vectors in S. 


[6 3 6 34 
3 2 3 19 
8 3-9 6 


|-2 0 6 —5 
This matrix reduces to 


[1000 


010 
0 0 1 
o 0 0 


— © © 


So, a basis for span(S) is 
{(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)]. 


(span(S) = R*) 


20. Begin by forming the matrix whose rows are the vectors 


22. 


24. 


in S. 

[ 2: 3$ 53:22 
2 3 2 -5 
j|» 
-1 5 3 5 


This matrix reduces to 


100 3 
0 10 -13 
0 0 1 -19[ 
ooo 0 


So, a basis for span(S) is 
{(1, 0, 0, 3), (0, 1, 0, -13), (0, 0, 1, -19)}. 


(a) A basis for the column space is {[I]}. 


(b) Because this matrix is already row-reduced, the rank 
is 1. 


(a) Row-reducing the transpose of the original matrix 


produces 
2 
Te — 
3 
01 $| 
00 0 


So, a basis for the column space is 
T 0. 3). (o. 1. 3). 


Equivalently, a basis for the column space consists 
of columns 1 and 2 of the original matrix 


4] [ 20 
6.| -5 
Ze 


(b) Because this matrix row reduces to 


0 


© юш ale 


1 
0-1 
0 0 


the rank of the matrix is 2. 
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26. (a) Row reducing the transpose of the original matrix 


produces 
10000 
01000 
00100 
000 10 
0000 I 


So, a basis for the column space is 
{(1, 0, 0, 0, 0), 

(0, 1, 0, 0, 0), 

(0, 0, 1, 0, 0), 

(0, 0, 0, 1, О), 

(0, 0, 0,0, 1)} 


(b) Because this matrix row reduces to 


10000 
01000 
00 100 
000 10 
0000 1 


the rank of the matrix is 5. 


28. Solving the system Ax — 0 yields only the trivial 
solution X — (0, 0). So, the dimension of the solution 


space is 0. The solution space consists of the zero vector 
itself. 


30. Solving the system Ах = 0 yields solutions of the form 
(74s — 21, s, t), where s and ¢ are any real numbers. The 


dimension of the solution space is 2, and a basis is 
1-4, 1,0], [-2, 0, 1}. 

32. Solving the system 4x = 0 yields solutions of the form 
(—4t, t, 0), where t is any real number. The dimension of 
the solution space is 1, and a basis is 1-4, 1, ort. 


34. Solving the system Ax = 0 yields solutions of the form 
(2s —1,S, t), where s and t are any real numbers. The 


dimension of the solution space is 2, and a basis is 


{{-1 0.1)", [2,1,0]. 


36. Solving the system Ax = 0 yields solutions of the form 


t 
Ё | where t is any real number. The dimension of the 
t 


1 
solution space is 1, and a basis is | i} 


38. 


40. 


42. 


44. 


Solving the system Ax = 0 yields solutions of the form 
(2s —5t,-s + t,s, t), where s and t are any real 
numbers. The dimension of the solution set is 2, and a 
basis is {[-5,1, 0.1] [2, -1, 1,0]. 


The only solution of the system Ax = 0 is the trivial 


solution. So, the solution space is lio. 0, 0, or whose 


dimension is 0. 


(a) rank(A) = rank(B) = 3 


nulity(4) =n-r=5-3=2 
(b) Choosing x; = sand x; = tas the free variables, 
you have 
xX =-s-t 
x, = 2s — 3t 
X425 
X4 — 5t 
Бы: 


А basis for nullspace is 
{(-1, 2, 1, 0, 0), (-1, -3, 0, 5, 1)}. 

(c) A basis for the row space of А (which is equal to the 
row space of В) is 
{(1, 0, 1, 0, 1), (0, 1, —2, 0, 3), (0, 0, 0, 1, —5)}. 

(d) A basis for the column space A (which is not the 
same as the column space of B) is 
{(-2, 1, 3, 1), (-5, 3, 11, 7), (0, 1, 7, 5)}. 

(e) Linearly dependent 

(f) (i) and (iii) are linearly independent, while (ii) is 


linearly dependent. 


(a) This system yields solutions of the form 
(2s — 3t, s, t), where s and t are any real numbers 


and a basis for the solution space is 
{(2, 1, 0), (3, 0, 1)]. 


(b) The dimension of the solution space is 2. 
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46. (a) This system yields solutions of the form 


(5, E 2t, t), where t is any real number. A basis 


for the solution space is (Е -5, 3, п) ог 


{(5, –15, 9, 8)}. 


(b) The dimension of the solution space is 1. 


48. (a) This system yields solutions of the form 


( t + 2s — r, —4t — 8s ir, T,S, t), where r, s, 


and t are any real numbers. A basis for the solution 
space is 


(1, -4, 0, 0,1), (2, —8, 0, 1, 0), (-1, -4,1,0, 0). 
(b) The dimension of the solution space is 3. 


50. The system Ax = b is consistent because its augmented 
matrix reduces to 


12 -4 -l 
оо 0 of 
The solutions of Ax = b are of the form 


(-1 — 2s + 4t, s, t), where s and t аге any real numbers. 


That is, 

-1 -2 4 
x-|0|-s l|-f|c|, 

0 0 1 
where 

-1 -2 4 
xp =| 0| and х„=5| 1|[41/0, 


52. (a) The system Ax - b is consistent because its 
augmented matrix reduces to 


1-204 
0 0 10. 
0 000 


(b) The solutions of Ах = bare ofthe form 
(4 + 21,1, 0), where t is any real number. That is, 


4 2 
x-|0|-t1| 

0 0 
where 

4 2 
x, =|0| and х, = 41|. 

0 0 


54. This system Ax - b is inconsistent because its 
augmented matrix reduces to 


10 420 
01-240. 
00 00 1 


56. (a) The system Ax = b is consistent because its 
augmented matrix reduces to 


104 -5 6 0 
012 2 4 |. 
000 000 


(b) The solutions of the system are of the form 


(-6t + 5s 4r,1 — 4t — 2s 2r, r, s, t), 


where r,s, and t are any real numbers. That is, 


0 -4 5 —6 
1 -2 -2 -4 
х=|0|+”^| 1|+5| O]+¢ O0, 
0 0 1 0 
0 0 0 1 
where 
0 -4 5 —6 
1 -2 -2 -4 
x, -|0landx, = 1*5 0+4 0| 
0 0 1 0 
0 0 0 1 


58. The vector b is not in the column space of А because the 
linear system Ax — b is inconsistent. 


60. The vector b is in the column space of A if the equation 
Ax = bis consistent. Because Ax = b has the solution 


= 
Ш 
| Aju Bln 


b is in the column space of A. Furthermore, 


1 3 0 1 

SES , 3 1 = 
b 1|+4|1 5| 9 2 
2 0 1 -3 
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The vector b is in the column space of A if the equation 
Ax = bis consistent. Because Ax = b has the solution 


b is in the column space of A. Furthermore, 


5 4 4 -9 
ь=-|—3|+201\—3]-2|=| 11| 
1 0] | 8] |—25 


Many examples are possible. For instance, 


b ole 17b of 


rank | rank 1 rank 0 


Let [a; | — Abean m x n matrix in row-echelon form. 
The nonzero row vectors r,,..., К, of A have the form (if 
the first column of A is not all zero) 

n- (аади) 

Г, = (0, 123505654 еза - 


б = (0,...,0,0,..., 0, eg...) 


and so forth, where е, &;,, ез, denote leading ones. 
Then the equation 

Cr + ск) ++ су = 0 

implies that 

Ce, = 0, де, + ое, = 0, де, + е), + Сез, = 0 
and so forth. You can conclude in turn that c, = 0, 

Cy = 0,...,c, = 0, апа so the row vectors are linearly 


independent. 


Suppose that the three points are collinear. If they are on 
the same vertical line, then x, = x; = x3. So, the matrix 
has two equal columns, and its rank 15 less than 3. 
Similarly, if the three points lie on the nonvertical line 

y = mx + b,you have 


x yy i x тх +b 1 
X; y, Ц = |x. то +b 1| 
Xy уз 1 xy mx +b 1 


Because the second column is a linear combination of 
the first and third columns, this determinant is zero, and 
the rank is less than 3. 


On the other hand, if the rank of the matrix 


x у 1 
X; у; 1 
x; у; 1 


is less Шап 3, then the determinant is zero, which implies 
that the three points are collinear. 


70. 


72. 


74. 


76. 


78. 


80. 


[12 

For n = 2, 2 has rank 2. 
[12 3 

Forn = 3, 5 6 hasrank 2. 
7 8 9 


In general, for n > 2, the rank is 2, because rows 


3, ..., п, are linear combinations of the first two rows. 


For example, R, = 2R, — R. 


Let 
xe N(A) = Ax =0 = A 4x -0— x e N(4' A). 
(a) True. See Theorem 4.13, page 196. 


(b) False. The dimension of the solution space of 
Ax = 0 for m x n matrix of rank r is n — r.See 
Theorem 4.17, page 202. 


(a) True. The columns of А become rows of the 
transpose, A”. So, the columns of A span the same 
space as the rows of A’. 

(b) True. The rows of 4 become columns of the 
transpose, A’. So, the rows of A span the same space 


as the columns of A’. 


(a) The row space and column space of a matrix have 
the same dimension, so the column space has a 
dimension of 2. 

(b) 2 

(c) (rank) + (nullity) = (number of columns), so the 
nullity is 3. 

(d) 3 


Let A and B be 2m x n row equivalent matrices. The 
dependency relationships among the columns of А can be 
expressed in the form Ax = 0, while those of B in the 
form Bx = 0. Because А and В are row-equivalent, 

Ax = 0 апі Bx = 0 have the same solution sets, and 
therefore the same dependency relationships. 
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1 -6 
2. |-3 12 
0 4. |-4 

9 

-8 


-1 
6. Because [x], = | | you can write 
x = -(-2,3) + 4(3, 2) = (14, -11) 
"m І І Í 14 
which implies that the coordinates of x relative to the standard basis S аге [х], = | | 
2 
8. Because [x] в = |O you can write 
4 


x = 2655.8) а) 462) = C21 


which implies that the coordinates of x relative to the standard basis S are [x 5] = | 29| 
11 
-2 
3 | 
10. Because [х] в = 4? you can write 


x = —2(4,0, 7,3) + 3(0,5, —1, 1) + 4(—3, 4, 2,1) + 1(0, 1,5,0) = (-20, 32, —4, -5) 


which implies that the coordinates of x relative to the standard basis S are 
—20 


12. Begin by writing x as a linear combination of the vectors in В. 
x = (-17, 22) = &(-5, 6) + e4(3, -2) 
Equating corresponding components yields the following system of linear equations. 
-5c + 3e, = -17 
6c, — 2c) = 22 


4 
The solution of this system is c, = 4 and c; = 1. So, x = 4(-5,6) + (3, -2) and [x], = M 
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14. Begin by writing x as a linear combination of the vectors in В. 


x (3-48) аа) eo) аад 


Equating corresponding components yields the following system of linear equations. 


Зар + dey + G= 3 
4c, + $e + io - -i 
с, + 2c; = 8 
2 
The solution of this system is c, = 2,с› = —4, and c, = 3.50, x = 2(3, 4,1) — 4(3 5, 0) + 3(1, 4, 2) and [x], = |—4] 
3 
16. Begin by writing x аз a linear combination of the vectors in В. 
x = (0, -20, 7,15) = с(9, 23,15, 4) + c2(3, 0, 0, 1) + c3(0, —5,6, 8) + c4(3, -4, 2, -3) 
Equating corresponding components yields the following system of linear equations. 
9c, + 3c; + 3с,= 0 
—3с, = $e — 4c, = —20 
15c; + бе + 2c, = 7 
4c, + cy + 8с; — 3с, = 15 
The solution of this system is c, = —l,c) = Lc, = 3, and c, = 2. 
-1 
So, (0, -20,7,15) = —1(9, -3, 15, 4) + 1(3, 0, 0,1) + 3(0, –5, 6,8) + 2(3, —4, 2, —3) and [x], = br 
2 
18. Begin by forming the matrix 22. Begin by forming the matrix 
== ioi 1 2 2100 
1601 [В В|=|3 7 9010 
and then use Gauss-Jordan elimination to produce -1 -4 -7 0 0 1 
E p] = | 0 6 1 and then use Gauss-Jordan elimination to produce 
0 1-1 1 100-13 6 4 
So, the transition matrix from B to B' is [5 dl =|0 10 12-5 3| 
ger 001 -5 2 1 
-] 1 So, the transition matrix from B to B’ is 


-13 6 4 
Р! = | 12 -5 —3| 


1011 
LEM | -5 2 d 
0110 


20. Begin by forming the matrix 


Because this matrix is already in the form E 2 Р!) уой 


see that the transition matrix from P to B’ is 


Se) th al 
|| of 
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24. 


26. 


28. 


30. 


Chapter 4 Vector Spaces 


Begin by forming the matrix 
1001 2 5 

[В В|=|0 1 0 3 ч 6, 
0012 21 


Because this matrix is already in the form [2 3 P~], the 


transition matrix from В to B’ is 


1 2 5 
P'z|3 -1 6 
2 2 1 


Begin by forming the matrix 


[b B] -l -1 -2 


2 0 12 


and then use Gauss-Jordan elimination to produce 

1 0 1 
І, Р! | = ; 
[n Р] [ 1 al 


So, the transition matrix from B to B' is 


Nin ve 


Begin by forming the matrix 
3 -3 2 -2 
[B' B] = 
-3 -3 -2 -2 
and then use Gauss-Jordan elimination to produce 


HE 


3 
0 


wjn 


© wiry 


So, the transition matrix from B to Blis P^! = | 


Begin by forming the matrix 
20-3100 

[8 В|=|-1 2 2010 
41 100 1 


and then use Gauss-Jordan elimination to produce 


100 0 2 

oe 1 14 _1 

[5 P |= 010 1 E -Z| 
zu Te» ВД: 

0 0 1 3 27 27 


21 2 

0 9 9 

Sho Е АУ 
P =|3 37 mi 
zd x E 

X "com. E27 
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32. Begin by forming the matrix 
10-13 1 1 
[В в = 11 42 12. 
-12 0120 
and then use Gauss-Jordan elimination to produce 
100 # 3 р 
[5 P']=|o 10 8 
001-4 - 


27 8 12 
11 п dH 
Cb | d9. 45 6 
Be 11 1] olf 
6. pe eee E 


= 
— 
= 
_ 
= 


34. Begin by forming the matrix 


10001000 
[8' B] = 11000100 
11100010 
11110001 


and then use Gauss-Jordan elimination to produce 


1000 1 0 00 
[n P=] _ 0100-1 1 00 | 

0010 0-1 10 

0001 0 0-1 I 


So, the transition matrix from B to B’ is 


го 00 
pra. i 00 
0-1 10 
0 0-11 


36. Begin by forming the matrix 


38. 


40. 


Section 4.7 Coordinates and Change of Basis 


2.3 02 010000 
4-1 0-1 101000 
[8 В|=|-2 0 2 2 200100 
1 1 4 1-300010 
02 5 1100001 
and then use Gauss-Jordan elimination to produce 
12 32 5 10 7 
10000 157 157 314 157 157 
45 37 99 41 13 
01000 157 157 314 157 157 
-l|- 17 7 3 12 23 
[1s Р ]= 00100 157 157 157 157 157 
1 47 287 103 25 
00010 157 314 628 314 314 
4 31 49 59 57 
000201 157 314 628 314 314 
So, the transition matrix from В to B’ is 
12 32 5 10 "het 
157 157 314 157 157 
45 37 99 41 13 
157 157 314 157 157 
p! = 17 7 3 12 23 
157 157 157 157 157 | 
1 47 287 103 25 
157 314 628 314 314 
4 3T 49 59 57 
L 157 314 628 314 314 | 
: 132 2 6 1 0 -126 —90 ; , [-126 -90 
(a) [B’ B] = > Sn EPa eme 
131 2 3 0 1 4 3 4 3 
2 6 1 32 10-1 —5 -} -5 
(b [B B] = > s ses | 
2 3 1 31 01 2 7 $ 7 
(0178 c$[-06 -90] [10 
(с) РР = = 
2 7 4 3 0 1 
9 ы 
1 7 14 
um. —5 2 EA 
2 = 6 к 3 
(4) [x], = Р[х],, ш 2 ү ш E 
9 = 9 
Е 7 Ё 1 1 1 1 1 1 
011 1 1007-1-17 4-74 7% 
А = 1 1 TP}, -1 1р1 1 1 
(а) [B’ B] |2 10 1 -1 0| |0 i-i i)=[1 P']>P 1-1 1 
1 3 1 1 3 1 
[0 3.37 ИЕ 4 1 1 3 1 
E ] Е 1 1 ii 
1 1020 I 1 0 11 11 
(0) [B B]=|1 -1 0 2 10/2 1 11 = [1 Р = Р= |0 - 2, 
| 1 10 1 1 0 2 10 2 10 
1 1 1 1 1 
2 2]* ~4 4| |! © 
© РР =| o -i i]t -i t= 
1 3 1 
-2 1 0j 2 i 0 
EE E E 6 
= = 1 1 3 
(d) [x], = Px]; =] 0 -4 513 =|-1 
-2 1 0|1 -1 


133 
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[1 4-21 2-4 3-3 0 1-9 I 
42. (а) [8 B]-|2 1 53-52 44. (a) [B'B]=|0 3-3-1 1 9 
2 4 8 4 2 -6 3 0 3 9 1 -1 
u _55 73 3.7 3 
1 0 0-6 -ie “ié 10 0 3-5 > 
ae 25 45 _83 E 
[5*]|01o02 $-& pe]-e:o0z 2 2 
23 3 29 
001 $ з -% M M EE 
-H -5 B So, the transition matrix from B to B! is 
- _| 25 45 8 
So, Р = 32 32 32 3 -1 3 
23 3 29 Е 
2 x om Pree р 
1 2 -4 1 4 -2 2 3 -u 
©) [B B]=|3 5 2 2 1 5 E ge ы 
Fa Ан А; © [вв'|=|-1 190 3 -3 
Ed NE рг 9 1-13 0 3] 
= —37 _85 57 2 
[E Р]=|0 d B ^13 B 100 E -i m 
0 1 x zo B 21 27 
- [р = 010-2 Z 9 
—33 _86 80 27 108 _ 3 
13 B B 0 0 1 35 30 70! 
So, P = |-3 -38 27 
, 13 13 137 (c) Using a graphing utility, you have РР! = J. 
-30 _7 55 
B B 13 _ 567 
» . m 1 -5 370 
(c) Using a graphing utility, you have РР” = J. (d) [x], Px]; Р|—4 -i 
- |19 1 339 
Pi 185 
(d [x], = Px], =P) 012 |5, 
140 
24. [5 


46. The standard basis for P is S = fi, x,x?, £j and because р = -2(I) — 3(x) + o(x?) 4 42) 


it follows that 


48. The standard basis for P,is S = {L Xx, x’, x! and because p = 4(1) + 11(x) + I(x?) + 2(x^) 


it follows that 
4 


bl, - l| 
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50. The standard basis in M, is 


11 [0] fo 
S 240| 1,[0 
0||0||1 


and because 


1 0 0 
X = 2)0|—1|1|+40 
0 0 1 


it follows that 


52. The standard basis in M, is 


1] [0 
S = 40|,} 1,[0 
0||1 


and because 


1 fo] fo 
X =1/0/+ 0111-40 
of [o] |1 


it follows that 
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54. (а) [B B] = [8 1] = |, (ВУ |= 2, Р] 
=> (B) = P7 
() [8° B] -[, B] > B = P“ 
(о [B В]=[„ 8] В = 
«) [8 8] - [8 4] => [1, 87] - lr, Р] 
эВ! = Р 


56. (a) True. If P is the transition matrix from B' to B, then 


Р[х] [х],. Multiplying both sides by P^ you 


в! 7 
see that [x] ,1 = i] matrix from B to В!. 


(b) True. See discussion before Example 5, page 214. 
(c) False. [р], = [-3 15]. 


58. Let P be the transition matrix from В” to B’ and let О be the transition matrix from B’ to B. Then for any vector x, the 


coordinate matrices with respect to these bases are related as follows. 

[x], = Pb], and [x] = 9), 

Then the transition matrix from B” to B is OP because 

[x], = Ox], = OP[xl,.. 

So, the transition matrix from B to B", which is the inverse of the transition matrix from В” to B, is equal to 


(OP) eps 


Section 4.8 Applications of Vector Spaces 


2. 


(a) If y = e*, then y" = e* and y" + y = 2e* + 0.So, e is not a solution of the equation. 


(b) If y = e", then y" = —e“ and y" + y = 0.So, e" isa solution of the equation. 
(c) If y = e", then y" = -8e?* and y" + y = —7e?* + 0.So, e?" is not a solution of the equation. 
(d) If y = 2e", then y" = -2e" and y" + у = 0.So, 2e™ isa solution of the equation. 
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10. 


12. 


14. 


Chapter 4 Vector Spaces 


. (a) If y = e", then у = Зе? and y" = 9e". So, у — бу + 9y = 9e – 6(3e**) + 9(e**) = бапа e* is a solution. 


(b) If y 


у= 6у + 9y = (9x + 6)e** — 6(3x + 1)e™ + 9xe? = Oand хе?" is a solution. 


хе, then у = (3x + e? and y^ = (9x + 6)e**. So, 


(с) If y = x?e^, then у = (x? + 2x)e** and y” = (9x? + 12x + 2)e**. So, 
y — 6y + 9у = (9x? + 12x + 2)e* - 6(3x? + 2x)e** + 9x7e™ ж 0. 


So, x?e* 


is not a solution of the equation. 
(d) If y = (x + 3)e**, then у = (3x + 10)e** and y” = (9x + 33)e*. So, 


у= 6y + 9y = (9x + 33)e* — 6(3x + 10)e™ + 9(x + 3) = 0 апа (x + 3)e^ is a solution. 


. (a) If y = 3cos x, @ 2 3 cos xand у — 16y = -45 cos x # 0. So, 3 cos x is not a solution of the equation. 
У y y y q 
(b) If y = 3cos 2x, then y? = 48 cos 2x and y? — 16у = 0.So, 3cos 2x is a solution of the equation. 
с) If y = e, then (0 = 16e?* and у — 16у = 0. So, e?" is a solution of the equation. 
У У y y q 
d) If y = 3e? — 4sin 2x, then (9 = 48e?* — 6A sin 2x and y? — 16у = 0. So, 3e?* — 4 sin 2x is a solution of the 
y y y y 
equation. 
. (а) Ify = ej, then у = (1 — 2x)e* and y' + (2x - 1)y = 0. So, e% is a solution of the equation. 
У У У y q 


(b) If y = 2e" . then y = (2 - 4x)e-* and у + (2x - 1)у = 0.So, 2e*-*. is a solution of the equation. 


(c) If y = Зе", then у = (3 – 6x)e'-* and у’ + (2x – 1)у = 0.So, Зе" is a solution of the equation. 


(d) If y = Дех", then y = (4- 8x)e-" and y’ + (2x – 1)у = 0.80, Дех" is a solution of the equation. 


(a) If y = x, then у = land y" = 0. So, xy" + 2y' = x(0) + 2(1) + 0, and y = x is not a solution. 


n , 2 1 . 
(b) If y = x then у = – І апа у” = 2 . So, ху + 2y = (3) + -{-) = 0, and y = is a solution. 
x x? x? x x 


x 

(c) If y = xe*,then у = xe* + e* and y" = xe* + 2e*. So, ху +2у = x(xe* + 2e") + 2(хе* + e) + 0,апа y = хе" 
is not a solution. 

(d) If y = xe", then у = e* — xe“ and y" = xe? — 2e™. So, xy” +2у = x(xe™ - 2e7) + Xe - хе“) # 0, апа 


у = xe™ is not a solution. 
(a) If у = 3e", then у = 6xe" . So, y — 2xy = бхе? — 23e") = 0, and у = Зе" is a solution. 
(b) If y = xe", then y= 2xle" te”. So, у - 2xy = 2xte + её - 2x(xe™ } + 0,and у = xe” is not a solution. 


(c) If у = xe", then у = x?e* + 2xe". So, у — 2xy = xe" + 2xe' — 2x(x?e") + 0, апа y = x?e" is not a solution. 


(d) If y = xe™, then у = e* — xe". So, y - 2xy = e? — xe? — 2x(xe) + 0,and у = xe™ is not a solution. 
e*  sin2x 2 m 
$x rs = К e e 
He ibus 29)  |3e* 2cos2x 16: (ee) Е Tm 
2xe" —2xe™~ 


2e cos 2x — Зе?" sin2x 
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X -—sinx  cosx ех e 


х 
18. W(x, -sin х, cos х) = |1 -cosx -sinx|-x 20. W(x, e”, е") =|1 -e* ех| = —2х 
0 sinx -cos x 0 e" е" 
2 
x? e* xle* 
2 2 : 2 
22. W(x," xe) =|2x 2xe* 2xe* + xe“ = —2x7e* ** (2x* -xX -3x 4x4 3) 


2 2 
2 2е* + 4х2еї 2e + Ахе* + xe 


x x e е" x x1 1 x x2 1 
1 2x е -e* 1 2x 1 -l 1 2x 0 -l 
24. W(x,x°,e",e") = = = = -1(4x? + 4 – 2x?) = -23? - 4 
е е“ 0 21 1 0 22 1 
0 e -e* 0 01-1 0 00 -l 
x e sinx  cosx 
. 1 е“ cosx -sinx 
26. W(x, e*, sin x, cos x) = : 
0 е" -sinx -cosx 
0 е" -cosx sin x 
x 2e 0 0 
| 2e 0 0 
0 e' -sinx -cosx 
0 е" -cosx sinx 
2e* 0 0 2e* 0 0 
= хе" sin x cos x|- Це“ sin x cos x 
е^  —cosx sinx е“  —cosx sinx 


- 2xe'( sin?x сов? х) 2e'( sin?x cos? x) 
= —2хе* + 2e* 


28. First calculate the Wronskian of the two functions. 


ax ax 
e xe | 
= (ax + I)e?" — ахе'® = е?“ 


ae“ (ax + le^ 


Because W (е“, хе“) # 0 and the functions are solutions to у” – 2ay' + а?у = 0, they are linearly independent. 


30. First, calculate the Wronskian of the two functions 


- aay e^ cos bx e“sin bx 
W(e cos bx, еіп bx) B 


e“(a cos bx — b sin bx)  e^(a sin bx + b cos bx) 


= be?" ж 0, because b # 0 


Because these functions satisfy the differential equation y" — 2ay' + (a? + b?) y = 0, they are linearly independent. 
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32. (a) y 


e" sin x => у = (cos x + 2sin x)e", у” = (4cosx + 3sin xe? > у —4у + 5y 


ll 
о 


y = e" cos x > у = (2 соѕ x -sin x)e", y” = (3 cos x – Asin x)e™ => у – 4у + 5y 


ll 
© 


e^ sin x е?" cos x 


(b) Because W(e^ sin x, e?* cos x) | К 
(cos x + 2sin х)е" (2cos x — sin x)e^* 


= е +0, 
the set is linearly independent. 


(с) у = Ce sin x + С›е”* cos x 


34. (а) у= 15 у" = у= у =0 
= у" +4у = 0 


у = 2005 2х > у = —4sin 2x, y" = —8 cos 2х, y" = 16 sin 2x 
> у” +4у = 0 
у = 2 + соѕ2х > у = –2 ѕіп 2х, y” = —4 cos 2х, y" = 8 sin 2x 


> у" + 4у = 0 


(b) Because 


] 2cos2x 2 *cos2x 
Wii, 2 cos 2x, 2 + cos 2x) -|0 -4sin2y  -2sin2x 


0 -8cos2x  —4cos2x 


16 sin 2x cos 2x — 16 sin 2x cos 2x 
= 0, 


the set is linearly dependent. 


36. (а) y=e* > y = -e™, y” = e*,y” = -e* > у" + 3у” + 3у +у = 0 
y= xe* => y = (1 - xje*, y” = (х — 2)e*, y" = (3 — x)e* > у” + 3y” + Зу! + у = 0 
у = хе" > у = (2х = xe у" = (x? — 4x + 2)e7, y" = (-x? + 6x - 6)e* = у”+3у”+3у +у=0 


(b) Because 


-e?0 1 2x 
0 -2 -4x+2 


= 2e? #0, 
the set is linearly independent. 


(с) y = Qe™ + Охе" + Сухе“ 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 4.8 Applications of Vector Spaces 139 


38. (а) y 212 y =y" = у = 0 уб — у" + y” = 0 
у= х= у= у" = у = 0 = yO – ay" + у = 0 
у= ё у = у" = у = е > уб – 2у" + у = 0 
y = xe* > y” = (х + 2)е", у = (x + 3)e", у® = (х + 4)e* = у -2y + у” = 0 


40. 


42. 


44. 


1 x e xe 
1 x + Пех x 2\ех 
Wil, х,е“, хе*) = Ud Ges d pue = e™(x +3) — e™(x +2) = e" #0, 
00 æ (х + 2)е* е* (х + 3)e* 
00 e (x t 3)е* 


the set is linearly independent. 


(c) y = C, + Cx + Се" + Cyxe* 


Proving that { у, уг} is linearly independent if and only if W(y,, у) # 0 is equivalent to proving that {y,, yz} is linearly 
dependent if and only if (у, y2) = 0. 


To prove one direction, assume 1 yp y] is linearly dependent. By the Corollary to Theorem 4.8 on page 183, one of the 
functions is a scalar multiple of the other. So, y, = cy;. Then 
^ € 


, , 


A © 


W (yv, у») = W (y, су\) = = 0. 


To prove the other direction, assume W(y,, y;) = 0. Then the column vectors M and E are linearly dependent (see 
A V2 


Summary of Equivalent Conditions for Square Matrices, page 204). So, || = с M > y, = cy, and [y,, yo} is linearly 
^ 
dependent. 


No. For instance, consider the nonhomogeneous duum eub E AE. i5 T 
differential equation y" = 1. Clearly, y = x?/2isa Cs The grapin or te gdiation 3 E E Men 


solution, whereas the scalar multiple X x? 2) is not. centered at the origin with major axis falling along the 


y-axis. 
: 2 _ . y 
The graph of the equation x^ — 6y is a parabola і 
opening upward, with the vertex at the origin. 37 
1 Hx 
-3-2 2 3 
3+ 
5х2 + 3y2- 1520 
6-4-2 1 2 4 6 
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48. 


50. 


52. 


Chapter 4 Vector Spaces 


The graph of the equation is a hyperbola centered at the 
origin with transverse axis along the x-axis. 
y 
А 
15- 


The graph of the equation (у m 3)" = 4х m 3) isa 


parabola opening to the right, with the vertex at (3, 3). 


i 

8-- 

64- 

^T /3,3) 

2+ 

i + х 
-2 2 4 

ie 


у2- 6y- 4x «2120 


xcd 


The graph of the equation ( 1 + у? = 1 isan 
4 
ellipse with the center at (1, 0). 


4х2 + y2- 8x 6320 


54. 


56. 


58. 


60. 


62. 


The graph of the equation 


b 3j (x+y _, 


1 
is a hyperbola centered at Е 2) with a vertical 


transverse axis. 


4y? — 2x? - 4y - 8x- 15 = 0 


The graph of the equation (x B з) +y = i is a circle 


with the center at (3, 0) and a radius of 2 


3 
A 
3+ 
7+ 
it (3, 0) 
} 1—1 {> х 
=] 1 4 
=i# 
94. 


4y? + 4х2 - 24x + 35 = 0 


The graph of the equation (у + 3y = 4(-2)(x + 2) is 
a parabola that opens to the left, with vertex at (—2, —3). 


A 
Lt 4 Dx 
-5-4 -1 | 1 
-2+ 
(-2,-3)$ -37 
-4+ 
–5 + 
-6+ 


y? + 8x + 6y + 25 = 0 


2x? + 3xy + 2y? +3 = 0 

a-c 4 
cot 20 = = —— > Ө = —18.43° 

b 3 

Matches graph (b). 
x? — 4ху + 4y? + 10x - 30 = 0 
cot 29 = 26 — 3 > 6 = 263 
Matches graph (d). 
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64. 


66. 


Begin by finding the rotation angle Ө, where 
a-c 0-0 
1 


cot 20 = = 0, implying that 


Ө = л/4. 
So, sin Ө = 14/2, and cos 0 = 1472. By substituting 
x = x cos 0 – y'sin 0 = VA/2(x = у) апі 
y = x' sin 0 + y'cos0 = VA/2(x + y’) into 
xy — 8x — 4y = 0 and simplifying, you obtain 
GY x OÈ, ay 
2 «2 2 «X 
2 2 
(/ — 64/2) (y = 24/2) 
64 64 


This is the equation of a hyperbola with a transverse axis 
along the x'-axis. 


= 0. 


In standard form, = 1. 


y 
A j 
20 + X4 


y! 16 + ^ 
№ 12 + 4 


Begin by finding the rotation angle 0, where 


cot 29 = 26 = 0 8- f, 
b 2 4 
So, sin Ө = Lond cos Ө = p By substituting 
, NS 


V2 


, y x 1 Fd ^ 
х= х cos 0 — у sin 0 = —(x — 


апа 


ж * , 1 , ГА 
y = x sin + у соѕ50 = —(x + у 
Je tr 
into 
х? + 2xy + y? — 8x + 8y = Oand simplifying, you 
-1 


4/2 


obtain (xy = -4,/2y’ огу = (x’)’, which is 


a parabola. 
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68. Begin by finding the rotation angle 0, where 


70. 


5-5 m 


cot 20 = = 0, implying that 0. = Fu 


So, sin Ө = 1/-/2 and cos 0 = 1422. By substituting 


x = x cos 0 — y'sinQ = WU - y) 

and 

y = x sin + у соѕ0 = Ai + y) 
/2 

into 


5x? — 2xy + 5y? — 24 = Oand simplifying, you obtain 
A(x’) + 6(y) - 24 = 0. 


А ^2 
In standard form, e. + = 1. 


2 


This is the equation of an ellipse with major axis along 
the x'-axis. 


Begin by finding the rotation angle Ө, where 


a-c 5-5 


cot 20 = E 0, implying that Ө = A 


So, sin Ө = V2 and cos 0 = V2. By substituting 
ГА ГА + 1 + ГА 
x = x cosQ – у ѕіпӨ = ——(x — y) 
and 
ГЫ + ГА 1 ГА P 
y-xsin0-ycos0 = —(x + y 
vi ) 


into 
5x? — бху + Sy? – 12 = Oand simplifying, you obtain 
Ax) + Ay) - 12 = 0. 


In standard form, (х) + ( у) = 6. 


This is an equation of a circle with the center at (0, 0) 


and a radius of /6. 
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72. Begin by finding the rotation angle 0, where 
=e. 7-5 -1 2л 


= = = 20 = —, 
Ь 20032 ЛЗ 3 


implying that Ө = а 


cot 20 = а 


А 3 -— 
So, sin Ө = SB and cos Ө = > By substituting 


by am. 
ғар 4 


x = x cos 0 — ysin 0 = —x – 
2 2 


and 


Hu , 3, 
у= sind + у соз = By 


, 


p 
2: 


into 7x? — 24/3xy + 5y? = 16 and simplifying, you 


о) oy. 


obtain a + E da 1, which is an ellipse with 


major axis along the x’ -axis. 


74. Begin by finding the rotation angle 0, where 
1-3 1 


we VB 


cot 20 = , implying that Ө = T 


So, sin Ө = NETZ and cos 0 = 1/2. By substituting 


x = x cos 0 — ysin = He - V3y’) 

and 

y = x sin + y'cos = RES + у) 

into x? + 24/3xy + 3y? – 24/3х + 2y +16 = 0 


and simplifying, you obtain 


A(x’) +4у +16 = 0. 


In standard form, у + 4 = (xy. 


This is the equation of a parabola with axis on the 
y'-axis. 


76. 


78. 


Begin by finding the rotation angle Ө, where 


a-c 5-5 А : Л 
сої 20 0, implying that 6 = =. 
b 2 Pre 4 


Я 1 1 
So, sin Ө = —— and cos Ө = —=—. By substituting 


V2 V2 


ГА ГА Я 1 ГА r 
x = x cos 0 — y sin Ө = —=(x — 
у Ыз y) 
and 
y= x sin Ө + y cos = ——(х + у) into 


V2 


5x? — 2xy + Sy? = 0 and simplifying, you obtain 


A(x’) + 6) = 0, which is a single point, (0, 0). 


s 
| 
2 
| 
z 
E 


Begin by finding the rotation angle Ө, where 


а-с 1-1 z : л 
сої 20 0, implying that Ө = —. 
b -10 а 4 
So, sin Ө = NP and cos Ө = 14/2. By substituting 
n А 1 ri r 
x = x cos ê — y sin 0 = ——(x – у) 


S 


and 


, Ы СА 1 £ СА 
= x sin 0+ y cos 0 = —=(x + 
у У ED. у) 
into 
x? – 10ху + y? = 0 апа simplifying, you obtain 
A2 A2 
ey) -4(x) = 0. 


Уб, 


The graph of this equation is two lines у = каг 
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80. Let ø satisfy cot 20 = (a — c)/b.Substitute x = x’ cos 0 — у зїп Gand y = x’ sin Ө + y’ cos Ө into the equation 


ax? + bxy + cy? + dx + ey + f = 0. To show that the xy-term will be eliminated, analyze the first three terms under this 
substitution. 


ax? + bxy + cy? = a(x cos 0 — y'sin ө) + b(x cos 0 — y'sin 0)(х' sin Ө + y' соз Ө) + c(x sin Ө + у cos ө) 


а(х)? cos? 0 + а(у) sin? 0 — 2ах'у cos sin Ө 

+ Бх) cos Өѕіп Ө + bx'y' cos? 0 — bx'y/ sin? 0 — һу) cos Өѕіп Ө 
+ e(x’)? sin? Ө + (у)! cos? Ө + 2сх'у sin Ө cos Ө. 

So, the new xy-terms are 


—2ax'y' cos Өѕіп Ө + bx'y'(cos? 0 — sin? 6) + 2сх'у sin Ө cos Ө = x'y'[-a sin 20 + b cos 20 + c sin 26] 


-xy (a - с) sin 20 — bcos 26|, 


2 - : 
PORA e gee => bcos20 = (a — c) sin 20, which shows that the coefficient is zero. 


But, cot 20 2 — - 
sin 20 b 


82. (a) Set up the Wronskian with the given solutions and their derivatives. Then find the determinant. If the determinant is 
nonzero, the solutions are linearly independent. 


(b) Use the substitutions x = х' соз Ө — у зїп бапа y = x'sin Ө + у’ соз 0, where Ө is found by using the coefficients of 


the original equation in the formula cot 20 = саа 
Review Exercises for Chapter 4 
2. (а) u + v = (-1,2,1) + (0,1,1) = (-1,3,2) 8. Зи + 2х = w- v 
(b) 2v = 2(0,1,1) = (0,2,2) 2x = —3u-vtw 
pee ae ees 
(с) u- v = (-L2,1) - (0,1,1) = (-1,1,0) E du pu 
= -3(, 21,2) - 1(0,2,3) + 1(0,1,1 
(d) 3u - 2v = 3(-1, 2,1) - 20011) 10-52) — 492,3) 90.11) 
= 3 3 3| 4 1 1 
= (-3, 6,3) — (0,2,2) = (23.4.1) (3$ 3) - (013) + (0.3.3) 
= (-2-0+0,2-1+4,-3-3+4 
4. (a) u + v = (0,1, —1, 2) + (1,0,0, 2) = (L1, 1, 4) 3 ? 2 2+3) 
= (-3,1,-4 
(b) 2v = 2(1,0,0,2) = (2,0,0,4) (5-4) 
(с) о-у = (0, 1,—1, 2) - (1, 0, 0, 2) - (-1, 1, -1,0) 10. To write v as a linear combination of u, u;, and и;, 
(d) 3u-2v- 3(0, 1,—1, 2) _ 21, 0, 0, 2) solve the equation 


СЩ + C&U, + cU, = V 
= (0, 3, —3, 6) — (2, 0, 0, 4) = (-2,3, -3, 2) ее 
for cj, c;, and сз. This vector equation corresponds to the 


6. x = 1-20 + v - 2w] system 
1 су 20 + су = 4 
= 1[-2(1,-1,2) + (0,2,3) — 2(0,1,1)] x: oy 
i = 
= 3[(=2 2, —4) + (0,0,1)] Зо + ос =5 
= H 2,2, 3) Е ( е л 1) The solution of this system is с = 2,c, = —1, and 


сз = 0.80, v = 2u, - u. 
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12. 


14. 


16. 


18. 


20. 


26. 


Chapter 4 Vector Spaces 


To write v as a linear combination of u,, uy, and и;, solve the equation 


cU, + cju; + cus, = V 


for с, c;, and c. This vector equation corresponds to the system of linear equations 


C — & = 4 
2с, 205 — с; = —13 
q + 3с) — с; = —5 
€ + 2с› — с; = -4 


The solution of this system is c, = 3, c; = —l, and с, = 5.So, у = 3u, — и, + 5u,. 


The zero vector is the zero polynomial р(х) = 0. The additive inverse of a vector in P, is 


-(а + ах + ах ++ agx’) = -а) — ax — ayx 


The zero vector is 
0 0 0 
ооо! 
The additive inverse of 
а 45 азу, |741 2р2 | 
is М 
41] An 5 =a an -—0» 
W is not a subspace of R*. For instance, (2,1) є W and 


(3,2) € W, but their sum (5,3) є W. So, W is not 


closed under addition (nor scalar multiplication). 


W is not a subspace of R?. For instance (1, 3) є W and 
(2,12) є W, but their sum (3,15) € W.So, Wis not 


closed under addition (nor scalar multiplication). 


(a) Wis a subspace of R^, because W is nonempty 


agx’. 


8 


22. W is not a subspace of Ё?, because it is not closed under 


24. 


scalar multiplication. For instance (1, 1, 1) є W and 


-2 e R, but —2(1,1,1) = (-2,-2,-2) e W. 


Because W is a nonempty subset of C[-1, 1], you need 


only check that Wis closed under addition and scalar 
multiplication. If fand g are in W, then 


f(-1) = g(-1) = 0, and 
(f + в)(—1) = f(-) + 
f + g € W.Similarly, if c is a scalar, then 

cf(-1) = c0 = 0, which implies that cf є W.So, Wis 
a subspace of C[-1, 1]. 


g(-1) = 0, which implies that 


((0, 0, 0) € W) and W is closed under addition and scalar multiplication. 


For if (ху, x, x;) and (у, у, уз) are in W, then x, + x. + x; = 0 and y, + y; + уз = 0. Because 


(xi; 22,23) + (s уз, Y3) = (а + y, X2 + Y2, X3 + уу) satisfies (х + у) + (x2 + y2) + (х; + y3) = 0, W is closed 


under addition. Similarly, c(x,, x2, x3) = (cxi, сх, схз) satisfies cx, + cx, + cx; = 0, showing that W is closed under 


scalar multiplication. 


(b) Wis not closed under addition or scalar multiplication, so it is not a subspace of R^. For example, (1, 0, 0) є W, and yet 


2(,0,0) = (2,0,0) e W. 
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28. (a) To find out whether S spans А°, form the vector 34. S has three vectors, so you need only check that S is 


equation linearly independent. 
a(4, 0,1) + (0, 3, 2) + су(5,10,0) = (tn, u2, us). Form theweconequauda 


; А К РА 5 
This yields the system of equations ai(l) ii ext) $ ZU di ) ОИУ 


4с, + 5с; = u which yields the homogeneous system of linear 
cx + 100 = ар equations 
с + 20 =з р Б 
C5 = 0 


This system has a unique solution for every 
(и\, Uz, иу) because the determinant of the coefficient aS 
This system has only the trivial solution. So, $ is linearly 


matrix is not zero. So, S spans R. : à | 
independent and S is a basis for Р,. 


(b) Solving the same system in (a) with 


(ш, шо, из) = (0,0, 0) yields the trivial solution. So, 36. S has four vectors, so you need only check that S is 
S 15 linearly independent. linearly independent. 
(c) Because S is linearly independent and spans R?, it is Form the vector equation 
' 3 
a basis for А”. f g E | | { | | | | 
on + С + с; + с = 
30. (a) To find out whether S spans R?, form the vector 01 11 10 01 00 
equanon which yields the homogeneous system of linear 
¢(2, 0,1) + e(2, —1, 1)) + e3(4, 2,0) = (u, и, uz). equations 
This yields the system of linear equations а-о + 2с, te = 0 
26 2с› 4с; = щ G + с, = 0 
— + 26 = и, о + 6 = 0 
а + 0€ = шщ. Cc + Cy +o = 0 


This system has only the trivial solution. So, S is linearly 


This system has a unique solution for every : : | 
independent and S is a basis for М, ›. 


(и\, Uz, иу) because the determinant of the coefficient 


ae 3 
matrix is not zero. So, 5 spans К. 38. (a) The system given by Ax = 0 has only the trivial 


(b) Solving the same system in part (a) with solution (0, 0). So, the solution space is {(0, 0)}, 
= (0, 0, 0) yields the trivial solution. Н И 
(0.165,16) = (0,0, 0) yields the trivial solution. So, which does not have a basis. 

(b) The nullity is 0. 


Note that rank(4) + nullity(4) = 2+0 = 2 = п. 


Sis linearly independent. 


(c) Because S is linearly independent and S spans А?, it 
is a basis for R^. 


(c) The rank of A is 2 (the number of nonzero row 


32. (a) The set vectors in the reduced row-echelon matrix). 


S = {(1,0,0), (0, 1, 0), (0, 0, 1), (2, -1, 0)} spans R? 
( ^ ^ Д ) P 40. (a) The system given by Ax = 0 has solutions of the 


- as) 
because any vector и = (ш, из, из) in R^ can be form (2t, 5t, t, t), where t is any real number. So, a 


written as basis for the solution space of Ax = 0 is 
u = u,(1,0,0) + u,(0,1,0) + и:(0, 0, 1) {(2, 5.1, 1). 
= (u, uz, U3). (b) The nullity of A is 1. 
(b) Sis not linearly independent because Note that rank(A) + nullity(4) =3+1=4=n. 


2(1, 0,0) — (0,1,0) + 0(0, 0, 1) = (2, —1, 0). (с) The rank of А is 3 (the number of nonzero row 


(c) Sis not a basis for R? because S is not linearly ар 


independent. 
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42. 


44. 


46. 


48. 


50. 


52. 


Chapter 4 Vector Spaces 


(a) The system given by Ax = 0 has only the trivial 
solution (0, 0, 0, 0). So, the solution space is 


{(0, 0, 0, 0)}, which does not have a basis. 


(b) The nullity is 0. 
Note that rank(A) + nullity(4) = 4+0 = 4 = п. 


(c) The rank of A is 4 (the number of nonzero row 
vectors in the reduced row-echelon matrix). 


(a) Using Gauss-Jordan elimination, the matrix reduces to 


26 
10 2 
8 
0 1 S| 
оо 0 


So, the rank is 2. 


(b) A basis for the row space is 1, 0, 26), (0, 1, £j. 


(a) Using Gauss-Jordan elimination, the matrix reduces to 
100 
0 10, 
00 1 


So, the rank is 3. 
(b) A basis for the row space is 
{(1, 0, 0), (0, 1, 0), (0, 0, 1)}. 


(a) This system has solutions of the form 
(1 — 3s — H + 2r, 5, 1, r), where r, s, and t are any 
real numbers. A basis for the solution space is 


{(-3, 2, 0, 0), (-1, 0, 2, 0), (2, 0, 0, 1)}. 


(b) The dimension of the solution space is 3, the number 
of vectors in a basis for the solution space. 


(a) This system has solutions of the form 


(0, o -t, t), where t is any real number. A basis 
К à 3 
for the solution space is {(o. E -], 1)}. 


(b) The dimension of the solution space is 1, the number 
of vectors in a basis. 


1 
Because [x], = || write x as 


x = 1(2, 0) + 1(3,3) = (5, 3). Because 
(5.3) = 5(1, 0) + 3(0, 1), the coordinate vector of x 


relative to the standard basis is 


54. 


56. 


58. 


60. 


4 ; 
Because [x], tee , write x as 


x = 4(2, 4) — 7(—1,1) = (15, 9). Because 
(15,9) = 15(1, 0) + 9(0, 1), the coordinate vector of x 


relative to the standard basis is 
15 
Isl 7 | | 


Because [x], = 


4 
Б 0 |, write x as 
2 


x= 4(1, 0, 1) + 0(0, 1, 0) + 2(0, 1, 1) = (4, 2. 6). 

Because (4, 2, 6) - 4(1, 0, 0) t 2(0, 1, 0) + 6(0, 0, 1) 

the coordinate vector of x relative to the standard basis is 
4 


To find [x], = |. 
c 


| solve the equation 
2 


с1(2,2) + (0, -1) = (212). 


The resulting system of linear equations is 


26 = -l 
2с, — с = 2 
So, с = -4 and c, = —3, and you have 


e 
To find [x] g = | Со |, solve the equation 


Сз 
a(l, 0, 0) + c(0, 1, 0) + сз(1, 1, 1) = (4, —2, 9). 


Forming the corresponding linear system, the solution is 
& = —5,c, = —11, and c, = 9.So, 
-5 
—11| 
9 


Б], = 
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64. 


66. 


70. 


Review Exercises for Chapter 4 


, solve the equation 


a(l, —1, 2,1) + (1,1, —4, 3) + c(1, 2, 0,3) + c(l, 2, —2, 0) = (5, 3, —6, 2). 


The resulting system of linear equations is 


€t с) + G+ G = 5 


—с, + Cy + 2с; + 204 = 


2c — 4c, 


€ + 3c, + 3с; 


So, а = 2,0 = l, c, 


— 2с; 


= —1, апа с; = 3,and you have 


2 

1 
[x]. = —1 

3 
Begin by forming 68. Begin by forming 

1 -l 1 3 = 
в a] -| | 1-2 1133 

2 0-11 [8!В]|=|-1 1 0143 
Then use Gauss-Jordan elimination to obtain 2 0 = 13 4 
[1 Р] ES 1 0 =} i Then use Gauss-Jordan elimination to obtain 
2 - | 

блг д? 100 6 20 21 


[Р!|=|0 1 0 7 24 24, 
00 19 31 30 


So, 
6 20 21 
P1=|7 24 24|. 
9 31 30 


Then use Gauss-Jordan elimination to obtain 


1000 
[5 Р\]=|0 1 0 1 
00 11 
So, 
l 1 
0 -2 73 
Р! =|1 2 ıl 
3 3 
I 3232 
11 
B В| = 
e al=| 1, 
11 
b) [B В]= 
e esa 


о N юе 
кю» = м 


DES 
p] 
Ф = 
— © 
№ кю 


147 
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(с) Р! P= 


+ olf 2 1 
d) [x], = РЧ]. =|? = 
(@ [x], = Рх, | Е a 
[1 2 11 ğ ho 0 
72. (а) [B’ B] = |-1 1 -1| = 2 
|2 -1 -10 0| 001-1 
[1 1 1 1 22] [1 0 -2 
[B BJ] =] 1 1 -1 - 2 = |0 2 
-1 0 0 2-12] |00 1 
[o o "4x 1-2] [10 
-1 = 2:. Al 2 = 
© P P=| 24 14 |2 1 =|0 1 0 
1 1 2 
pa 4 -4| 1 0 | {0 0 1 
оо 12] Be 
@ Б, = Р, = 33 3] 2]=| 4 
1 1 2 2 
6 6 3 4 L3 


74. (a) Because W is a nonempty subset of V, you need to 
only check that W is closed under addition and scalar 
multiplication. If f, g є W,then f’ = 4f and 


g’ = 4g. 80, 
(ke) =f +g =4f +4в =4f + в), 
which shows that f + g e W. Finally, ifcisa 
scalar, then (cf) = (cf’) = c(4f) = 4(cf), which 
implies that cf є W. 
(b) Vis not closed under addition nor scalar 
multiplication. For instance, let f = e* – 1 є U. 
Note that 2f = 2e* — 2 ¢ U because 


Qf) = 2e # 2f) +1 = 2e* -1. 


76. Suppose, on the contrary, that A and B are linearly 
dependent. Then В = cA for some scalar c. So, 


(cA) = B = 


B = O,acontradiction. 


—B, which implies that cA = —B.So, 


78. Because 


(v, = 2v2) 
set is linearly dependent. 


(2v; — 3v3) = Зу; - у, the 


Dl wl 


1 

3l = [r Р] 
_2 

3.1 
255] 

4|-L[ P] 


80. S is a nonempty subset of R”, so you need only show 
closure under addition and scalar multiplication. Let 
x,y e S. Then Ax = Ax and Ay = Ay.So, 


A(x + у) = Ax + Ау = Ax + Ay = A(x + у), which 
implies that x + у є S. Finally, for any scalar 
с, А(сх) с(Ах) c(Ax) 


cx є S. 


A(cx), which implies that 


If A = 3, then solve for x in the equation 
Ax = Ax = 3x, ог Ax – 3x = 0, or (4 - 3/;)x = 0. 


310 10 ox] [o 
о з 01-30 1 о 1 = (0 
001 o 0 11| lol 
0 1 ofa] fol 
0 0 0|x|-|0 
0 0 2]x] [o] 


The solution to this homogeneous system is 

X, = f, x; = 0,and х; = 0, where t is any real number. 
So, a basis for S is {(1, 0, 0)}, and the dimension of S 

is 1. 
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82. From Exercise 81, you see that a set of functions 
Lf.» fa} can be linearly independent in С [a, b] and 


84. 


86. 


90. 


linearly dependent in C lc, d], where la, b] and [с, а] аге 


different domains. 


(a) 


(b) 
(c) 


(b) 


(a) 


(b) 


(c) 


(d) 


False. This set is not closed under addition or scalar 
multiplication: 


(0,1, 1) € W, but 2(0, 1,1) = (0,2, 2) is not in W. 


True. See “Definition of Basis,” on page 186. 
False. For example, let 4 = Г, be the 3 x 3 identity 


matrix. It is invertible and the rows of A form the 
standard basis for R3 and, in particular, the rows of 
A are linearly independent. 


True. It is a nonempty subset of R’, and it is closed 
under addition and scalar multiplication. 


False. These operations only preserve the linear 
relationships among the columns. 


Because y = —25 cos 5x — 25 sin 5x, you have 


y" + 25у = —25 cos 5x — 25 sin 5х + 25(sin 5x + cos 5x) 


ll 


= 0 
Therefore, sin 5x + cos 5x is a solution. 


Because y” = —5 sin x — 5 cos x, you have 
y 


y” + 25у = —5sin x — 5 cos х 


= —ő5 sin x — 5 cos x 
= 120 sin x + 120 cos x 
+ 0 
Therefore, 5 sin х + 5 cos x is not a solution. 
Because у” = —25 sin 5x, you have 


y" + 25у = -25sin 5x + 25(sin 5x) 
—25 sin 5x + 25 sin 5x 
=0 


Therefore, sin 5x is a solution. 


Because y” = —25 cos 5x, you have 


y” + 25у = —25 cos 5x + 25(cos 5x) 
—25 cos 5x + 25 cos 5x 
=0 


Therefore, cos 5x is a solution. 


Il 


25(5 sin x + 5 cos x) 


125 sin x + 125 cos x 


88. (a) 


(b) 


(9 


—25 cos 5x — 25 sin 5x + 25 sin 5х + 25 cos 5x 
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” "n (4) 


Because у = y" = y y 


е“, you have 
y? —у=е* —ёе* = 0. 


Therefore, e" is a solution. 


—х m 


JT: 
xd FE „у 


y 0 = е“, you have 


Because у = —e = —e™, and 


y? -y=e*-e* = 0. 
ex i 
Therefore is a solution. 
, : ^" m . 
Because y = -sin x,y = —cos x,y = sin x, 
4 
and yl ) = cos x, you have 
y? — y = cos x — cos x = 0. 
Therefore, cos x is a solution. 
, ^" A Ld 
Because у = cos x, y" = -sin x, y" = —cos x, 
and y? = sin x, you have 
y? - y = sin x —- sin x = 0. 


Therefore, sin x is a solution. 
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x! 34x 
92. W(2,x°,3 + x) =|0 2x 
2 0 
2-4 
x sin? x cos? x 


94. W(x, sin? x, cos? x) =|] 2sinxcosx -2sinxcosx|- 4с052 x - 2 


0 4co?x-2 2-4cosx 


© 


96. (a) у= e" > y = 3e, у" = 9e > y” + 6y + Oy = 


y =3e > y = -9e?, у" = 278 > у + бу + 9у = 0 
(b) The Wronskian of this set is 
e 3e3* 


-3x?* -9eg?* 


We, ae") = = -9e$ + 9е6% =0=0. 


Because Wie, 3e?) = 0, the set is linearly dependent. 


98. (а) у =sin3x > у = -9sin3x > у” + 9у = 0 


у = cos3x > y” = -9cos3x > у + 9у = 0 
(b) The Wronskian of this set is 


sin 3x cos 3x 


W (sin 3x, cos 3x) = = —3sin? 3x — 3 cos? 3x = -3. 


3cos3x -3sin3x 


Because W (sin Зх, cos Зх) # 0 the set is linearly independent. 


(c) у = C, sin 3x + С, cos 3x 


100. Begin by completing the square. 102. Begin by completing the square. 
9x? + 18x + 9y? – 18у = -14 4x? + 8х - y? -6y = 4 
Q(x? + 2x +1) + 9y? -2y +1) = -14 9 +9 A(x? + 2x +1) - (y? + 6у +9) 244-9 
(x +1) +(y-l) =4 (у +3) G+) _, 
This is the equation of a circle centered at (—1, 1) with a 9 И 


ius of 2. 
танат This is ће equation of a hyperbola centered at (—1, —3). 


CL1) at 


2 2 = 
9x? + 9у2 + 18x- 18y + 14=0 4х2 — y2+8x- бу+4=0 
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104. ,?-4x-4-20 108. From the equation 
y = 4х +4 cot 20 xz а 0, 
у? = A(x +1) 


Р m 
This is the equation of a parabola with vertex (—1, 0). you find thar theangle otrotationis fis 4 Теге, 


1 1 
sin Ө = —— and cos Ө = —=. 
V2 J2 
By substituting 


x = x cos Ó — y'sinQ = E '— у) 


and 


Wow Ж. 1 ГА ГА 
= x sin Ó + y cos 0 = —=(x + 
y у um у) 


into 9x? + 4ху + 9у> — 20 = 0, you obtain 


106. Begin by completing the square. 2 ә 
11(x’) + 1(y’) = 20. 


16x? — 32x + 25y? — 50y = -16 
16(x? – 2x + 1) + 25(y? - 2y +1) = -16 + 16 + 25 


(x -17 GY OF _, 


In standard form, 


AME 
Sage - = 20 20 
25 + (y 1) 1 ^ E 
16 
hich is th tion of an еШ ith maj is al 
This is the equation of an ellipse centered at (1, 1). bes , ао ыа 
the y'-axis. 
y 
A 
3+ 
2+ 
| x 
=] 1 2 3 
-j+ 


16x? + 25y2 — 32x - 50y + 16=0 


= 1—1 
a-c 5 = 0, you find the angle of rotation to be Ө = " 


110. From the equation cot 20 — 


. 2 ГА pF « 2 , P 
Therefore, sin Ө = Y ang cos Ө = . By substituting x = x’ cos Ө — у sin Ө = 228 = y^) and 


у = x sin Ө + y соѕ0 = Vig + y) into x? + 2xy + y? + V/2x — /2y = 0, you obtain 2(x^f -2y = 0. 


In standard form, (х) = y' which is the equation of a parabola with vertex (0, 0). 
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Project Solutions for Chapter 4 


1 Solutions of Linear Systems 


1. Because (—2, —1, 1, 1) is a solution of Ax = 0, so is any multiple —2(—2, —1, 1, 1) = (4, 2, –2, —2) because the solution space 


is a subspace. 
2. The solutions of Ax = 0 form a subspace, so any linear combination 2x, — Зх, of solutions x, and x, is again a solution. 


3. Let the first system be Ax = b,. Because it is consistent, b, is in the column space of A. The second system is Ax = b,, and 
b, is a multiple of b,, so it is in the column space of А as well. So, the second system is consistent. 


4. 2x, — 3х, is not a solution (unless b = 0 ). The set of solutions to a nonhomogeneous system is not a subspace. If Ax, = b 
and Ax, = b, then 


A(2x, = 3x;) = 24x, - 34x, = 2b-3b = b # b. 
5. Yes, b, and b, аге in the column space of A, therefore so is b, + b;. 
2 Direct Sum 
1. Basis for U: {(1, 0, 1), (0, 1, —1)} 
Basis for W: {(1, 0, 1)} 
Basis for Z: (1, 1, 1} 
U +W = О because W CU 


U + Z = В? because {(1, 0, 1), (0, 1, -1), (1, 1, 1)} is a basis for R^. 


W + Z = span{(1, 0, 1), (1, 1, 1)} = span{(1, 0, 1), (0, 1, 0)} 

2. Suppose u, + w, = и, + w;, which implies u; - uj = w, — wy. 

Because ш — и, є U A W and w, – w, e U ^ W,and U AW = 10), щш = u;and w; = wy. 
U © Zand W © Z are direct sums. 

3. Let v e V,then v = u + wu e О, у e W. Then v = (cu, + + суй) + (dw, + + dW), 
and v is in the span of {u}, ... , ци, wj, ..., Wm}. To show that this set is linearly independent, suppose 
Cu; teo cuu, + dw, + + d4Ww, = 0 
> cu, te cu, = (dw, + duw,) 

But U AW # {0} > cu, +- + cu, = 0and dw, +  d,w, = 0. 
Because {u,,...,u,}and {w,, ..., w,,} are linearly independent, 


сү = = сү = бапа d, == dm =0. 
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4. Basis for U: {(1, 0,0), (0, 0, 1)} 
Basis for W: {(0, 1, 0), (0, 0, 1)} 
U + W is spanned by {(1, 0, 0), (0, 0, 1), (0, 1, 0)} = О +W = R°. This is not a direct sum because (0,0,1) € U П W. 
dimU = 2, dimW = 2, dim(U ^ W) = 1 


dimU + dimW = dim(U+W) + dim(U ^W). 
2 + 2 = 3 + 1 
In general, dimU + dimW = dim(U + W) + dim(U ^ W). 


5. No, dimU + dimW = 2 + 2 = 4,then dim(U + W) + dim(U ^ W) = dim(U + W) = 4, which is impossible in К. 
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СНАРТЕК 5 
Inner Product Spaces 


Section 5.1 Length and Dot Product in R” 


2. |v| » v « P = 121 


4. |v] NL +0? + (-5) +5? = 4/54 = 34/6 


6. (а) |u| - lr +(5} -Ji -ivs 
(b) [у= «C -E- ns 


(с) |u + |= |(.0)| = V3? +0? = V9 = з 


8. (а) |u|- Jo +P + (61) + 2? = 4/6 
(6) [|= VP +12 +32 +0? = Vii 


(1, 2, 2, 2) | 


(с) u +у]=| 


P +22 +22 +22 = 4/13 
10. (a) A unit vector v in the direction of u is given by 
u 
у= — 
Iu] 
1 
2? + (-2) 


(2-2) 


G2) К E ИЙ лир 
m- [8] 4[ 2 pie 


(b) A unit vector in the direction opposite that of u is 
given by 


> , 


2 2 2.7) 10; 


8) 9) 


12. (а) A unit vector v in the direction of u is given by 
1 


и 
„сй 
Id Joy +32 +4 


(71,3, 4) 


1 I 3 24 
m 4 -( Ax 


ME i za) (Ge) x 


26 26 26 


(b) A unit vector in the direction opposite that of u is 
given by 


| X Te x] 


(se Te Jm | 


-1- de) C2) 8) 


14. First find a unit vector in the direction of u. 


u 1 1 1 1 
= 1,1) = 1,1) = Я 
Ма (тл) 

Then v is four times this vector. 
_,u_ 1 1 
«эрү тыш 
4 4 
CAR) СУ?) 


16. First find а unit vector in the direction of u. 


0,2,1, -1) 


u 1 1 
- 0,2,1,-1) = 
luli Joann Je 


Then v is three times this vector. 


1 6 3 3 
v3 e21-0 = (6-5, z) 
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18. Solve the equation for c as follows. | 1 3 | 1 ) 
30. u = | –1, –, – |and v = |0, —, 
|01. 2,3) |= 1 4 2 
1|(1, 2. 3)| = 1 (а) |jul = 1.1456 and | v| = 0.5590 
|e] AE b) -Lv = (0, 0.4472, -0.8944 
((2,3] 14 (5) je "HUS QUUM) 
1 
EPIS IET (с) sf = (0.8729, 0.4364, — 0.2182) 
u 
20. d(u, v) = |u - у | (d u-v=0 
= |(-4,2,6)| (е) u: u = 1.3125 


(f у-у = 03125 


= 214 32. u = (-1, V3, 2) and у = (V2, -1, -V2) 
22. d(u,v) = [а - v| = (71.0. —5.0)] (a) |u| = 2.8284 and |v| = 22361 
- АД l| +0? + (3) + 0? (b) i = (0.6325, —0.4472, —0.6325) 
у 
= V10 


(с) -u = (0.3536, -0.6124, -0.7071) 
24. (a) u- v = (22) + (2)(-2) = -2-4 = -6 m 
(d) u: v = —5.9747 


(b) v: v = 2(2) + (-2)(-2) 2444-8 
(e) u-u=8 
(с) |uf = u-u = (-1)(-1) + (2)(2) =1+4 = 5 Gir Relig oe 
(d) (u- v)v = —6(2,—2) = (-12,12) sohen kes 


(b) * V3 6 Мз V6 
v= = [К 2^ 4" 3 6 
26. (а) u- v = 4(0) + 0(2) + (-3)(5) + (5)(4) 
=0+0-15+ 20 u Je V3 Vo V3 
=5 Ce iUe 3 
(b) у-у = 0(0) + 2(2) + 5(5) + 4(4) (d и-у=-2 
ш ORT REN. 
RS (f v-v=3 
(c) jul? = u-u = 4(4) + 0(0) + (-3)(-3) + 5(5) 
36. You have 


= 16+0+9 + 25 
u- v = -I(I) + 0(1) = -1, 


= 50 
(d) (u- v)v = 5(0, 2,5,4) Juj= VC) +0? = УТ = 1, and 
= (0,10, 25, 20) |у|= Л? +P = V2.S0, 
(е) u: (5v) = S(u- v) = 5(5) = 25 Ju - v| < |У 
|-1| < 1/2 


28. (Зи – v): (u – 3v) = Зи · (u – 3v) - у: (u – Зу) 
1 < V2. 
= 3u-u-9u-v—v-u+3v-v 
= 3и-и—10и-уУ+3у-у 
= 3(8) — 10(7) + 3(6) 


= -28 
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38. 


42. 


44. 


46. 


48. 


50. 


52. 


54. 


56. 


You have 
u- v = 100) – 1(1) + 0(-1) = -1, 
[ul = 12 + (s +0? = 4/2, and 
[у = 4/0 +12 + (1) = J2.8o. 
lu: v| < |ы |у | 

[-1|< V2-V2 


1-< 2. 


The cosine of the angle Ө between и and v is given by 


cos Ө 
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40. The cosine of the angle 0 between u and v is given by 


v (746) + YO) 


cos = У = 
lali 4? + 12/52 + 02 
E 94 
STP v17 
So, Ө = os- = 2.897 radians (165.96°). 


z z) 1 ы z) 
cos —| cos — | + sin —| sin 
асу 3 4 3 4 
LIUM K 
cos 


So, Ө = Z radians (15°). 
12 


The cosine of the angle Ө between и and v is given by 
2(-3) + 3(2) + (0) _ 


ШИ 


соѕ Ө = 0. 


ucv _ 
laly] 
So, 0 = Š radians (90°). 


The cosine of the angle Ө between u and v is given by 


cos Ө = \(—1) - 02) + 0(—1) + 1(0) 


(=з) =) (od 


-3 


So, Ө = ee - = - radians (135°). 


Because u : v = (4,3): (4,-3) = 2-2 = 0, ће 
vectors и and v are orthogonal. 


Because и. v = 1(0) – 1(—1) = 1 ¥ 0, the vectors u 


and v are not orthogonal. Moreover, because one is not a 
scalar multiple of the other, they are not parallel. 


Because и. v = 0(1)  (3(-8) + (—4)(—6) = 0, 


the vectors u and v are orthogonal. 


Because 

= 3( 3 1 1( 1) = _39 
u: v = 472) + ( С 1) 4*0 
the vectors are not orthogonal. Moreover, because one 
vector is a scalar multiple of the other, they are parallel. 


u-v=0 
(11,2) - (v, v) = 0 
Пу + 2% = 0 


So, v = (2t, 1), where t is any real number. 


lvl еро Д о о N65 


3 
32 20 


58. u: У = 
(4, -1, 0) (v, v2, №) = 
4v, + (-1)v + 0v, = 


о о o co 


4у -v = 


So v = (t, 4t, 5), where s and t are any real numbers. 
60. Because и + v = (-1, 1) + (2, 0) = (1, 1), you have 


|n + vis ul> v] 


fa. ps jedle o] 


J2 < A2 + 2. 
62. Because и + v = (1, -1, 0) + (0,1, 2) = (1,0, 2), you 
have 


{ч + у || |ы | [v] 
(1,0, 2) | < | (1, -1, 0) | + | (0, 1, 2)| 


V5 < V2 eS, 
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64. First note that u and v are orthogonal, because 66. First note that u and v are orthogonal, because 
u- v = (3,—2) - (4,6) = 0. u- v = (4,1, 5) : (2, 3,1) = 0. 
Then note Then note 
lu + vf = [а + [vl [u + vi? = 1а +v 


I. 9f =|в-2| + [06.9 6-2-9 = 161-5] +16 -39 
65 = 13 + 52 56 = 42 + 14 
65 = 65. 56 = 56. 


j 


68. (а) u-v = иу = [-1 12 = [(-1)(2) + (2)(-2)] = [-2 -4 = -6 


ЕЕЕ 2I poy«caca] =[ +4 -s 


= 
[e] 
м 
= 
Il 
= 
- 
= 
Il 
| 
= 
N 
кз 
pr EU 
= 
C ILI 
ll 
tg 
— 
L 
— 
= 
n 
— 
+ 
N 
— 
N 
м 
LL 
1 
— 
= 
+ 
4 
E 
Il 
сл 


oce (n ET] 


0 
70. (а) u- v = шу = [4 0 -3 5] | = [4(0) + 0(2) + (-3)(5) + (5)(4)| = [0 + 0 15 + 20] = 5 
4 


0 
(b) У: у= уу = [0 2 5 | = [0(0) + 2(2) + 5(5) + 4(4) | = [0 + 4 + 25 + 16] = 45 
4 


4 
(c) | = а^ = [4 0 -3 5] d = [4(4) + 0(0)  (-3)(-3) + 5(5)] = [16 + 0 + 9 + 25] = 50 
5 
ГоТ\о 0 0 
(d) (u · v)v = (u^v)v = |[4 0 -3 j- : = 3; = » 
14114 4| |20 
0 
(е) u- (5v) = S(u'v) = 5|[4 0 -3 5] : = 5(5) = 25 
4 
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72. 


78. 


80. 


84. 


Because и. v = —sin @5їп Ө + cos Ө(—соз 0) + 1(0) 
= -(sin ey — (cos ey 
= -(sin?@ + cos?) 
=-1#0, 


the vectors и and v are not orthogonal. Moreover, 
because one is not a scalar multiple of the other, they are 
not parallel. 


у = (vi, у) = (8,15), (у, -vi) = (15, -8) 


(8, 15) - (15, -8) = 8(15) + 15(-8) = 120 - 120 = 0 


So, (уз, -vi) is orthogonal to v. 
Answers will vary. Sample answer: 
Two unit vectors orthogonal to v: 
—1(15, -8) = (-15, 8): (8,15) - (-15, 8) = 8(—15) + 15(8) 
= -120 + 120 
0 


3(15, -8) = (45, —24): (8,15) - (45, —24) = 8(45)  (15)(24) 


360 — 360 
0 


u - v = (4600, 4290, 5250) - (499.99, 199.99, 99.99) 
= 4600(499.99) + 4290(199.99) + 5250(99.99) 


= $3,682,858.60 


This represents the total revenue earned from selling the 
three models of cellular phones. 


zl 
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74. (a) False. The unit vector in the direction of v is given 
by т. 
M 
(b) False. If u · v < Othen the angle between them lies 


л 
between p and 7, because 


cs8c0— T <0<л 


76. (a) (u . v) : uis meaningless because u - v is a scalar. 


(b) c- (u . v) is meaningless because c is a scalar, as 


wellas и · у. 


82.Let v = (t, t, t) be the diagonal of the cube, and 


u = (t, t, 0) the diagonal of one of its sides. Then, 
2Ó 2 


u-v Е _ E V6 
“ЇЇ Ag Ve 3 


and 0 = EJ = 3526. 


cos Ө = 


ju + vf — ilu - vf = H{(u + v) - (u + v) – (u у): (u - v)] 


= j[u-u+2u-vt+v-v—(u-u-2u-v+v-v)| 


= 140: у] =: у 
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86. If u and v have the same direction, then u = cv, с > 0, and 


[u + v] 7 [су + v] = (с + Iv 


| 
= с]у|+[у|= [су|+]у| 
= |«[+[у| 
On the other hand, if 
ju + |= || |у |, then 
2 2 
о + vl = (fulli) 


(п + v) (u + v) = |а + [У + jul] v| 


luf +|у[ + 2u: v =u? [У 2lulv] 


2u - v = 2|u|[| v] 


1 > 0=0 и and v have the same direction. 


88. (a) When и · у = 0, the vectors и and v are orthogonal (8 - 90°). 


(b) When и. у > 0, the vectors form an acute angle for 0 (о <0 < 90 o OS 0 < z) 


(c) When и. v < 0, the vectors form an obtuse angle for 0 (o < 0 € 180? or 2 <0 < 2 


Section 5.2 Inner Product Spaces 


2. 


1. Since the product of real numbers is commutative, 


(u, у) = щу + Juv = ущ + 9v, = (у, u). 
2. Le w= (эй, w2). Then, 


(u, v+ w) = u(y + w) + 9u (vz + уй») 


= щу + uw, + 9изу + изу» 


= щу + 9uyv, + UW, + 9н)» 
= (u, у) + (и, w). 
3. If cis any scalar, then 
c(u, у) = сщу + 90у) = (cu) + 9(cu;)v; = (cu, v). 
4. Since the square of a real number is nonnegative, (v, v) = vp + 9v? > 0. Moreover, this expression is equal to zero if and 


only if v = 0 (that is, ifand only if у = v = 0). 


. l. Since the product of real numbers is commutative, 


(u, у) = 2и + иу + щу + 2u5v; = 2vyu, + ми») + ущ + 2vyus = (у, u). 


2. Let w = (у, w»). Then, 


(u, v +w) = 2u (vz } w) + ‘(у } уй) + uj (v, + уй») + 2и›(у› + уй») 


= 2иуу + 2ши + uv, + UW, + щу) + UW) + 2u5v,  2u5w; 


= 2u + изу + щу + 2и»у»› + 2цщүу/› + usw; + uw,  2u5w; 
= (u, v) + (u, w). 
3. If cis any scalar, then 


c(u, v) = с(2щу› + изу + щу + 20) = 2(сиу)у›  (cu;)vi + (сш) + 2(си›)у› = (си, v). 
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4. Since the square of a real number is nonnegative, (v, v) = 2v2 + ур + v + 292 > 0. Moreover, this expression is equal 


to zero if and only if v = 0 (that 15, ifand only if у = v; = 0). 


. l. Since the product of real numbers is commutative, 


(u, у) = UY, + 2u5v, + изу; = vu + 2vyus + vy = (у, и). 


2. Let w = (уй, э», эз). Then, 


(u, v +w) = u(y } уй) 2и›(у› } Wy) + us(vs + ws) 


щу + шу + 2и»у›  2u4W» + uzv; + из» 


цу + 2uv + изу; + UW,  2u5W; + из» 
(u, v) + (uw). 


3. If cis any scalar, then 


c(u, v) = с(шу + 2и5у + U3V3) = (cu )v4 + 2(си»)у» + (сиз)»з = (си, у). 
4. Since the square of a real number is nonnegative, (v, v) = v? + 2v3 + v? > 0. Moreover, this expression is equal to zero 


if and only if v = 0 (that is, if and only ify. = vj = v, = 0). 


. l. Since the product of real numbers is commutative, 


cad] 1 1 E 
(u, v) = zuy, + 40У + $us. = 


1 1 1 = 
о + 4700 + 5303 = (у, и). 


2. Let w= (m, У, м). Then 


226 ol 1 1 
(u,v + w) = dui(vi + m) + (0 + w) + (0з + w) 
= | 1 1 1 1 1 
zV, + УШУЛ + GuV + 40000 + 53u33 + SU3Ws 
= luy luv, + luy lum, + tusw: Liew 
241 472*2 273*3 Б-ды baa | 4 *21*2 093773 


= (u,v) + (u, w). 


3. If cis any scalar, then 


c(u, v) = c(tum + Tuv, + Luvs) = Heu )vi + l(cuj)v, + 1(сиу)у» = (cu, v). 


4. Since the square of a real number is nonnegative, (у, у) = iw + iv + iv 2 0. Moreover, this expression is equal to 


zero if and only if v = 0 (that is, if and only if v, = v, = 0). 


. The product (u, у) is not an inner product because Axiom 4 is not satisfied. For example, let v = (1, 1). Тһеп 


(у, у) = (1)(1) — 6(1)(1) = —5, which is less than zero. 


. The product (u, у) is not an inner product because it is not commutative. For example, if п = (1, 2), and у = (2, 3), then 


(и, у) = 3(1)(3) – 2(2) = 5 while (v, ш) = 3(2)(2) — 3(1) = 9. 


. The product (u, v) is not an inner product because nonzero vectors can have a norm of zero. For example, if v = (1,1, 0), then 
(1,1, 0), (1,1, 0)) = 0. 


. The product (u, у) is not an inner product because Axiom 2 is not satisfied. For example, let и = (1,0,0),у = (1,1,1), and 


(u, v + w) = 2(1)(0) + 3(3)(2) + 0(3) = 18 
(u, v) + (и, w) = 2(1)(0) + 3(1)(1) + 0(1) + 2(1)(0) + 3(2)(1) + 0(2) = 9 
So, (u, v + w) # (u, v) + (и, w). 
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18. (a) (u,v) = -1(6) + 1(8) = 2 
©) Jul= fiw) = JC +P = 2 
(с) [у= iv. v) = Ve? «8 = 10 
@ div) =| - v] - C. -n]- JE C = 743 


20. (a) (u,v) = 0(-1) + 2(—6)(1) = -12 
© Jul = Ju) = V00) + 29-6) = 6v2 
© v= Ai. v) = JCD) + 200 = V3 
(d) d(u, v) = |ы - |= |01, -7)|= 10) + 2(-7)(-7) = V99 = s 1 


22. (a) (u,v) = 0(1) + 1(2) + 2(0) = 2 
©) |u| Ju) = VO «P +2? = V5 
© |= Jie v) =VP +240 = V5 
(à alu, v) = [а - v] =||(-1-1, 2)|= JC + C39 + 22 = Vo 


4. (a) (u,v) = (1)(2) + 205) + (002) = 14 
©) [а= fsa) = V0 + 20° +0) = 2 
© [у= (9) = V? + 265) + (2)? = vss 
[С -4-){= Jer? + 2(-®* + (0) = 88 


(d) d(u,v) = |u - v| = 


(111) - (2,5, 2)| = 


26. (а) (u, у) = 102) + (—1)(1) + 2(0) + O(-1) = 1 
©) |u| 2 J(u) = JP (20! +2? +0 = V6 
© |= Ji v) = J22 +12 + 0° +1 = V6 
(à d(u v) = | - vf -|(-L-2,2)]  JC1 + (2) + 2 +12 = 1o 


28. 1. Since the product of real numbers within a matrix is commutative, 


(А, В) = 2ayby + apb + аЬ» + 2а›Ь›› 


22а + һа; + Ьа) + 255a 


= (B, A). 


Wit E Then. 
р ^ 


Wi Wn 


(А,В * W) = 2ay(bi + wi) + albi + Wir) + а (Б + w) + 2a5(b + w;) 


2a Diy + 2аууул + abi; + aW, + aba + ау» + 2а›Ь›› + 205W» 


= 2ayby + арр + ар + 2а + 2ауүулу + ау + anw + 2@›;У/)) 


= (A, B) + (А,Й/). 
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3. If cis any scalar, then 

c(A, B) = c(2ayb, + арђ + azb + 2a5by) 
2(ca)bi + (caz)biz + (са„)Ь„ + 2(са,)ь,, 
(СА, В) 


4. Since the square of a real number is nonnegative, (B, B) = 2b) + bà + Ь + 2b2, > 0. Moreover, this expression is 


equal to zero if and only if В = 0 (that is, ifand only if b, = b; = bj = b = 0). 


30. (а) (4, В) = 2(1)(0) + (0)(1) + (0)(1) + 2(1)(0) = 0 
6) Al = (4, 4) = JoQy + 0% + 0? + 201) -2 
(с) [В| = (B. B} = 2.0 +P +1? 42-0 = V2 
(d) Use the fact that d(A, B) = |4 m B |. Because 


] -1 
А-В = | | | you have 


(4- B, A – B) = 2(1) + (3 + (-1) + 20" = 6. 
d(A, B) = (4 - В, A - B) = 4/6 


32. (а) (А,В) = 2(1)(1) + (0)(0) + (0)(1) + 2(—1)(—1) = 4 
6) а= (44) = A20 + 0? + 0? + 2-1" = V4 = 2 
© |B] = (8.5) = J20) +0 +12 + 2-17 = V5 


0 -1 
(d) Use the fact that d(A, B) - | А - В|. Because А-В = | | you have 


(4- B, A- В) = 200)? +0? +(—1) + 200)? = 1. 


d(4 В) = J(4- B,A-B)=V1=1 


34. 1. Since the product of real numbers is commutative, 
(p, а) = ар + ab + +++ + а, = boao + ba, ++ b,a, = (9, p). 


2. Let w = w + mx + + w,x”, then 
0 i n 


(p.q + w) а( + wo) + a(b + m)x ++ + а, (Б, + w,)x” 
= dobo + аруу + abix + amx + + aVb,x" + a w, х" 
= абу + abx ++ + a,b, X” + aow + awx + + + ap w, х" 
= (p, q) + (p. w). 
3. If cis any scalar, then 
c(p, q) - c(aobo + a bx + + a,b,x") 
= (сау) + (cai)bx + + (ca,)b,x" 
= (ср, q). 
4. Since the square of a real number is nonnegative, (4, 4) = be + рх? + + + b2x?" > 0. Moreover, this expression is 


equal to zero if and only if q = 0 (that is, if and only ifgy = --- = q, = 0). 
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36. 


40. 


42. 


Chapter 5 Inner Product Spaces 


(a) (p,q) = 11) + 1(0) + 20) = 2 38. (а) (p,q) = 1(0) + (-3)(-1) + 2) = 5 
, i28 (b) [рР|= (р, р) = 2 + (3) +P =11 


(с) lal (9, 4) = 02 + (1 +22 =5 


lal = Aa. a) = V5 


(d) Use the fact that d(p, q) = |р — «|| Because 


Hs 
T 
Ss 
A 
T 
р 
T 
N | Ww 


(с) lef = (22? +0? +2? =5 


а= Nf 9) = V5 : 
p-q21-2x — x’, you have 


(d) Use the fact that d(p, q) = |р — 4|. Because (еру eer eg 


d(p.q) = (p - a.p - a) = V6 


P-q=x- 5^. you have 


зү 13 
(p-a p-a) = 0 + +(-3] 


2 4. 
B 13 
dag =P ap a) = Ais 
@ (лв) = f. вода = fi, Calle? = x + 24 = [P a? ox) = E £n | :- 


“|м 


® WE = (n= Јев) = 


2 
HENE 


© [р = (ea) =f. 


BENGA 
15 


(d) Use the fact that d( f, g) = n - g |. Because f-g=-x [3e x4 2) = —x? — 2, you have 


1 


1 
(x -x+ 2) dx - | (x 2x3 + 5x? — 4x + 4)ах = Е x + 5x 2x? 4 d = 176 
-1 


(7-2,7 - в) = (2 -2,-x? 2) = рева |а a186 
d(f.g) = (7-2,7 - ж) = =. 


1 1 2 
(a) (/,в)= || xe™dx = —e"(x + )| =-е!+б=—-© 
E 


пЭ cxi ape. А = 
ЫР Га) =i 


2 6 
1-42 = 2 


ө ере) = f ee | = +) 
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(d) Use the fact that d( f, g) = |f m g |. Because f -g = х – е“, уои have 


d(f, в) = 407-87 - е) = farse г. #5 


44. Because (и, у) = оја) + (-1)(1) = 0, the angle between и and у is S 
46. Because (u, v) = (ijo + (-1)(1) = 0, the angle between и and v is Е 


(0)(3) + (072) + 20) -4 4 


u v) _ Е 
MPI” Ja «cJ Е 77 


48. Because 


the angle between и and v is cos ! — = 2.069 radians (118.56). 


`/70 
su Bea Lew = (1)(0) + 2(0)(1) + (1)(-1) ONE 
LIZNN = 20 + 


OVO a «cy Уз Ve 
1 


the angle between p апа q is e = 1.991 radians (114.099). 


52. First compute 
1 x ! 
(f. g) - (L x) = [ea Е У = 3 
1 1 
IPP == fries] =2 = || v2 
2 x] 2 2 
llf = (9 2) = frt |. 5 =181- J 


So, 
(sg __ 25 — X5 
IMs] 242/55 3 


and the angle between / апа g is EJ = 0.73 radians (41.819). 


165 
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54. (a) To verify the Cauchy-Schwarz Inequality, observe 


бъ v) < ull] v] 


(C) Q9] s JC  QY - Jay + cy 
|-2| < 4/2. V2 
2-60; 
(b) То verify the Triangle Inequality, observe 
Ju + vIs]u]«]v] 
Y + 0)? < Jc! + 0 + Jay + cy 
0 x 2 + 4/2 
0 < 24/2. 


I^ 


56. (a) To verify the Cauchy-Schwarz Inequality, observe 


КАЛЫШ 


IDO + (0)(2) + O| < J? + (0° + (2° - Jay + Qy + (0) 
Ш 5-5 
1< 5. 
(b) To verify the Triangle Inequality, observe 
ГАНЕ 
VP + 2) «QY < J)? + (0)? + QY + AQ + (2 + (o 
A2 < V5 + V5 
2/3 < 2/5. 
58. (a) To verify the Cauchy-Schwarz Inequality, observe 
I. а)| < lella] 
|(o)Q) + 200) + (0)(-2)| < (0) 20) (0 - J)? + 20? + c4? 
[0|< 4/2. V2 


0x2. 


(b) To verify the Triangle Inequality, observe 
le + а|<|р|+[а| 
МО) + 20) + (1 « (oy + 20)? + (0) + f(a)? + 200) + (2) 
V4 < 42 +-/2 
2 < 2/2. 


60. (а) To verify the Cauchy-Schwarz Inequality, observe 
10, в) s T4115] 


100)(1) + (90) + (2) + C9 72)| < \/ (0 + (1) + Qy + (-1)’ - " QY + (D? + Qy + cay 
т|< Ve - Mio 
7 < 4/60 


7 < 7.746. 


< 
< 
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(b) To verify the Triangle Inequality, observe 
а + в|<|л|+|в| 
JY + Qy + (4° + C3* s J +)? + y + CY + Jay + Qr + (2)? «oy. 
4/30 < V6 + V10 


< 
5.477 < 5.612. 


62. (а) To verify the Cauchy-Schwarz Inequality, observe 


2 


= 0 


| 
0 m л 


(f. g) = (х, cos zx) = fix ee ЗЕ Е mx xsin =| 


0 


2 29 MK: 24/6 
ЛЕТЕ = [2] = Soy 1-3 


3 


|g||’= (cos zx, cos zx) = [со лах 


2 , 2 
.pites LM - |5 шы -12]eg|- 
0 2 2 ax Йй 


and observe that 


IG в)| |7 1181 


(b) To verify the Triangle Inequality, observe 


2 К 2 
|/ + gl? =||x + созлх|?= [i + cos лх)ах = E , sin g ae 
0 


= 17 + [= V2. 
So, |f + e| |71 Ta] 


45 < 246 
3 


+1. 


64. (a) To verify the Cauchy-Schwarz Inequality, compute 


(7, 8) = (х, e) - | xe" dx = —e™(x + j| = 1-2e! 


1 
1 1 JA 
Мб) = [ne = 2] im dude 
2 -x o-x\ _ 2x - e = e = e 
lef =e) = em T] рт 
and observe that 
K 891 = 7] 
-2 
EE 22) zen г 
3 2 2 
0.264 < 0.380. 


167 
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(b) To verify the Triangle Inequality, compute 


—2x 1 
17 + а? = (х +e", х + e) = [A (х + eJ dx = EX +1)- £ _ + a 
0 


ЖЗ 
—2 
det © ui en 
23 2 
= 17 e? 17 
=e- + |р |= |де + 
та duc Os 


and observe that 


If + estés 


4e! 4 < + + 


1.138 < 1.235. 


66. The functions f(x) = хапа g(x) = Hee - 1) are orthogonal because 


1 l5 lp! 3 1(3x* үү 
(f, в) = j, х (3х Пах = E (3x x)dx = +f А 3 zm 


68. The functions f(x) = land g(x) = cos(2nx) are orthogonal because (f, g} = E cos(2nx)dx — Е sinus) = 0. 
n 


. u 
70. (а) proj, u = | 


b iu 3,=1] 
(b) proj, v (PES Сз « Cy ) 
21 
= “Fgh 
о 
10° 10 
(с) ) 


projyu -2+ 
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2 potu = E - OO + C205 p- 445 = (6 2 
72. (a) proj, (v, v) (з) = ay. G. 1) 19 1) (S :) 
тору - C - OO + OC) _ 5 » 
(b) proj, an QY + Cay (2,-2) = 10. -2) = (1, -1) 
cC) 1 
2+ 


-2+ eu = (2, —2) 
proj, 
2 sena c X), = CD + OO + YI) 4 _ 2 
74. (а) proj, ES Cy + Oy (С? (-1, 2, -1) (-1, 2, -1) | E 2) 
Lv A (00) + 0) + (VE) 4 (24 2 
(b) proj, (a, u) (07 + (27 + (сту (1, 2, -1) (1, 2,—1) E , i) 


.. v) (-9Q)- (4)C1) + (—2)(2) + 6072) 
76. (a) proj,u a oy " с Р oy е с (2, —1, 2, —1) 
13 13 13 13 13 
"bob »-( 5710 212) 
aes (у, ш _ Qc) + (—1)(4) + (2)(—2) + C00) 
(b) proj, (a, u) Cn? + (4? + (2° + (Зу (-1, 4, -2, 3) 


= —(-1,4,-2,3) = | =, 
2 )=( 


13 26 13 13 
30' 15'15' 10 


78. The inner products ( ds g) and (g, g) are as follows. 


| tle of! _ | 2x? x 2x vr] 8 
(в) = | (5 — х 2х - 1) = [ (2x4 - x? — 2x? + x)dx Е 7 3 + 2 |, 15 
1 à | Ax? EE 
(g. g) = [ (2х – 1) ах = | (x — 4х + Пах = = = 252 + J = E 
So, the projection of fonto gis proj, f = A Be E Qr —1) = E — 1). 
80. The inner products ( f. g) and (g, g) are as follows. 
(f, 2) = n хе * dx = [-e*(x FS m = 967! 404 
1 
opl xg ере? 1 1l-e? 
(вв) = Jem a ESI B ШШЕ: 
—- — (f g) _—2е'! +1, 0 5*2; 77 + 267 
So, the projection of fonto gis proj, f = m ee = lcs (e ) E 1223 (e ) - Te ; 


169 
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82. 


84. 


86. 


88. 


90. 


92. 


94. 


96. 


98. 


100. 
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The inner product ( fs g) is 


(7,8) = ies sin 2x sin 3x dx = is BI — cos 5х) dx = Asin m 2 = 0 


which implies that ргој, / = 0. 


. m 
The inner product (7, g) is (f, 2) = he: x cos 2x dx = = a цеп =] CINE. 
= 


4 2 4 4 


which implies that proj, f = 0. 


(a) False. The norm of a vector u is defined as a square root of (u, u). 


(b) False. The angle between av and v is zero if a > O and itis z if a < 0. 


|u + ур + |а - у = (u + v,u + у) + (u – v,u – у) 
= ((u, u) + 2(u, у) + (v, v)) + (lu, u) — 2(u, v) + (v, v)) 


21а? +2]у[ 


To prove that u — proj,u is orthogonal to v, you calculate their inner product as follows 


(и — proj,u, у) = (и, v) — (proj,u, у) = (и, v) (i Ds ' (п, v) ьм) v) = (u,v) - (u,v) = 0. 


You have from the definition of inner product (u, cv) = (су, u) = с(у, u) - c(u, у). 


Let W = {(c, 2c,3c): c € R}. Then 
Wt = {уе Е : v-(c,2c,3c) = 0} = [(х, у, 2) e R : (х, y, z) : (1,2,3) = 0]. 


You need to solve x + 2y + 3z = 0. Choosing y and z as free variables, you obtain the solution x = —2t – 35, у = t,z = 5 


for any real numbers t and s. Therefore, 
W+ = {t(-2,1,0) + s(-3,0,1) : ,s € №) = span{(-2,1, 0), (-3, 0, 1)}. 
(a) All four axioms of the definition of an inner product must be satisfied. 
(i) (u, v) = (у, u) 
(ii) (u, У + w) = (u, у) + (u, w) 
(iii) c(u, v) = (cu, v) 
(iv) (v, v) 2 0, апа (v, v) = Oifand only if v = 0. 
(b) To find an orthogonal projection, find (u, v) and (v, у), and have v + 0 so that 


(uy) 
(у, у) 


Let u = (x, y). Then |u| = х/сх? + суу? = 1. Since the equation of the graph is lx? + iy? =], а = Тав с = 1. 


projyu = 


Let u = (х, y). Then lul = +\/сух?* + cy? = 1. Since the equation of the graph is A + гу? = 1, а = * and c; = y 
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2. (a) The set is not orthogonal since 
(73,5) - (4,0) = (-3)(4) + 5(0) = -12 = 0. 
(b) The set is not orthonormal since it is not orthogonal. 
(c) Because the two vectors are not scalar multiples of each other, by the Corollary to Theorem 4.8 they are linearly 
independent. By Theorem 4.12, they are a basis for R?. 
4. (a) The set is orthogonal since (2, 1) - (4. 2) = x1) t Ц 2) = 0. 
(b) The set is not orthonormal since I. 1) | = 4/22 +12 = 4/5 #1. 


(c) Because the vectors are not scalar multiples of each other, by the Corollary to Theorem 4.8 they are linearly independent. 
By Theorem 4.12, they form a basis for R°. 


6. (a) The set is orthogonal since (2, —4, 2) . (0, 2, 4) =0-8+8=0, (2, 4, 2) . ( 10, —4, 2) = —20 + 16+ 4 = 0, and 
(0, 2, 4) ( 10, 4, 2) =0-8+8=0. 


(b) The set is not orthonormal since |(2, -4, 2)| = 4/2? + (-4y +2? 242421. 


(c) Because the three vectors do not lie in the same plane, they span R°. By Theorem 4.12, they form a basis for R°. 


8. (a) The set is orthogonal since |22. a . | v6 уе = 0, (2 0 2) . E УЗ £) = 0, and 


, E) , 


2 6 3° 6 20535) 02 3° 3° 3 

OSG V6) [x3 v3 Emir 

6° 3° 6 3° 3° 3 | 

(b) The set is orthonormal since У? o, V2 = (101 = 1, “V6 V6 У6 = i++ = land 
2 2 2 2 6 3'6 6 
J/3 3 — 3 {| 1 1 
: А = += += = 1. 
3° 37° 3 з 3 3 


(c) Because the three vectors do not lie in the same plane, they span R°. By Theorem 4.12, they form a basis for R°. 


10. (a) The set is orthogonal since (-6, 302 1) . (2, 0, б, 0) = —12 +12 = 0. 


(b) The set is not orthonormal since |(—6, 3, 2,1)|= 4/36 - 9 4+1 = 4/50 #1. 
(c) Since there aren't enough vectors, the set is not a basis for №“. 


12. (a) The set is orthogonal since 


ХЕШ (0, 0,1, 0) = 0, 
10 

e еши - (0,1, 0, 0) = 0, 

v10 9 gm =3V10 5 o, М0 NOM 
10 ' 10 PEUT. 10 10 ' 
(0, 0, 1,0) - P 0, 

(0,0,1,0) | 29510 o o, M12} = 0, 

10 10 
and (0, 1, 0, ДЕ 3/10 9 0, 019). 
10 10 
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(b) The set is orthonormal since 


= 1, 


(0, 0, 1, 0) | = 1, 


10 10 (0,1, 0, 0)|| = 1, and 


oS: 


10 10 10 10 


буе 


9 4 
= — + 


(с) By the Corollary to Theorem 5.10, the set of four vectors is a basis for R^. 
14. (a) The set is orthogonal since (2, —5) - (10, 4) = 20 — 20 = 0. 


(b) Since |(2, —5) | = 4/2? + (—5)” = \/29 and| (10, 4) | =V10°+4 = 2/29, normalizing the set produces an 


orthonormal set. 


Yi 1 А - (2 m 


= = 2, » 
"= lv 79 29 29 
Ее емее 5/29 2/29 
v| 2429 29 ° 29 


6 2. 3 2 6 12 12 
16. (a) The set is orthogonal since 5 5 . ,—,0| = + 0 = 0. 
13 13 13 13 13 13 13 


6 23 6) DY EL: 49 _7 
b Я = + + = = — and 
13 13 13 13 13 13 169 13 
2 2 EA 
2 s 6 ,0 || = 2 + б +0? = ae = 2 Io normal ne the set produces an orthonormal set. 
13 13 13 13 169 13 
TRE 23) (8 2: 
"equ SEIS" 1313) P 77 


aeo E 20-5 3 o) 
^ dw] 2/1013 13’ V10 V10” 


(b) Since 


— 


18. The set {(sin Ө, cos Ө), (cos Ө, —sin 8) is orthogonal because 
(sin Ө, cos Ө) - (cos Ө, —sin Ө) = sin Ө cos Ө — cos 8 sin Ө = 0. 


Furthermore, the set is orthonormal because 


| (sin Ө, cos @)|| = sin? + соз?Ө = 1 
|(соѕ Ө, -sin &)| = cos? + (-sin ey =1. 
So, the set forms ап orthonormal basis for R?. 


20. Use Theorem 5.11 to find the coordinates of w — (4, —3) relative to B. 


(4, y [2 <) _ 43 36 


* 


3 3 3 3 
4/3 _ 6 
So, [w], = 3 
„йыб ы 
3 
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22. Use Theorem 5.11 to find the coordinates of 
w = (3, —5,11) relative to В. 


Section 5.3 Orthonormal Bases: Gram-Schmidt Process 


24. Use Theorem 5.11 to find the coordinates of 
w= (2, —1, 4, 3) relative to B. 


Gs) (40,0) з саз) (50B) = 5.6 -8 
(3, -5, 11) - (0,1,0) = —5 (2, —1, 4,3) - (0, 1,0, 0) € 
(3, 5,11) - (0,0,1) = 11 SA HET 
А (2, =, 4,3). | 15 9 i0) 13 * 13 13 
(2, -1, 4,3) - (0,0,0,1) = 3 
So, [w], = |—5| 
T 
П So, [w]; = [22 -1 -4 3]. 
26. First, orthogonalize each vector in B. 
м = vi = (-1,2) 
(уз, Wi) (-1)1) + 2(0) Е 2) 
= (1,0) – 1,2) = (1,0) + —(-1,2 : 
we = ve Pe Ыс = 69) л = (24 
Then, normalize the vectors. 
=. I (115) | ME 
II. Joy +2? 3 5 
M 1 ($3) - [25.35 
[у] "a 2S 5 55 
еы! + и 
5) +) 
So, the orthonormal basis is В’ = | ys 2/5 } es RE } 
5 5 5 5 
28 First, orthogonalize each vector in B. 30. First, orthogonalize each vector in B. 
м = vi = (4,-3) w, = v, = (1, 0, 0) 
w= CANA м = S (Vo, wi) 
(wi, Wi) (wi, wi) 
3(4) + 2(-3) 1 
3,2 4, -3 = (1,1, 1) - -(1, 0, 0) 
а-та) 
= (0,11 
= (3,2) — ——(4,—3 
( ) ( ) Walser As (уз, wi) (уз, w>) 
з в) imo) (as Wa) 
| (25° 25 0 
= (Ь1,-1)——(1, 0, 0) — (0, 1, 1) 
Then, normalize the vectors. 2 
= (0, 1, -1) 
йү ы ЖЕ = 1 (4, 3) = (4 > 
|wi | J? + (-3)° 5 5 Then, normalize the vectors. 
Oow 1 51 68) (34 u = © = (1,0,0) 
| А KG (S) 25' 25 5° 5 ША) 
E DE 1 1 1 
25 25 п, = 2 0,1,1) = о | 
Гм ТЕ 
ad "E 
So, the orthonormal basis is B’ = (s E E B А 1 | 1 1 | 
5 5/\5°5 u = = OM pe фис „5 
|| V2 ( ) 2" 93 


So, the orthonormal basis is 


(n 0, 0), Ü 75 


л) (^ ү? E^ 


173 
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32. First, orthogonalize each vector in В. 


му = v = (0,1,2) 
(ve Wi) у 
= (2, 0,0) – 0(0, 1,2) = (2, 0,0 
Ww» Voor (wow) ) (0, > ) ( 9 ) 
ЫВ) с ee iy О 28,00) 5 (o. 2 E 
? š (wow) (Wo, Wo) i fee sp v" 4 5 5 


Then, normalize the vectors. 


w; 1 LS riw 3 
ү лен | T 4) 


W3 1 
2,0,0 1,0,0 
[wo] = 30:90) = (10,0) 


мз e 2 ЗУ -Í 2 1 ) 
u 5 0, > 0, > 
[ж] 5 5 J5 «5 


- 2 1 
So, the orthonormal basis is 1, 0, 0), | 0, —=, -—= |. 
(o * 1/5” 2/5 a} 00) | 5 z) 


34. First, orthogonalize each vector in B. 
w; = vi = (3, 4, 0, 0) 


у; = 


(уз, м) | 28 21 | 
= у, – -1, 1, 0, 0) – —(3, 4, 0, 0) = | -——, = 
Wo V2 (wow) ( 9 9; ) (3, » v» ) 5° 25° H 
м; = у; Овим) (уз, Wo) 
(wi, wi) (w2, w2) 
7 
10 s( 28 21 
= (2,1, 0, 1) - —(3,4,0,0 – 21 ——, 2,0,0 
(1% ы) - 10,400) al 0) 
25 
6 8 43 
= (2,1,0, -1 0,0 | 4 0,0 | = (0,0,0, –1 
(2, 1, 0, -1) (2.2.0.0) EID) (0, 0, 0, 1) 
= (уд, wi) (ц, w2) (у, ws) 
Wa V4 
(wi, wi) (W>, w2) (w3, W3) 
21 
4 25( 28 21 
= (0,1, 1, 0) – —(3, 4, 0,0 , —, 0, 0 | — 0(0, 0, 0,-1 
(0.41.0) - 2,400) - 22-5 2, 0,0] —0(0,0, 0-1) 
25 
(0, 1, 1, 0) Zs | | | Hs 2,0,0) (0, 0, 1, 0) 
25° 25 25° 25 
Then, normalize the vectors. 
w, 1 3 4 
3, 4, 0, 0 =, 0,0 
Twill - 4 ) = G 5 | 
КЫРЕ. ЖЕ \ 28 0.0) _ Е 20,0) 
[w] 7\ 25 25 3.3 
u, = “= = (0,0,0,-1) 
А 


u, = wy = (0,0,1,0) 


4 
5 


| чо 


So, the orthonormal basis is E - 0, o} - 


‚0, o} (0, 0, 0, —1), (0, 0, 1, 2 
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36. 


38. 


40. 


42. 


Section 5.3 Orthonormal Bases: Gram-Schmidt Process 


Because there is just one vector, you simply need to normalize it. 


! (2, -9, 6) = H 9,6) = (2-2 £ 


J2 + (-9) + 6 


First, orthogonalize each vector in B. 
w; = vi = (1,3,0) 


(у, wi) 3 (2 9 | 
= = = (3,0,—3 1,3,0) = 3 
W2 Vo (wi, wi) ( У ) i5 э» ) 0” > 


п = 


Then, normalize the vectors. 


Wi 1 


[э] Vio (лг Ле o) 


wee)" 9 3 x) 
* Jw. 319010" 10 М190” 4/190 4/190 


u = (1,3,0) = 


First, normalize each vector in В. 


w; = vi = (7,24,0,0) 


(уг, wi) 
=v,- = (0,0,1, 1) — 0(7, 24, 0,0) = (0,0,1,1 
W2 Vo (wi, wi) 1 ( ) ( ) ( ) 
Кк. ЖК с ш (0, 0,1, -2) — 0(7, 24, 0,0) - 2(0,0,1,1) = (o 0, 2-3) 
(wi, wi) (Wo, Wo) 2 2 2 


Then, normalize the vectors. 


u = 1 = — (7, 24, 0, 0) - (5 200) 
|м. | asl 25 25 
WwW 11 | 
- ze 0,1,1) = | 0,0, —=, —= 
"= iwl )=| NUNT 
W3 


uu = 


EN bow = ( 7. a 


So, the orthonormal basis is 
7 24 1 1 1 
,0,0 10,0, D ш 
E 25 Y mu) V2 4) 


The set G г) e 2) from Exercise 41 is not orthonormal using ће Euclidean inner product because 


zl. 


Е М у> 
9 9 


175 
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ll 


= [io - 20) + io- en - Ze +i] 
8 
xm 


50. The solutions of the homogeneous system are of the form (-3s + 3t, s, t), where s and ¢ are any real numbers. So, a basis for 
the solution space is {(-3, 1, 0), (3, 0, 1). 


To find an orthonormal basis В = {u,, u;], use the alternative form of the Gram-Schmidt orthonormalization process, as 


shown below. 


ЕЕ 1 o) 
[vd сло Vio" 


Woe Xy cn (v2, шуш 


1 
шә 
© 
= 


nen peo dde] de 


0; 


w 10 (2 9 ) ЕЕ 94/190 x) 


fwa] vioo Uo 10 190 ° 190 ° 19 


So, an orthonormal basis for the solution space is 


{ 3/10 V10 o) E 94/190 | 


10 ' 10 190 ° 190 ° 19 
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52. The solutions of ће homogeneous system are of the form (s + 1,0, 5, t), where s and t are апу real numbers. So, a basis for the 
solution space is {(1, 0, 1, 0), (1, 0, 0, 1). 


To find an orthonormal basis В = [u,, u;], use the alternative form of the Gram-Schmidt orthonormalization process as 


shown. 


u, Vi 1 (1, 0, 1, 0) = e 


du V2 


uy = v; - (v2, u)u, 


(1, 0, 0, 1) — E 0, 0, 1) - E 0, y2 jp 0, zx) 


= E 0, = ) 
2 2 


pm o) 


2 2 


pela Wee И ( 1 ) V6 " Je V6 
^ dw] 4/2027 2° 6' 6/3 
So, an orthonormal basis for the solution space is (2 0, 2 o} e 0, B ye } 


54. The solutions of the homogenous system are of the form (—r — t, —s, r, s, t), where r, s, and t are any real numbers. So, 
а basis for the solution space is ((—1, 0, 1, 0, 0), (0, —1, 0, 1, 0), (—1, 0, 0, 0, 1)). 


To find an orthonormal basis В = [u,, u;, us}, use the alternative form of the Gram-Schmidt orthonormalization process 


as shown. 
Y, 1 | 1 1 | 
u = — = —2(-10,1,0,0 = —— =, 0, —=, 0, 0 
ы a то 
Wo SVQ: = (v2, шуш 
= (0, —1, 0, 1, 0) – |(0,—1, 0,1, 0) | Dd 5:9) zh ALI) 
a АЗ NI NZ 


Wa — Và — (уз, uu, Е (уз, u;)u; 
(-1.0,0,0,1) = |(-1,0,0,0,1)-[ bs «oJ NE 0,0) 
» V, V, Vy » V, V, V, us , RI , J? , V2’ , 
= les 0, 0, 0, 1) d (n TE 0, I DIO ш i > 0, a o) 
2 2 2 2 


w, 1 1 1 1 1 E 
= = I ‚ 0, ‚0,1 ‚0,— ‚ 0, 
^ ivi zl REID) Е Js : 


So, an orthonormal basis of the solution space is 


[Coena deed Coe 
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56. (a) True. See definition on page 254. 
(b) True. See Theorem 5.10 on page 257. 


58. Let р(х) = x?, p(x) = 2x + x° and р(х) = 1 2x + х2. 


Then, because (р, p;) = 0(0) + 0(2) + 1(1) = 1 # 0, the set is not orthogonal. Orthogonalize the set as follows. 


ү =р=Х 
w = р, – CAAM =x +2x 0(0) ii 2(0) si 10) 2 = 2x 
(wi, wi) 02 + 02 + 12 
= (рз, w2) (рз, wi) 
UB uw) ^ (ww). 
1(0) + 2(2) + 1(0) 1(0) + 2(0) + (1) 
See 0? + 22 + 0? = 02 +02 + 1 А 


= 1+ 2х +02 – 2х - х2 = 1 
Then, normalize the vectors. 


u = Wo 1 xijg? 
Im]. 4/02 +02 +12 
W> 1 
u, = = 2%) = x 
Tel prea” 
и; = 7? l (1) =1 


dw] JP +040 


So, the orthonormal set is Is x, 1). 


5x + 12x? 12x — 5x? 60 60 
60. Let р(х) = 137? р(х) = 137? and р(х) = 1. Then (р, рг) = 169 169 0, (р, рз) = 0, and 
(р, рз) = 0. 
Furthermore, 
25 + 144 25 + 144 
no / = =1 [p |= 22725, and [o] 1. 


So, [pi. p2, рз} is an orthonormal set. 


62. Let р(х) = V2(-1 + x?) and а(х) = /2(2 + x + x?). Because (р, 4) = 242 + 0(V2) + (-V2)(2V2) = -2 0, 
the set is not orthogonal. 


Orthogonalize the set as follows. 


Wi = р = V2(x? - 1) 
q, W е -2 32. 3/2 

W. = 9 – сш = REI t+ x 4 x°) 1 (V2(x? 1) = E „2х + ; x 
Then, normalize the vectors. 
aget i SEA д 202 шысы 

[wil 2 2 
a goo D]399 a С a ПИРЕ Е С 
"o jwa [vil 2 2 S22 foo A2 


So, the orthonormal set is | + х + X 4 
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64. 


66. 


68. 


Section 5.4 Mathematical Models and Least Squares Analysis 179 


Let v = qv, + + + c,v, be an arbitrary linear combination of vectors in S. Then 


(м, у) = (W, civ) * + ev.) 


= (м, сууу) + + (W, С,у,) 
= ¢(w, у) e Cr (Ws Va) =e, -O+:+e¢-0=0. 
Because c,,... , c, are arbitrary real numbers, you conclude that w is orthogonal to any linear combination of vectors in S. 


Let v e W ^ W+. Then v · w = 0 forall w in W. In particular, since v є У, v · v = 0, which implies that у = 0. 


0 1 -l 0 1 -l 70. To form an orthonormal basis B’ for V , follow these 
А= |0 -2 21500 0 steps: 
0 -1 1 00 0 (i) Begin with a basis for the inner product space. 
It need not be orthogonal nor consist of unit 
NE. Ded vectors. 
T = — — 
4 =| 1 -2 -l|>j0 0 0 (ii) Convert the given basis to an orthogonal basis. 
12 1 0 0 0 (iii) Normalize each vector in the orthogonal basis 
11 Го to form an orthonormal basis. 
N(A) = span 51011 
0||1 


N(A) = R(A") and N(4") = R(A)* 


Section 5.4 Mathematical Models and Least Squares Analysis 


2. 


The system ol’ 0 
Co =0 
cy + За = 1 8. Not orthogonal: i -6 #0 
Co + 4с, = 2 -2 2 
has no solution. The points are rot collinear. 

0 1| [0 

. The system 
10. (a) S = span4 -2|; = S+ = $рап+|0|,| 1 

&-4= 5 

1 0112 
€; +a = –1 
ota 2-4 b) 59 St = № 


has no solution. The points are rot соШпеаг. 


T 


-3 2 -3| |0 
. Orthogonal: | O| |1) =] 0.120 
1 6 1| |0 
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0 0||2 1||—1 

1||0 -4 1 

12. (а) S = span4|-1,| 01| = S+ = span4 -2,| 0 
1 2110 2 0 

—1||—1||2 0 1 


b) 5 © St = RS 


14. (a) Because S = li. 


0 
0 
SŁ = span 4|1 |, 
0 
0 


1||0||0 
0||1||0 
(b) Since S = spans| 0|,|0|,|0|+,уои can see that 5 Ф St = R5. 
0||0||0 
0||0||1 


1||—1 

-4|| 1 

S+ = $рап+|—2|,| 0 

0 

1 

18 

0 0||2 
1 1||0 
(S?) = S = span = =1 10/11 
1 2110 
—1||—1||2 
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18. Using the Gram-Schmidt process, an orthogonal basis 


NY 
5 110110 
for S is M RE n 
/5 1100 
0 lo||t 
L 0| 
projsv = (u; - 


d 
NE 


20. Using the Gram-Schmidt process, an orthonormal basis 


for Sis 
"n 
2 0 
1 1 
2 EV: 
1P d 
Sur sus 
1 0 
[2] 
projsv = (u; 
1T 
5 
1 
Е "El 
1 
2 
1 
[2] 


NIB NIE юке юе 


4 
< 
= 


Spe ee 
o N N o 


+0 


[= nile nile [н 


+ (u, - v)u, + (u; - v)u; 


NIM ù n N|“ 


22. 


24. 


181 


0 —1 1 10 2 
А=|1 2 0| => |O 1 -l 
1 оо о 
0 1 1 10 1 
АТ =|-1 2 1| > JO 1 1 
101! 0 0 0 
-2 
N(A) = span 4| 1 
1 
-1 
N(A") = span -1 
1 
011—1 
R(A) = span 41|, 2 
1 1 
0||1 
R(4") = span 4| -15|2 
1/10 
1 0 -l 100 
0-1 1 0 10 
А = > 
1 1 0 00 1 
1 0 1 0 0 0 
1 01 1 10 0 0 
AT =| 0 -1 1 0| > |0 10 1 
=1 10 1 00 1 I 
0 
N(A) = 10 
0 
0 
-1 
N(A") = span 
1 
1 011-1 
011-1 1 
R(A) = span ; ; 
(a) B 1 1 0 
1 0 1 
1 0||1 
к(47) = зрап+| 011-11 (к(а) = R°) 
—1 1/10 
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[1—11 
110 1 303 
1 11 
26. ATA =|-1 1 1 0 =|0 3 I 
0 11 
1111 3 1 4 
"1 0 1) 
[2 - 
1101 5 
ү 1 
4b-|-11 1 Of |=|-1 
1111 5 
|2 7 
303 5 100 x Т 
03 1-1[2|0 1 0 -4| 2x-|-1 
3 14 5 001 4 1 
02 1 
0 121 0]|1 1-1 6 4 0 
28. 442|2 1 11 2/|2 1 0|=|4 11 0 
1-101 -|[1 1 1! 0 0 4 
02 -l 
1 
121 O0] 0 I b vs 
Ab-22 111] 2| 1|=|2 : 111117 5 0 
34. ATA = 1 = 
1-10 1 -1|-1 0 nh -1 0 1 2| l al 
0 1 
Р | 1 2 
4 1 100 x 50 0 
4 _ |4 
4 11 51010 zc 2x-x » 
1 1 11 1 16 
04 001 0 Alb = 3| = 
-2 -1 0 1 2 15 
- 5 
0 2 
01 1 2 4 | 6 
30. АТА = 1 1|- 
213 4 14 5 0 16 10 32 3.2 
1 3 > > х = 
= 0 10 15 0 1 L5 1.5 
2 
0 1 1 -1 line: y = 3.2 + 1.5x 
А = SE > 
213], 5 ; 


The normal equations are 


AT Ax = A'b 


HP HEP 


The solution is 


ar 


Finally, the projection of b onto SS is 


: 
- 6|. 5 
Ax =|1 1| #|=|—3 
6 2 

13 2 
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100 1-24 
11 1 1 4 6 14 d 
"m í A M P 1 1 11 01 -1 1 5 0 10 
x 2 bu. . A A=|-2 -1 01 241 0 02/0 10 0 
1 9 14 36 98 38 
139 4 101 4J1 1 1| [10 0 34 
2 1 24 
11 1 1], 10 = 
à 6 
TE s 2: |10537: 
A’b = 1 5. | ДЕЛ 1 1 1 1 31 
14912. |95 : 2 
2, T ee Tu 
4 4»--2-1012|2|--1 
4 6 14 10 100 32 32 4 1 0 1 4] 2 27 
6 14 36 2| 5S |0 10 -4| х= |-+ E 
1 257 257 
14 36 98 B 0 0 1 1 1 5.010 = 100 5 EL 
010 0 -17|2]0 1 0 -#}/>x=/-# 
Quadratic Polynomial: y = 32 – 4y + tx? E : E. 
y dog NI QI 10 034 27 0 0 1 -4 -2 
Quadratic Polynomial: у = 257 — I7, — 2%? 


70 10 7 


40. Substitute the data points (8, 29.3), (9, 32.0), (10, 32.5), (11, 32.7), (12, 31.7), and (13, 31.2) into the quadratic polynomial 
y = с + сї + ct”. You then obtain the system of linear equations 
Co + 8c, + 64c, = 29.3 
су + 9c, + 81с› = 32.0 


су + 10c, + 100с› = 32.5 
со + lle + 1210 = 32.7 
cy + 12e + 1440 = 31.7 
со + 13e, + 1690, = 312. 


This produces the least squares problem 


At - b 

[1 64 | [29.3] 

1 9 81 32.0 
Co 

1 10 100 32.5 
€ = А 

i dice 32.7 
C5 

1 12 144 31.7 

|| 13 169| | 31.2 | 


The normal equations are 


AT At = A'b 
6 53 679 | co 189.4 
53 579 6497| c& |=] 1668.1}. 


679 6497 89,595 |с, 21,511.5 


and the solution is 


Co —13.2] 
= [а | = 8.50 |. 
c| |-0393| 
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42. 


The least squares quadratic is y = —13.2 + 8.50; — 0.39312. Substitute the same data points into the cubic polynomial 
y = су + qt + cot? + сз. You then obtain the system of linear equations 

Co + 8с, + 64c, + 512c, = 29.3 

Co + 9c; + 81с› + 729с; = 32.0 

Co + 10с + 100c, + 1000с; = 32.5 

со + lle; + 1210 + 1331c = 32.7 

Co + 128 + 144c, + 1728с; = 31.7 

Co + 13c, + 169c, + 2197c, = 31.2. 


This produces the least squares problem 


At =b 

[1 64 512] [29.3] 
1 9 81 79[o 32.0 

1 10 100 1000] с 32.5 

1 11 121 1331|o, EE IE 
1 12 144 1728|с; 31.7 

1 13 169 2197| 131.2 | 


The normal equations are 


A’ At = A'b 
6 63 679 7497 | co 189.4 
63 679 7497 84,595 | c, 1993.1 
679 7497 84,595 972,993 |с, F 21,511.5 


7497 84,595 972,993 11,377,939 |с; 237.677.3 


and the solution is 
—123.7 
41.07 
-3.543 | 
0.1000 


The least squares regression cubic is y = —123.7 + 41.07t — 3.54312 + 0.1000/°. 
2018 (quadratic): 

y = -13.2 + 8.50(18) — 0.393(18)" = $12.5 billion 

2018 (cubic): 

y = -123.7 + 41.07(18) — 3.543(18)^ + 0.1000(18) = $ 50.8 billion 


Because the original data increased from 2008 to 2013 with the revenue leveling off in 2012, you can expect the revenue to 
increase or stay about the same for future years. Because the cubic polynomial predicts the revenue to be about $ 50.8 billion 
in 2018, this model is more accurate for predicting future revenues. 


The vector Ах that minimizes | Ax — b| for a given vector b is Ax = proj,b, where S = R(A). Since 


Ax — b = projb — b, (Ax — b) є S+. Then (Ах — b) e N(A"), because S^ = R(4) N(4").So 


AT (Ax -b)-0 
A’ Ax — A'b = 0 
АТ Ax = A'b. 


These equations are used to find b and solve the least squares problem. 
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44. (a) False. They are orthogonal subspaces of R” not R". 
(b) True. See the “Definition of Orthogonal Complement” on page 266. 
(c) True. See page 265 for the definition of the “Least Squares Problem.” 


46. Let S bea subspace of R” and S+ its orthogonal complement. S+ contains the zero vector. If Vi, v; € S+, then for all w є S, 
(м + у): м = v; w*vo;w-0«0-20 v + у e St 
and for any scalar с, 


(cvi) ‚үү = c(v, . w) =с0 = 0 > Сүү € St. 


48. Let x є S; A S2, where R” = S, 6 Sj. Then x = у, + vy, у e S,and v; є 5,. But, 
xe 5 > х= х+ 0, хє S,0e Sj;andxe 5, > x=0+x,0€ S,xe S, So х = 0 by the uniqueness of 


direct sum representation. 


Section 5.5 Applications of Inner Product Spaces 


i j k i j k 
2.іхј= |110 0 6. Ккхі= 10 0 I 
010 10 0 
0 0 1 0 1 0 0 1 0 1 0 0 
= i- j+ k = i- j+ k 
1 0 0 0 0 1 0 0 1 0 1 0 
= 0i-0j+k=k = 0i+ j+ 0k = j 


ij k 
4 kxj=ļ0 0 1 
0 10 
01. 0 |] 00 
1 0 0 0 0 1 


ll 

| 

| 
о 
=. 
+ 
о 
т 

Il 

| 
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i j k i j k 
8. (а) uxv=]|2 0 1 10. (а) uxv=/1 -1 -l 
1 0 3 2. 22 
JO 1 42 1 2 0 |j-l -l) „|1 -1 1 -1 
=i -= =i -j + 
0 3 1 3 1 0 2^ 2 2 2 2-32 
= i(0 0) – j(6 — 1) + k(0 — 0) = i(-2 + 2) – j(2 + 2) k(2 + 2) 
= 0i — 5j + Ok = —5j = 0j – 4j + 4k = -4j + 4k 
ij k i j k 
(b) vxuz|10 3 (b) vxu=/2 2 2 
2.0 1 1 -1 -l 
0 3 1 3 1 0 2. 2 2 2 2. 2 
-i zy +k = і -j +k 
0 1 2 1 2 0 -1 -1 1 -l 1 -1 
= i(0 — 0) – j(1 — 6) + k(0 — 0) = i(-2 + 2) - j(-2 - 2) + k(-2 - 2) 
= 0i + 5j + Ok = 5j = 0j + 4j - 4k = 4j - 4k 
ij k i j k 
(с) уху=|1 0 3 (с) уху=|2 2 2 
10 3 2°22? 2 
0 3 1 3 1 0 2 2 27:2 2 2 
=i = +k = і -j +k 
0 3 1 3 1 0 2-2 2.2 2 2 
= i(0 — 0) – j(3 – 3) + k(0 — 0) = i(2 — 2) – j(2 - 2) + k(2 - 2) 
= Oi — Oj + 0k = 0 = 0i + Oj + 0k = 0 
i j k 
12. (а) ux v =|3 -3 -3 
3 =3 3 
-3 -3 3 -3 3 -3 
=i -j +k 
-3 3 35 3 3 -3 
= i(-9 – 9) – j(9 + 9)  k(-9 +9) = -18i – 18] 
i j k 
(b) vxu=|3 -3 3 
3 -3 -3 
-3 3 3 -3 3 —3 
=i -j +k 
-3 -3 3 -3 3 —3 
= i(9 + 9) – j(-9 – 9) + k(-9 + 9) = 18i + 18j 
i jk 
(с) Уху =|/3 -3 3 
3 -3 3 
|-3 3| |33 3 -3 
=i -j + 
-3 3 33 з 3 
= i(-9 + 9) – j(9 – 9) + k(-9 + 9) 
= 0 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


14. 


16. 


18. 


20. 
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ij k 
(а) иху = |-2 9 -3 
4 6 -5 
Өл 09.23 2 9 
вр alos beat 
= i(-45 + 18) – j(10 + 12) + К(—12— 36) 
= -27i - 22j - 48k 
ij k 
(b) vxu=| 4 6 -5 
-2 9 -3 
Jé -5| |4 —5 4 6 
= a Jo a Fo 9 
= i(-18 + 45) – j(-12 — 10) + k(36 + 12) 
= 27i + 22j + 48k 
ij k 
(с) уху=|4 6 -5 
4 6 -5 
[e |4 6 
E 4 E |4 6 
= i(-30 + 30) – j(-20 + 20) + k(24 – 24) 
= 0i + 0j + 0k = 0 
ij k 
иху=|-1 1 2/=-3i-j-k = (-3,-1,-1) 
01-1 


Furthermore, ux v = (-3, —1, -1) is orthogonal to both 
(-1, 1, 2) and (0, 1, ^1) because 

(33, -1,-1) -(-1,1,2) =0 and 

(-3, -1, -1) - (0,1,-1) = 0. 


- 


uxv2-2 8k = (-2, 4, -8) 


4 


2i + 4j 


о н = 


k 
1 = 
0 


Furthermore, u ху = (—2, 4, —8) is orthogonal to both 
(—2, 1, 1) and (4, 2, 0) because 

(2, 4, -8) - (22, 1,1) = 0 and 

(2, 4, -8) - (4, 2, 0) = 0. 


ij К 
иху=4 1 0| = –21 + 8j + 5k =(—2,8,5) 
3 2 -2 


Furthermore, u X v = (-2, 8, 5) is orthogonal to both 
(4, 1, 0) and (3, 2, 22) because (2, 8, 5) - (4,1,0) = 0 
and (—2, 8, 5) - (3,2, 2) = 0. 


24. 


26. 


28. 


30. 


32. 


i jk 
uxv-2 -1 1=і+3ј+к = (1,3,1) 
Furthermore, u x v — (1, 3, 1) is orthogonal to both 
(2, 1, 1) and (3, –1, 0) because (1, 3, 1) - (2, —1, 1) = 0 


and (1,3,1). (3, 21,0) = 0. 
i j k 
uxv=|1 2 1=i+j+k= (1,1,1) 


-1 3 2 
Furthermore, u х v = (1, 1, 1) is orthogonal to both 
(1, —2, 1) and (—1, 3, —2) because (1, 1, 1) - (1, —2, 1) = 0 
and (1,1,1) - (-1,3,-2) = 0. 


i j k 
uxv=|-5 19 -12|- 0i + 0j + Ok = (0,0,0) 
5 -19 12 


Furthermore, u x v = (0, 0, 0) is orthogonal to both 
(—5, 19, —12) and (5, –19, 12) because 

(0, 0, 0) - (—5,19,—12) = 0 and 

(0, 0, 0) - (5,—19,12) = 0. 


Using a graphing utility, 

w=uxv = (7,1,3). 

Check if w is orthogonal to both u and v: 

w -u = (7,1,3): (12,-3) =7+2-9 =0 
w- v =(7,13):(-L12) =-7+1+6=0 


Using a graphing utility, 

w =ux v = (0,9, 0). 

Check if w is orthogonal to both u and v: 

w-u = (0,9, 0) · (2,0,-1) =0+0+0=0 
w- v = (0,9, 0) - (-1,0,-4) =0+0+0=0 


Using a graphing utility, 

w = ux v = (0,5,5). 

Check if w is orthogonal to both u and v: 

w -u = (0,5,5)- (3,-1.1) =0-5 +5 = 0 
w- v = (0,5,5)-(2,1,-1l) =0+5-5=0 
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34. Using a graphing utility, 


w-uxy = (—8,16,—2). 42. 
Check if w is orthogonal to both и and v: 
у-и = (-8, 16, —2) - (4, 2,0) = -32 +32 +0 = 0 
w- v = (-8, 16, —2) - (1,0,-4) = 8+0+8=0 
i j k 
36 иху=|2 -1 3|= (2,7,1) 
1 0 -2 
44. 
[ч x v| = 4/54 = 3v6 
: uxv 1 J6 
Unit vector = ——— = (2,7,1) = 2—(2, 7,1 
nit vector jus v] sue! ) is^ ) 
i j k 
38. uxve=|l 2 0|- -6i + 3j - 2k 
10 -3 46 
Ju xvi = V36+9+4=7 
Unit vector = M 2: + 3j 2k 
luxv| 7 7T 7 
i i k 
40 uxv-2|7 -I4  5|- 70i +175j + 392k 
14 28 -15 
Ju x v| = 4/70? 175? + 392? 
= 4189189 = 214/429 
Unit vector = "СУ = Ll (70, 175, 392) 
Juxvi 21/249 
1 
= 10, 25, 56 
3 5 ) 
= саш 25, 56) 
1287 
48. (4, 0, 3) — (1, -2, 0) = (3, 2, 3) 
(2, 2,3) - (-1, 0, 0) = (3, 2, 3) 
(2, 2,3) – (4, 0,3) = (-2, 2, 0) 


-1, 0, 0) - (1, -2, 0) = (-2, 2, 0) 
u = (3,2,3)and у = (-2, 2,0) 


Because 
ij k 
uxv=| 3 2 3 = —6i — 6j + 10k = (—6,—6,10), 
-2 2 0 


the area of the parallelogram is 


ju x v= (6) + (-6y +10? = 
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A/172 = 24/43 square units. 


i j k 
иху=|1 -2 2|= 6i * 6j + 3k 
2 =] —2 
[ux v|= V36 + 36+9 = 9 
Unit vector = U** = в + 6j + 3k) 
ох v| 9 
225.2, 1. 
3 3 3 
Because 
i jk 
uxv=fl -1 1= -і+К = (-1,0,1), 
1 0 1 


the area of the parallelogram is 


ju x v] = |(—1, 0, 1)|| = 4/2 square units. 


. Because 
i jk 
uxv- 2 -l 0| = 3k = (0, 0, 3), 
-1 2 0 


the area of the parallelogram is 


|(0, 0, 3)| = 3 square units. 
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50. (0,1, 2) – (2, -3, 4) = (-2, 4, -2) 
(0, 1, 2) - (-1, 2, 0) = (1, -1, 2) 
Because 
i j k 
uxv=]|-2 4 -2| = 6i + 2j- 2k = (6,2, -2), 


10-1 2 


the area of the triangle is 


A 2 luxv|» 16 +2? +(-2) = 1444 = V11. 


52. Because 


уху = |0 —1 0| = – 


i jk 
= (-1,0,0), 
0 0 1 


the triple scalar product of u, v, and w is 


54. 


Because 


the triple scalar product is 


о. (vx w) = (CL0,0) - (-1, 0,0) = 1. u - (v x w) = (2,0,1): (30,0) = 6 
i jk |i j k i jk |i j k 
56. c(u X v) = сш и, uj|-|cu cu, cu|-cuxv = сщ и и|=|щ ш u,-uxcv 
у v V3 v Y X v V V [Cw Cv CV, 
i j k 
58. uxu =|u; u, и; = 0, because two rows are the same. 
и uU, и; 
60. [ы x | = |У sine = [uf [vi (1 - сов?) = [uff | rg ju F lv imr) uf Iv - 


62. (a) Because 


ij k 
уху = |0 1 Ц= (2,1,-1), 
102 


The volume is given by 


[a -( 


, 0) -(2,1,-1)| 


= 1(2) + 1(1) + 0(—1) = 3 cubic units. 


(b) Because 


vxw=(0 1 


i jk 
|-2i-j-k = (1,1,-1), 
10 1 


The volume is given by 


|: 


(v x ж) |= |(1 1, 0) - (1, 1, — 1)| = 2 cubic units. 


02 2 


(с) u-(vxw) =|0 0 -2|- 0- 2(6) + 2(0) = -12 


The volume is given by [ч (ух w)| = 12 cubic units. 


30+. 2 


189 
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12 -1 
(d u:(vxw)2|-12 2 
20 1 


= 1(2) - 2(-1 - 4) - 1(0 - 4) = 16 


The volume is given by [ч (ух w)| = 16 cubic units. 


64. Iw lv] sin Ө = [wl v [v1 — соѕ20 


-Jully | (u: vy 
= ПАУ о) 


2 
= Je киз 4 us ve tvs 4 v?) (шу + иу; + иу) 


= Jum; = изу) + (изу — из)? + (uv, = шу) 
= [ux v| 
i j k 
66. (а) ux(vxw)-2ux|w v » 


Wi Wr W3 


= их А? Wv)l — (уи; — wv4)j + (viw vom )k | 
i j k 
= u Uy us 


(vow; m муз) (wv = уу) (vim ж vw) 


= [us (vw; vwm )) — us(wvs миз) |i [u (vw, = vw) — u (vw; — wavs) i 


+ [u (ws = yw) — u (vw; — жуз) |К 


= (uwv,  uswavy — UVW) — U3V3W}, U WV + U3W3V3 — UVW — ИЗЗИ), 


UWV + UWV; — UVW — uavaws) 
= (uw, + иуи» + изиз) (у, уз, Уз) = (шу + uva + изу) (и, Wo, ИЗ) 
= (u - w)v - (u- v)w 
(b) Let 

u = (1,0,0), у = (0,1,0) and ж = (1,1,1). 

Тһеп 

vxw = (1,0,-1) and ux v = (0,0,1). 

So 

u x (v x w) = (1, 0, 0) x (1,0, —1) = (0,1, 0), 

while 

(u x v) x w = (0,0,1) x (LL 1) = (-L 1, 0), 


which are not equal. 
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68. (а) 


(b) 


70. (a) 


(b) 
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The standard basis for А 15 П, х}. Applying the Gram-Schmidt orthonormalization process produces ће orthonormal basis 


The least squares approximating function is given by g(x) = (f. эу) + (7, W>)W. 


Find the inner products 


а Вг арр oM 
(fem) = f, MN > | 


3 (0843 
4 1 4 10 „| _ 22 
W) = — (2x — 5\йх = 5/2 3/2 
(жа) = |, {| e=] lis 9 | 45 
and conclude that 
14 1 22(1 44 20 4 
x) = (f, Wj)W, + (f, W5)W5 = + 2x- 5) = х + = 25 + 11x). 
gla) = жут + А 33 V3 ah 7g * 27 = Ta! ) 
3 
д 
f 

0 4.5 

0 
The standard basis for P, is [1, x}. Applying the Gram-Schmidt orthonormalization process produces the orthonormal basis 


В = [wo wo} = {1, \/3(2х — 1). 
The least squares approximating function is then given by g(x) = ( /, ууу + ( /, АА 


Find the inner products 


(fw) = [, e?dx = e] - -i(g? 1) 


0 


(мз) = foe SQ - Idx = —/3 x e = 3e? 
and conclude that 


a(x) = (wm + (f, моу = -He – 1) - V3e?(V3(2x – 1)) = -6e?x + 4(5е? +1) = -0.812x + 0.8383. 


1 
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Р 
72. (a) The standard basis for’ " is П, x}. Applying the Gram-Schmidt orthonormalization process produces the orthonormal basis 


В = {w,, w} = [2n Ута, л} 


The least squares approximating function is then given by g(x) = ( os w)Wi + ( f. САЦА 


Find the inner products 


(Р, м) = like (sin “= VPA oos | = RE 
л л o л 
(7, w>) = ee (sin Уен = as = Vera, cos x + Asin x + 7 cos e = Yet - л) 
and conclude that 
g(x) = (f. wi)wi + (f, мо) 
= ‚ауе ELT еы a) 
л л л? m 
2 6 
en + E л)(4х — л) 
2880-09. 8070). o Лр" 
m 
(b) L5 
8 
Ў 
0 : 5 


74. (а) The standard basis for Р, is {L Xx; ЕІ Applying ће Gram-Schmidt orthonormalization process 


produces the orthonormal basis 
1 


В = {w,, W2, w3} = [s 3(2* 5), E 5х + j 


The least squares approximating function is then given by g(x) = (Л ; wi); + (f 3 САЦА + ( fs W3)W3 


Find the inner жы 
(wi) =i Vr a = 275 


(f. wi) si Vax 2x — 5)dx = = (see Exercise 51) 


4 
(f.W3) e = У, 5 +) = 245 (е 12 — 5х9? 4 je = = 222? + ze Е -2v5 
2 3V3 2 3/317 3 ‚| 634/3 


(see Exercise 51) 


and conclude that g is given by 


14 ( 1 22(1 2/5 2d 5( 11 
g(x) - } (2x 5) 5x 4 
3/3 3). 4543 6M 3J8 V. 2 
14 44x 22 20 , 100 110 20 , 1424 310 


= t X d X = xt Xx 


9 135 27 567 567 567 567 2835 567 
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76. (a) The standard basis for Р, is П, xX, x Applying the Gram-Schmidt orthonormalization process produces the orthonormal 


basis В = {w,, №, W3} = | 


1 2435 6у/5[ ry 
Je л” BU aa 
The least squares approximating function is then given by g(x) — (f. w)wi + (f. САЦА + (Л, W3)W3. 


Find the inner products 


D т) = [7 І cos x de = ss] Eo 
Sa -a Jr Valin Va 
/2 
[nn 24/3 peer 24/3 cos x 24 / 3x sin x К 
(f, w2) = | Qu E x EU + D 0 
-z/2 


(m) = 


-л/2 ga PE i 2g PET 


л/2 
в 6,/5(, л? I2 5xcosx  V5(12x? — л? — 24)sin x 2/5(x – 12) 
| x D cos x dx — + = 


—л/2 
and conclude that 


g(x) = (7, этуу + (7, уж + (7, 3) 
6 


os) eit een a) 
1 


LE mn 12 
B et 2 л? —12 da 
gm 43 =Ё z | = | | i + 90 ML 0.417722 + 0.9802. 


л m 12 m m 


78. The fourth order Fourier approximation of f (x) = л — xis ofthe form 


a : А ; з 
g(x) = 20 + q cosx + bı sin x + аз cos 2x + b; sin 2x + аз cos 3x + b; sin 3x + a4 cos 4x + b, sin 4x. 
2 


In Exercise 67, you determined a, and the general form of the coefficients a; and b;. 


12,3, «ss 


— 
ч. 
11 


2 
b, = 2, ј = 1,2,3,... 
j 


/ . 2. 1. 
So, the approximation is g(x) = 2 sin x + sin 2x 4 3 sin 3x 4 5 sin 4x. 
. The fourth order Fourier approximation of f(x) = (x — л) is of the form 


a А І : ; 
g(x) = 0 + a, cos x + b, sin x + аз cos 2x + b, sin 2x + a, cos 3x + b, sin 3x + a4 cos 4x + b, sin 4x. 
2 


In Exercise 69, you determined a, and the general form of the coefficients a; and b;. 


dem 2л? 
2 д 
4. 
а; = E po 1, Dit, 
b; = 0, j=1,2,... 


2 
T 4 1 
So, the approximation is g(x) = ET + 4cos x + cos 2x + 9908 3x + 195 4x. 
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82. The second order Fourier approximation of f(x) = е7" is of the form 


84. 


Chapter 5 Inner Product Spaces 


a ; ' 
g(x) = —° + a cos x + b, sin x + a, cos 2x + b, sin 2x. 
2 


In Exercise 71, you found that 


So, you need to determine a, and b. 


ay = ZH f(x) cos 2x dx = “р e™ cos 2x dx 


m 


t —e™ cos 2x + 2e™ sin 2x 
5 
0 


1 


э ме 


| f(x) sin 2x ах = 


2m 


= — Ces sin 2x — 2e * cos 2) 
3 0 
So, the approximation is 
leu thee" 
2л 
1 


g(x) cos X + 


= ——(1 - e?"y5 + 5cos x + 5sin x + 2cos2x + Asin 2x). 


107 


The second order Fourier approximation of f(x) = e™ is of the form 


2c 


-27 


1 E 
zl —e 2d 


2л ыз 45 
|, e™ sin 2x dx 
Л 


sin x + 


a | 
g(x) = —° + a, cos x + b sin х + a, cos 2x + b; cos 2x. 
2 


In Exercise 73, you found that 


1-е" 

a = ———— 
2л 

_ p4* 

gig re 
5л 

1- -4л 
poaae qM 
5л 


So, you need to determine a, and b. 


а = Zh f(x) cos 2x dx = = e™ cos 2x dx = 


m 


1 


1 p27 2л 1 1 
= — х) ѕіп 2x dx = — е? sin 2x dx = | -—e™ sin 2x — —e™ cos 2х = 
тЇ А fe) =| 0 | 4л 4л 


So, the approximation is 


1-е" 1-е" 1-е 
х) = +2 cos x + 
e(a) = 


4л 


207 


-4л 
sin x + 


P sin 2x — 
4л 


5л 


1I-e), 1-е 
———— —— |sin x + 5| ———— 
20x 20 


1 = ет 
= | —— (5 + 8 cos x + Asin x + 5 cos 2x + 5sin 2x). 


-27 


2 sin 2x 


2л 
1 1-е" 
—e™ соѕ2х| = 
o 4л 
2л 1- e 
o 4л 
-4m 
sin 2x 
4л 


1 RE e^* 
cos 2x + 5| ——— — |sin 2x 
207 
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86. The fourth order Fourier approximation of f (x) = 1+ xis of the form 


a Р | ; 
g(x) = = + a cos x + b sin x + a, cos 2x + b, sin 2x + аз cos3x + b; sin Зх + a4 cos 4x + b, sin 4x. 
2 


In Exercise 71, you found that 
а=2+2л7 


a; =0,j =1,2, 

b; = = у =1,2, 

So, the approximation is g(x) = (1 + л) 2sin x — sin 2x 5 sin 3x 1 sin 4х. 
88. Because f(x) = sin? x = 5 = 1 cos 2x, you see that the fourth order Fourier approximation is simply g(x) — : — lcos 2x 
90. Because 

а = a = ali = 1,2,..),Ьу = 0( = 1,2,..), 


the nth order Fourier approximation is 


2 
4 4 4 

g(x) = T + 4сов x + cos 2x + соз 3x + ус соз 4x + + cos ne. 
n 


92. (a) If u = (uy, u2, и) and у = (v. V», v3), then the cross product of u and v is the vector 
и X V = (изу; — изу, svp — Шууз, щу — Шу). 
(b) Fora continuous function f on [ab] and a finite-dimensional subspace W of C| [a,b], the least squares approximating 
function of f with respect to W is given by g = (f. wi) T (f. муж Te (f. „ум, where В = [Wi, Wz, ..., Wp} 
is an orthonormal basis for W. 


(c) On the interval [0, 2л], the least squares approximation of a continuous function f with respect to the vector space 
А А А а > $ 
spanned by {1, cos x, ..., cos nx, sin x, ..., sin nx} is g(x) = E: + acosx + + + a,cosnx + bsinx + = + b,sinnx, 


where the Fourier coefficients ag, a,,..., ap, by, ... , b, are 
1 (27 

а = zl f(x)dx 
lr2z | . 

а; = ali I (x)cos jx dx, j = 1,2,...и 


12 "D 2 
b, = —[„ Sasi ix dx, j DOAN 


Review Exercises for Chapter 5 


2. (а) [аэ|= 4/(-1) +2? = V5 
(b) [у|=/2°+3° = 13 


(с) u- v = -1(2) + 2(3) = 4 


© а) =| - [= [3-0] - fe + Cr = io 
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4. (a) [ар /(-3) + 2° + (-2)* = V7 
Ф) [у[= VP +3 +5? = 4/35 
() u- v = -X1) + 2(3) + (-2)(5) = -7 
(d) d(u, v) = [а - у|=|(<4,—1,—7)| 


jul = J? + (-2 + 22 +02 = V9 
v= 4/22 «Cy +02 + 2 ein 
изу = 102) + (-2)(-1) + 2(0) + (02) = 4 


d(u,v) =u - v] 
= |(-1. -1, 2,-2) | 


JC + ry + 2: + (2) 


в. (а) Jul= JP + CI +0 «P «f = Va =2 
O) |v|» fo? +12 + (2 «22 +12 = io 
(c) u- v = 1(0) + (—1)(1) + O(-2) + 1(2) + ЦІ) 2 2 
(d) d(u,v) = |u - v| 


(1—2, 2, -1, 0)| 


= JP + (ay ere = 


10 


16. The cosine of the angle Ө between и and v is given by 


100) + (-1)(1) 


-1 


10. The norm of v is 


М1 ЙЧ + 97 + = 3v2. 


So, a unit vector in the direction of v is 


u 1, —4, 1) 


ае T 
ПЕЛ 


_( 1 4 1 
3/2’ 3/2’ 3/2) 
12. The norm of v is 


[у| = VE + 22 + (~) = V5. 


So, a unit vector in the direction of v is 
1 


1 
=—ve= 
Iv] VS 


-1 


3) 


u (0, 2, -1) = 


2 
OF 
14. Solve the equation for c as follows. 

|2, 2, -1)|| = 3 
[e|| (2. 2,-1) || = 3 
le 22 + 2 «(Ay = 3 


|3 =3 > с = +1 


1 


cos Q = 


lv Jec Vers v2 


-i 3x 
which implies that Ө = cos! Е radians (135°). 
й К ) 4 Vm) 
18. The cosine of the angle Ө between и and v is given by 


5л . T. 5л 
+ sin sin 


cos Ө = 


- 5 


u-v _ 6 6 6 Е 
ШЙ Jos 7 + sin? 7. Jos M a sin? at (2) 
6 6 6 6 


which implies that Ө = cox(-3} Е = radians (1209). 
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20. The cosine of the angle 0 between u and v is given by 24. A vector у = (v. Уз, V, v4) that is orthogonal to u must 
ease uv. 4+1 -/85 satisfy the equation u- v = 0v, + у + 2v; — v, = 0. 
laffy] 17 ¥20 34 This equation has solutions of ће form 
1 1 

fx у = (r,s, >t — 55, tJ, where r, s, and t are any real 
which implies that Ө = cos"! Era 1.18 radians | — ) 

34 numbers. 
(67.79). 4 1 

26. (а) (u, v) = xo + (3)(1) + (i» = 1 


22. A vector v = (v. У, vi) that is orthogonal to u must 


satisfy the equation u · v = у - 2v, + v, = 0. 


2 2 
This equation has solutions of the form - | 15) +22 + 1") 
у = (25 — t, s, t), where s and t аге any real numbers. 3 3 


28. Verify the Triangle Inequality as follows. 


lu + у] <[«|+[у| 


EE ZEDE (8) 1418 

Beg 9 9 
дү» 8) 

=| +4? 42/2) < 3.037 + 4749 


5.812 < 7.786 
Verify the Cauchy-Schwarz Inequality as follows. 


(и, v) [S [ull v] 


law " Е < (3.037)(4.749) 
1 < 14.423 
1 34. Th jecti f to v is gi b 
30. (а) лд Ж |! hoe | A е projection of и onto v is given by 
0 0 u-v 
proj, u = 
(b) The vectors are not orthogonal. ЖЕУ 
37) + (6) 
(c) Because | /| = Jima lel = 5 verify the ~ T + 62 (7, 6) 
3 \/5 à 
Cauchy-Schwarz Inequality as follows - 85 (7, 6) 
CORAH А Е н) 
1( 4 ~ 85 85 
€ |>| =| = 1.0328. 
ЕД 
32. The projection of и onto v is given by 
; u-v 
projyu = 
у-у 
2(0) + 3(4) 
ERE WE (0, 4) 
12 
= (0,4 
1g 4) 
= (0,3) 
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36. The projection of u onto v is given by 


u-v 


proj, u 


_ (000) + 3(0) + 1(5) 
42 + 02 + 52 


1 
= —(4,0,5 
"D 


(5,3) 
41 41 


(4, 0, 5) 


40. Orthogonalize the vectors in В. 
w; = (0,0,2) 


w = (0,1,1) — 4(0, 0, 2) = (0,1,0) 


w, = (1,1,1) — 200, 0, 2) — 40,1, 0) = (1, 0, 0) 


Then normalize each vector to obtain the orthonormal basis for R°. 


{(0, 0, 1), (0, 1, 0), (1, 0, 0)}. 


42. (a) To find x = (-3, 4, 4) as a linear combination of the vectors in 


В = iL 2, 2), (1, 0, 0)! solve the vector equation 


с1(-1, 2,2) + с,(1,0,0) = (3, 4, 4). 


38. Orthogonalize the vectors in В. 


w, = (3, 4) 


1 1 34 
Ten 


II 5 


"Y иша. 5) = (-4.3) 
Е 2525) \ 55 


So, an orthonormal basis for А? is 2 3 і E 2 f 
5:29 55 


The solution to the corresponding system of equations is c, = 2 and c; = -1. 


So, [x] Eom (2, —1), and you can write 


(-3, 4,4) = 2(—1,2, 2) - (1,0,0). 


(b) To apply the Gram-Schmidt orthonormalization process, first orthogonalize each vector in В. 


м, = (-1, 2, 2) 


Then normalize w, and w; as follows 


1 1 
u; 


= —w; = —(—1,2,2) = | -4,4,2 
[w 2009 EI 


uà 1 "€ 1 E 2 Э 
р 00999 


34/2 33/2 34/2. 


so #' = (5 +} (4 1 
1 3:3 3) 342' 3V2? 3 2 
(c) The coordinates of x relative to B' are found by calculating 


(x, uj) = (3, 4, 4)- Е 2 3 -2 


4 1 


ea КА aga xu 


So, 


C34) = 222) ae 
"Y 34 3°3°3/ 32 342 342 32 
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41 
44. These functions are orthogonal because (7, 8) = | 1 - x°2xV/1 - x!dx = | (2х = 2x? dx - E – =| = 0. 
-1 
46. (a) (У, в) = |i Fogl) dx = f(x + 2)(15х — 8) dx = fi (15x? + 22x - 16x = [59 + 11x? - 16x] = 0 


0 (47, 8) = -07, 8) = —4(0) = 0 


© [7 = (ЛЛ) = | (x + 2) dx = | (x? + 4x + 4)dx = Е 2x? ral = z 


HENENG 


(d) Because fand g are already orthogonal, you only need to normalize them. You know | / | = 2 and so you 
compute |]. 
lel. = (2) = [5х — Sax = [ (2252 – 240x + ба) = [75:6 — 120? + 64x] 


|| = vi9 


= 19 


1 
0 


So, 
1 Dn si B 
"m cett igo +2) 
3 
dicati uer ca 
> [gh ^ ve | 


The orthonormal set is 
; 3 3 15 8 
В = x+2 1 x : 
IN 19 |> I As) 


48. The solution space of the homogeneous system consists of vectors of the form (4, S, S, t), where s and ѓ are any real numbers. 


So, a basis for the solution space is В = ((—1, 0, 0, 1), (0, 1, 1, 0)}. Because these vectors are orthogonal, and their length is 


Ja: , you normalize them to obtain the orthonormal basis 
ЕЕЕ 
2 2 2 2 


50. [ч + у | а-у = (u + v) - (u + v) + (u - v) (а - v) 


=(u-ut+v-v+2u-v)+(u-ut+v-v-—-2u-y) 


= 2|uf +2]у[ 


52. Use the Triangle Inequality 


|u + у | < ||ч || + |w ||with w = у-и 


Ju + |= fu + (v = а) = [У |011 - vl 
апа зо, у|- || < |у = u|. By symmetry, you also have |u]-] v] < |u = v| = |v = ul. 
So, ||u | m | у | < | и – v| . To complete the proof, first observe that the Triangle Inequality implies that 


|u — w| < || | |= |u]| * |w]. Letting w = u + v, you have 


lu -w= |u -= (a+ 9] 717v] - Iv] S n] [u + v| апа so |v- fu] <u + v]. 


Similarly, 


u[-Iv]sTu + v 


,and ЕМІ < |u + v]. In conclusion, 


u|-Ivl[ 19 + v|. 
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54. Extend the V-basis {(0, 1, 0, 1), (0, 2, 0, 0)} to a basis of R*. 
B = {(0, 1, 0, 1), (0, 2, 0, 0), (L, 0, 0, 0), (0, 0, 1, 0)} 
Now, (1,1,1,1) = (0,1,0,1) + (1,0,1,0) = v + w 
where v € V and w is orthogonal to every vector in V. 
56. (x, +++ Xn) = (x + х ++ ax) + %› ++ xn) 


= (x, 9 x,) E (x1... 5 Xn) + (x2, acy asi) ` (Жз зу) 


Bec (Xn My ees Xa) © (Xise Xn) 


58. Let iui Uy,..., u,| be a dependent set of vectors, and assume и, is a linear combination of ц, u,,... , и, ,, which are 


linearly independent. The Gram-Schmidt process will orthonormalize и, ... , u, ;, but then u, will bea linear combination of 


Uy. Uki 


60. An orthonormal basis for S is 


1 -2 
UD Xd fj + 4 -2 
i 0 62. АТА = = 
1 1 -2 -1 0 ılı d. E 6 
J2 b| V2 PI 
ERES [2 
V2} LV2 1a. 7 
l Ab = = 
рго,у = (v - щ)щ + (v - u;)u; -2-10 11 -2 
г 1 г 3 


1.9 
dax з эх =] | 


0 0 
хе. i 
V2) V2 V2) N2 . 
| | —2 line: y = 0.3x + 1.9 
== REA y 
| V2] EB 4 
3 € 
Lo udi 
e l9 
| | | > х 
-2 -1 1 2 
-1+ 
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64. Substitute the data points This produces the least squares problem 

(6, 15.3), (7, 15.4), (8, 15.1), (9, 15.4), (10, 16.1), At 2b 

(11, 16.7), (12, 17.9), and (13, 19.3) into the linear m 6 36] [15.3] 

polynomial у = cy + cf. You obtain the system of 1 7 49 154 

linear equations 1 8 64 15.1 

со + ба = 153 1 9 gif?) |154 

б + Та = 154 1 10 100| 1] |161[` 

ЕЕ РУ 1 11 pr^ 167 

б + 9с = 15.4 1 12 144 17.9 

Cy + 10с = 16.1 {1 13 169] | 19.3 | 


Co + Па = 16.7 


The normal equations are 
Со + 126, = 17.9 


AT Ax = А 

c + 13e = 193. y 

. 8 76 764 | co 131.2 
This produces the least squares problem 

Uc 76 764 8056 [с | = | 12694 

= S Е à = 764 8056 88,292 |с, 12,989.2 
1 6 15.3 

1 7 154 and the solution is 

1 8 15.1 coj | 22.6 

1 9[a] |154 ECTS у 

1 10]a| |1611 | 10.135 

1 11 16.7 The least squares regression quadratic is 
1 12 17.9 y = 22.6 – 2.01t + 0.1352. 
1 13] | 19.3 | 2018 (linear): 


The normal equations are y = 112 + 0.55(18) = 21.1 million 


A At = Ab 2018 (quadratic): 
| 8 HH | к | y = 22.6 - 2.01(18) + 0.135(18) = 30.2 million 
76 764 |с 1269.4 Because the original data increased from 2006 to 2013, 


you expect the production to continue to increase. 
Because the predicted value given by the quadratic 


and the solution is 


ые Co} _ 112 polynomial is greater than the actual value for 2013, this 
с 0.55 model is more accurate for predicting future petroleum 
productions. 


So, the least squares linear equation is 
y 2112 + 0.55r. 


Substitute the same data points into the quadratic 
polynomial y = су + «f + с. You then obtain the 
system of linear equations 

Co + бо + 36c, = 15.3 

Co + 7e, + 49c, = 15.4 

Co + 8c, + 64c, = 15.1 

Co + 9с + 810 = 15.4 

Со + 10c + 100c, = 16.1 

Co + lle; + 1210 = 16.7 

Co + 12e + 144c, = 17.9 

Co + 13e; + 169c, = 19.3. 
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66. The cross product is 76. (a) The standard basis for F is П, х}. In the interval 
і jk [0, 2], the Gram-Schmidt orthonormalization process 
uxvz-z|l-1 lj=-2i-j+k = (-2,-1 1). 
0 1 1 i | ў yields the orthonormal basis 5 уз (x — 1) 
V? A27 | 
Furthermore, u x v is orthogonal to both u and v 
Because 
because 
2 1 4 
u: (u x v) = (—2) + (D(-1) +11) = 0 (f.m) = f, Pp E 
and a a8 
= 3N2, 
у. (аху) = 0(2) + 1-1) + 1(1) = 0. т) = |, #268-204 
2 
68. The cross product is = ы (x* - х?) ах 
ij К : 2 
uxv=|2 0 -I-isj*2k = (1,1,2). -a-s 
ido V2\5 5 JI, 
Furthermore, и x v is orthogonal to both u and v = NS 32 — a) 
because /2\ 5 
и. (ux v) = 2(1) + O(1) + (-1)(2) = 0 _ М3 2 
V2\5 7 
and 
g is given by 
v- (ux v) = 1(1) + ЦІ) + (—1)(2) = 0. 
g(x) = (wi) + (f, w2)Wo 
70. Because _ 4 | 1 E vs e T 
i j k V2\V2) 4245 )V2 
уху = |1 -1 0|=1-ј-к = (1,-1,-1), _18 8 
3 4 -1 5 3 
the volume is (b) Г 
|u - (vx мж)|= |(1, 2,1) - (5 -1, -)| =|-2| = 2. 
] 1 3 
72. u- (vx w) =|0 3 3 = (9) + 3(-9) = -9 
303 uU 
Volume = [ч (v x w)| =|—9| = 9 cubic units 


7 


A 


. Because |u x v| = |u| | v|sin Ө, you see that u and v 
are orthogonal if and only if sin Ө = 1, which means 


lu x v] - Jul] v]. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Review Exercises for Chapter 5 203 


78. (а) The standard basis for A is (1, x]. In the interval [0, z] the Gram-Schmidt orthonormalization process 
yields the orthonormal basis I ee = 2) 


Because 


(fw) = [M СЕВ ах = 0 


(f, w2) = i sin x cos Ge — л) dx 
ИСА 
= 24 

gis given by 


g(x) = (Гум + (wow 


= d] | ES | я) 


ea 
SY 


orthonormal ass, EE >) 30 6 3x 4 al 
2? 45 


Because 


(fw) = f tae = m2 


(f,w2) = pus >| а = 23] fi- ij kx = SERE - 32} 
( 
= ( 


E ] 30 30 13 30 (13 3 
,W;) = + dx = х-3+ dx = In 2 В 
Мы) (е =з MD all а) E ; 


f; x 5 
)- f. ж) + (f, жуу + (f, зум; 


g is given by g(x 
3 30 (13 330 13 
In 2) + 2 БЕ 2p + In 2 2 _ 3x 4 
82) 4 " phi 3 E ER 3256 i J 


=In2+ ui jn ү. ar LE 2 a6 3x + 2) = 3274x? – 1.459х + 2.1175. 


2 
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82. Find the coefficients as follows 


lez lez 
a = s f(x)dx = Ja = 0 
а, = ah x cos( jx)dx = E ый + Z'sin(jx) К = 0, = 1,2... 
Dol zl f Р " 


Л 
lez 1| 1 x 2 
b= = x sin( jx) = —| —sin( jx) — —cos( jx = ——c0os(7j)j = 1, 2,... 
; = |х) i (9) = ems |. poole) j 
So, the approximation is g(x) = E + a, COS X + a, COS 2x + b, sin x + b, sin 2x = 2 ѕіп x — sin 2x. 


84. (a) True. See note following Theorem 5.17, page 278. 
(b) True. See Theorem 5.18, part 3, page 279. 


(c) True. See discussion starting on page 285. 


Project Solutions for Chapter 5 


1 The QR-factorization 


[1 1] [7071 4082]. E 
1.4142 0.7071 
1. (а) 4= (0 1|- 0  .8165 = QR 
0 1.2247 
[1 0| ]|.707] —4082]- 5 
[1 0] 5774 —7071 
0 0 0 01.7321 1.7321] 
1 1 5774 0|| 0 1.4142 | 
12| L5774 .7071| 
по = 5 —5 -.7071 
0195. 5 
(à 4 1 2 5 5 0 КӨ? s| = Qn 
c - = = 
1 2 5 5 0 
0 0 .7071 
11 0 0| 5 —5 7071 


2. The normal equations simplify using A = QR as follows 
A' Ax = A'b 
(QR) ORx = (QR) b 
R'Q'QRx = КТОТЬ 
R'Rx = R'Q'b (0"0 = 1) 


Rx = О. 


Because R is upper triangular, only back-substitution is needed. 
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1 1 .7071 .4082 
1.4142 0.7071 
3. А= |0 1|= 0  .8165 - 
0 1.2247 
1 0 7071 —.4082 


1.4142 0.7071] x, 
Rx = ОЪ 
0 12247]||x, 
7071 0 4071 E -14142 
~ |.4082 .8165 —.4082 ~ | 0.8165 
x —1.3333 
х,| | 0.6667 
2 Orthogonal Matrices and Change of Basis 


-1 2 
ls z PT 
—2 3 


E cos@ -sind| | _ cos@ sin Е cos@ sino)’ 
“|sin@ cos@| |-sin@ cosÓ| |sin@ cose 
3. If P^! = Р", then РТР = I — columns of P are pairwise orthogonal. 


4. If P is orthogonal, then puis P’ by definition of orthogonal matrix. Then (P) - (Pry = (P7) .The last equality 


тү AME : ; Е 1. 
holds because (4 ) = (4 ) for any invertible matrix 4. So, Р” is orthogonal. 


1 0 1 0 2 0 
5. No. For example, Р | + [ | = | i is not orthogonal. The product of orthogonal matrices is orthogonal. If 


Р! = PT and О”! = Q", then (PQ) = ОР"! = ОТР" = (PQY. 


T 


6. | Px| = (Рх) Рх = x" P'Px = x'x = |х| 
7. Іеї 
E _1_ 
xd sus 
1 2 
J5 4/5. 


be the change of basis matrix from B’ to B. Because P is orthogonal, lengths are preserved. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTER 6 
Linear Transformations 


Section 6.1 Introduction to Linear Transformations ................... sse 207 
Section 6.2 The Kernel and Range of a Linear Transformation .......................... 212 
Section 6.3 Matrices for Linear Transformations................. sese 217 
Section 6.4 Transition Matrices and Similarity .................. esses 224 
Section 6.5 Applications of Linear Transformations .................. esee 228 
Review: Exercises... ete ete eso e Pet te на 233 
Project Solutions... reete tt ste teens ie edic meten 241 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTER 6 
Linear Transformations 


Section 6.1 Introduction to Linear Transformations 


2. (a) The image of v is 
Т(0, 4) = (0, 2(4) — 0,4) 
= (0,8, 4). 


(b) If T(v, v2) = (vi, 20 — v, v2) = (2, 4, 3), then 


у = 2 
2v — у = 4 
У = 3 


which implies that v, = 2 and v; = 3. So, ће 


preimage of w is (2, 3). 


4. (a) The image of v is 
T(2, 3,0) = (3- 2,2 + 3, 2(2)) = (1, 5, 4). 


(b) If T(y, vj, vj) = (v; — v, v + v2, 2v) 


= (-11, 21,10), 
then 
v = М = - ll 
vytv = -l 
2w = 10 


which implies that v, = 5and v, = —6. So, the 


preimage of w is {(5, —6, t) : tis any real number]. 


6. (a) The image of v is 
T(2,1, 4) = Q(2) + 12- 1) = (5,1). 


(b) If Т(у, У, уз) = (2v, +v, М = vj) = (-1, 2), then 


2w + v = -l 

Мр б 2, 
which implies that v, = Lu = >, and v = f, 
where t is any real number. So, the preimage of w is 


{(4, a t) : t is any real number]. 


16. T preserves addition. 


козо fe Des =) 


—-atb-e-cotd ta + + о + а, 


T preserves scalar multiplication. 


T(kA) = ka + kb + kc + kd = k(a + b + c + d) = KT(A) 


Therefore, T is a linear transformation. 


(a, + a) + (6 + b) + (e + e) + (d 


8. (a) The image of v is 


КОСЕ 
T(2, 4) | 2 (2) 504), 2 4, J 

= (V3 - 2,-2, 4) 

V3 
(b) If T(v, v;) | 5 Vi 259 "- 
= (V3, 2, 0}, 
then 
EE CE 
саула. 
у= v- 


which implies that v, = 2 and v, = 0.So, the 
preimage of w is (2, 0). 


10. Tis not a linear transformation because it does not 
preserve addition nor scalar multiplication. 


For example, 


T(L1) + 701,10) = (L1) + (1,1) 


12. T is not a linear transformation because it does not 
preserve addition. For example, 


Т(1,1,1) + Т(1,1,1) = (2,2,2) + (2,2,2) 
= (4,4,4) 
= (3,3,3) = T(2, 2, 2). 


14. Т is not a linear transformation because it does not 
preserve addition nor scalar multiplication. For example, 


T(,1) + T(,1) = (1,1,1) + (1,1) 
= (2,2,2) # (4,4,4) = Т(2,2). 


4›) = Т(А + 4) 
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18. Tis nota linear transformation. T does not preserve addition. 


Т(А) + T(4) = (^ {| + ПЁ | = b? +b? + (b +b) = T(4 + 4) 


Ci 1 C2 2 


20. Let A and B be two elements of M3, (two 3 x 3 matrices) and let c be a scalar. First 


30 0 30 0 30 0 
Т(А+В)=|0 2 0(А+В)=|0 2 04+|0 2 о[в=т(4) + T(B) 
0 0 -10 0 0 -10 0 0 -10 


by Theorem 2.3, part 2 and 


30 0 30 0 
T(cd) = |0 2  O(cd-d0 2 0|4=сТ(А) 
0 0 -10 0 0 -10 


by Theorem 2.3, part 4. So, T is a linear transformation. 
22. T preserves addition. 


T (as + ах + ах?) + T (bp + bx + bx?) = (a, + 2а;х) + (b, + 2х) 


( 
( 


= T (ao + by) + (а + b)x + (a + Ь,)х?) 


a, + b) + 2(а, + by)x 


T preserves scalar multiplication. 
т(с(а, + ах + ax?) - T(cay + сах + саз?) = ca, + 2сах = c(a + 2ayx) - cT(a, + ах + ах?) 


Therefore, 7 is a linear transformation. 


24. Because (2,0) = (1, 2) = 1-1, 1), you have 28. Because (—2, 4, –1) can be written as 
T(2,0) = 1(30.2) - 4-1.1)] (-2, 4, -1) = -2(1, 0, 0) + 4(0, 1, 0) — 1(0, 0, 1), 
= 2T(1 Dries iT(-1 1) you can use Property 4 of Theorem 6.1 to write 
35V» 3 , 
T(—2,4, -1) = -2T(1, 0,0) + 47(0,1, 0) — 7(0,0,1 
E (-2,4,-I) = -27(.0,0) + 47(0,1,0) - 7(0,0,1 
- (4-4 = -2(2, 4, -1) + 4(1, 3, -2) - (0, -2, 2) 
i. - (0,6, -8). 
Similarly, (0,3) = (1, 2) + (—1, 1), which gives 
T(0,3) = Т|(1, 2) + (—1, 1)] 30. Because (0, 2, –1) can be written as 
= T(L2) + T(-1,1) (0, 2,-1) = 3(1,1,1) — (0, —1, 2) — 3(1, 0, 1), you can 
= (1,0) + (0,1) use Property 4 of Theorem 6.1 to write 
= (1,1). T(0, 2,-1) = 37(1,1,1) — $7(0, -1, 2) – 47(1, 0, 1) 
26. Because (2, –1, 0) can be written as = 3(2, 0, -1) H 3,2, —1) 241, 1, 0) 
(2, -1, 0) = 2(1, 0, 0) — 1(0, 1, 0) + 0(0, 0,1), = (3,-3,-1). 


you can use Property 4 of Theorem 6.1 to write 

T(2, 1,0) = 27(1,0,0) – T(0, 1, 0) + O7(0, 0, 1) 
= 2(2, 4, -1) - (1,3, -2) + (0, 0, 0) 
= (3, 5, 0). 


32. Because (—2, 1, 0) can be written as 
(-2,1,0) = 2(L 1 1) + (0,—1, 2) — 4(1, 0, 1), you can use 
Property 4 of Theorem 6.1 to write 
T(-2,1,0) = 2Т(1,1,1) + T(0, —1, 2) — 47(1, 0,1) 
2(2, 0,—1) + (53:27 21) = 4(1, 1, 0) 
(33), 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 6.1 


34. Because the matrix has 2 columns, the dimension of A" 
is 2. Because the matrix has 3 rows, the dimension of 


Introduction to Linear Transformations 209 


38. Because the matrix has five columns, the dimension of 
R" is 5. Because the matrix has three rows, the 


R"is3.So, T: R? > Р. dimension of R” is 3. So, T: P? > R°. 
36. Because the matrix has five columns, the dimension of 

R" is 5. Because the matrix has two rows, the dimension 

of А" is 2. So, T: P > R°. 


12 10 
2 
40. (а) T(2,4)=]-2 4 HW = |12 | = (10,12, 4) 
-2 2 4 


(b) The preimage of (—1, 2, 2) is given by solving the equation 


12 -1 

V 
T(y,%) =|-2 4 И = | 2 
zoe s 2 


for у = (у, vz). The equivalent system of linear equations 


v + 2v, 2-1 
-2v + 4v = 2 
-2y + 2% = 2 


has the solution v, = —1and v, = 0.So, (—1, 0) is the preimage of (—1, 2, 2) under T. 


(c) Because the system of linear equations represented by the equation 


12 1 
Mi 
НЯ 
y 
оо 1 


has no solution, (1, 1, 1) has no preimage under T. 


0 
42. (а) T(1,0, —1,3, 0) id кыт : (7, —5) 
‚ (а , 0, -1,3,0) = =f) = = (7,- 
0 0 2 -1 0 —5 
3 
0 
M 
У 
. Р . . . -1 2 1 3 4 -1 
(b) The preimage of (—1, 8) is determined by solving the equation Т(у, vz, V3, V4, v.) = бел. Se ee eek 
V4 
Vs 


The equivalent system of linear equations has the solution у = 5 + 2r + 7s +4, vj =r, у; = 4+ 25) YA = S, 


and v, = t, where г, s, and t are any real numbers. So, the preimage is given by the set of vectors 


{(5 +2r+ 2s + 4t,r,4 + 15, s, t) : r,s, tare real numbers}. 
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0202 
44. (а) Т(0,1,0,1,0)=|1 0 1 0 = (4, 0, 4) 
1:9 32 


— _ © 
or oF ec 


(b) The preimage of (0, 0, 0) is determined by solving the equation as shown. 


А 
02 0 2 0|» 
Т(у, V2, у, Y4, ys) =|1 0 1 0 ||, | = (0,0,0) 
12 22 1|ж 
Vs 
The equivalent system of linear equations has the solution у = –/, vj = —s, v = 0, vy = s,and v, = t, where 


s and t are any real numbers. So, the preimage is given by the set of vectors {(-t, —s,0,s, t)}. 


(c) The preimage of (1, —1, 2) is determined by solving the equation as shown. 


02 0 2 0 
T(w,v,v,v4,v) =|1 0 1 0 1\»|=(1,-—1,2) 
1 2 2 2 1 


The equivalent system of linear equations has the solution у = —3 – t, у = 5- S, v3 = 2, v4 = s, and v, = t, 


l 
2 
where s and: are real numbers. So, the preimage is given by the set of vectors {(-3 m tT = 5,2,5, ). 


46. If Ө = 45°, then T is given by m | |2 H 


T(x, y) = (x cos Ө — y sin Ө, x sin Ө + у cos Ө) b а|5 0 
V2 V2 A2 ‚ J2 You then obtain the following system of equations. 
- х y, X 4 yi. 
2 2 2 2 12a — 5b = 13 
Solving T(x, у) = у = (1,1), you have 12b + 5a = 0 
AI. /2 J2 J2 Solving the second equation for a gives a = =. 
mx = E = 1 апа E + ER = |! 5 


So, x = 4/2 and y = 0, and the preimage of v is Substituting this back into the first equation produces 


(V2, 0). ЕЕ) - 5b = 13 


—144 


———b - 5b = 13 
5 
-169, _ 1з 
5 
goce 
13 


Substituting b = — into а = 2, you obtain 


12 
а = —. 
13 
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50. If v — (x, y, z) is a vector into R?, then 


54. 


56. 


58. 


60. 


62. 


66. 


68. 


70. 


T(v) = (0, у, 2). In other words, T maps every vector in 


R? to its orthogonal projection in the yz-plane. 


T is not a linear transformation. 


Introduction to Linear Transformations 


52. Tis a linear transformation. 


Consider А = I,. Then Т(А) = L but T(24) = 2" = 2T(A). 


а Таа ае, 


; ; 1 
This statement is false because cos E z > cos x for all x. 


If D,(g(x)) = е", then g(x) = e" + C. 


1 
Solve the equation Í, p(x)dx = 1for p(x) in P.. 


ji 


T preserves addition. 

T(A + B) = (A + B)X — X(A + B) 
AX + BX — XA – XB 
(AX — XA) + (BX — XB) 
T(A) + T(B) 


T preserves scalar multiplication. 


T(cA) = (c4)X — X(cA) 
= с(АХ) — c( ХА) 
= c(AX — XA) 

- cT(A) 


142014 


64. If D.(g(x)) = d then g(x) = In x + C. 
x 


1 1 
=1 > a,--—a + -a = 1. 


i e 3] 
[ (а + ах + ох?)а =1 = аА + а, 


Letting a; = —3b and a, = —2a be free variables, а = 1 + a + b, апа p(x) = (1 + а + Б) – 2ax — 3bx?. 


(a) False. This function does not preserve addition nor 
scalar multiplication. For example, 


/(3х) = 27x + 3/(х). 
(b) False. If f: А > Ris given by f(x) = ax + b for 


some a,b € R, then it preserves addition and scalar 
multiplication if and only if b = 0. 


(а) T(x, у) = T[x(1, 0)  »(0,1)] 
xT(1, 0) + yT(0, 1) 
x(0,1) + »(L 0) = (y, x) 


(b) Tis a reflection about the line у = x. 


72. 


74. 


Use the result of Exercise 71(a) as follows. 


3+43+4 7 7 
гб.) =[ 2’ 2 )- (43) 


M 


This statement is true because D, is a linear transformation and therefore preserves addition and scalar multiplication. 


7 7 


T(T(3,4)) = rz. T 
5) 


2:2 
T is projection onto the line y = x. 


- 


2259 


—1 
4 


| 


| 


211 


To show that T : V —^ W isa linear transformation, 
show that T : V — W preserves addition and scalar 


multiplication by using the definition: 
(1) T(u + v) = T(u) + T(v) 

and 
(2) T(cu) = cT(u), 


where c is any nonzero constant. 
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76. (a) Because 7(0,0) = (—h, —k) # (0, 0), a translation (c) Because T(x, y) = (x — А, y — К) = (x, y) implies 
cannot be a linear transformation. x-— h = xand y – k = y,atranslation has no 
(b) 7(0,0) = (0 — 2,0 +1) = (2.1) fixed points. 


T(2, 21) = (2 - 2,1 +1) = (0,0) 
т(5,4) = (5 =- 2,4 +1) = (3,5) 
78. There are many possible examples. For instance, let Т: R? — А? be given by T(x, y, z) = (0, 0, 0). Then if {v,, v;, v3} is 


any set of linearly independent vectors, their images T(v,), T(v;), T(v;) form a dependent set. 


80. Let T be defined by T(v) = (v, vo). Then because 
Т(у + ж) = (v + W, Vo) = (у, vo) + (w, Vo) - T(v) * T(w) 


and T(cv) == (су, vo) = су, Vo) E cT(v), T is a linear transformation. 


82. Because 
T(u + v) = (u + v, ww; + + (и + v w,)w, 
= ((u, w,)w, + (у, wiwi) + (и, мум, + (v. w,)w,) 
= ((u, муж + + (и, w,)w,) + (у, wi)w; + + (у, w,)w, = T(u) + Т(у) 
апа 
T(cu) = (cu, w;)w; + + (cu, w,)w, = chu, wi)w; + + chu, w,)w, = c| (u, мум * + (и, Wawa | = cT(u), 


Т is a linear transformation. 


84. Suppose first that Т is a linear transformation. Then T(au + bv) = T(au) + T(bv) = aT(u) + bT(v). 
Second, suppose 7(au + bv) = aT(u) + bT(v). Then T(u + v) = T(lu + 1v) = T(u) + T(v) 


and T(cu) = T(cu + 0) = cT(u) + T(0) = cT(u). 
Section 6.2 The Kernel and Range of a Linear Transformation 


2. T : P > R?, T(x, у, z) = (x, 0, z) 8. Т:Р >RP, 
The kernel consists of all vectors lying on the y-axis. T (ap + ах + ах? + ax?) = а, 2ayx + 3a x? 


That is, ker(T) = {(0, y, 0) : y is a real number]. ао атаа 


2 зү ы 2i tas 
4 т: RT (x, Be ee ee) T (ay + а, + ах + 3X ) = a + 20х + Зазх = 0 


Solving the equation yields solutions of the form a, = a, = a; = 0 and ау 


T(x, У, 2) = (—2,-у,-х) Е (0, 0, 0) yields that trivial any real number. So, ker(T) = 1% EI R}. 


solution x = y = z = 0. So, ker(T) = {(0, 0, 0)). 10. T: R > R T(x, y) =й 


6. Т: Р >R, Т(а, + ах + а?) = а, Solving the equation 
T(x, y) = (х= y, y = x) = (0, 0) yields solutions of 


i ion T "үзе = 0 
Solving the equation (ao + ах + ах ау E У НБ; кецт) а Қ, x) -— R). 


yields solutions of the form ay = бапа a, and а, are 
any real numbers. So, 
ker(T) = lax + ах: а, є К). 
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(b) 


16. (a) 


(b) 


18. (a) 


(b) 
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1 2|x| 0 14. (a) Because 
БНЫН ' 


1-21 0 
x425920 425-0 Te 9: а 
> > x 
-3x, — 6x, = 0 0=0 3 
Using the parameter £ = x, produces the family of has solutions of the form (-22, 55 t) where t is any 
solutions 


real number, 


x] [2]. [-2] ker(T) = [(-2, —4, 1): £ is a real number} 
ЕЕЕ е 
(p) 


(b) Transpose А and find the equivalent reduced 
row-echelon form 


So, ker(T) = [(—2, 1): t is a real number] 
= span{(—2, 1)}. 


Transpose A and find the equivalent row-echelon 


form. 
1 0 1 0 
a | p кі 4A = |2 2} => Jo 1 
2 -6 0 0 1 1 0 0 


So, range(T) = ka, —3): t is a real number]. 


So, range (T) is {(L 0), (0, 1)} = R. 
= span{(1, -3)]. 


Because 


has only the trivial solution x, = x; = 0, ker(T) = {(0, 0). 


Transpose A and find the equivalent reduced row-echelon form. 


NUBE. 1 0 
A = => 
1 2 1 0 1 


So, гапре(т) = span((L 0, 1), (0, 1, 7. 


„| шо | 


Because 
x 
-1 3 2 1 4\/x 0 
T(x) =| 2 3 5 0 0|x | 2|0 
212 10| 0 
Xs 


has solutions of the form (-10s — 4t, —15s — 241, 135 + 16t, 9s, 9r), 
ker(T) = span[(-10, 15,13, 9, 0), (-4, —24,16, 0, 9)}. 


Transpose A and find the equivalent reduced row-echelon form. 


-1 2 2 100 
33 1 0 10 
А =|2 52| > |0 0 1 
10 1 000 
4 0 0 ооо 


So, range (T) = ѕрап{(1, 0, 0), (0,1, 0), (0, 0,1)} = R°. 
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20. (a) The kernel of T is given by the solution to the 24. (a) The kernel of T is given by the solution to the 
equation T(x) = 0.So, equation T(x) = 0.So, 
ker(T) = {(2t, —3t) : t is any real number]. ker(T) = ((55 £) : t € R}. 
(b) nullity(T) = dim(ker(7)) = 1 (b) nullity(T) = dim(ker(7)) = 1 


(@ Тыныр Taid ийне едын reii (c) Transpose A and find its equivalent row-echelon 


form. 
row-echelon form. 
ree j -5 
Т 3 -9 1 -3 A = | 26 1 | | 
АТ = 5 25 
| | | l “36 26 ME 
So, range(T) = {(t, —3t) : t is any real number]. So, range(T) = {(—5):гє R}. 


(d) rank(T) = dim(range(T )) =1 C у= dim(range(T)) = 


22. (a) Because T(x) = 0 has only the trivial solution 26. (а) The kernel of T is given by the solution to the 
x = (0, 0), the kernel of T is {(0, 0)}. equation T(x) = 0.So, 
(b) nullity(7) = dim(ker(T)) = 0 аео) е0; 
(c) Transpose А and find the equivalent row-echelon (b) nullity(T) = dim(ker(7 ) =1 
form. (c) Transpose A and find its equivalent row-echelon 
ie f 0 d | 0 | form. 
10 3 00 I 100 10 0 
So, range(T) = Kt, 0,5): ste R}. 4 =|0 00| = |001 
0 0 1 000 


(d) rank(T) = dim(range(T)) =i 
So, range(T) - Kt, 0, 5) 1:5, Є R}. 
(d) rank(T) = dim(range(7)) =2 
28. (a) The kernel of T is given by the solution to the 
equation T(x) = 0. So, 
ker(T) = ix 0, 2): t is any real number}. 
(b) nullity(7) = dim(ker(T)) = 1 


(c) Transpose A and find its equivalent reduced row-echelon form. 


ола ope: 

T7 2 72 

4A-|$34 $|2 0 10 
444 poo 


So, range(T) = ls. 0, s), (0, £, 0): s and t are any real numbers]. 
(d) rank(T) = dim(range(T ))=2 
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30. 


32. 


42. 


44. 


46. 


48. 


50. 


52. 
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(a) The kernel of T is given by the solution to the 34. Because rank(T) + nullity(T) = 3, and you are given 
equation T(x) 050 rank(T) = ], then nullity(T) = 2.So, the kernel of T is 
ker(T) = Kt. -55,-5): ste К). a plane, and the range is a line. 


(b) nullity(7) = dim(ker(T)) = 2 
(c) Transpose A and find its equivalent row-echelon form. 
1 0 


36. Because rank(T) + nullity(T) = 3, and you are given 
rank(T) = 3, then nullity(7) = 0. So, the kernel of T is 


y. the single point {(0, 0, 0)}, and the range is all of. R°. 
38. The kernel of T' is determined by solving 
T(x, у, z) = (7x, у, z) = (0, 0, 0), which implies that 


=. =. © c 


1 
0 
0 


© с = = 
о о o 


Ѕо, Т) = R. 
o, range(T) the kernel is the single point {(0, 0, 0)}. From the 


Оа dim(range(T)) =e equation rank(T) + nullity(T) = 3, you see that the rank 


(a) The kernel of T is given by the solution to the of T is 3. So, the range of T is all of R°. 
equation T(x) = 0. So, : : А 
40. The kernel of T is determined by solving 
ker(T) = Tet — 5 – 27,61 — 2s,r,s,t) : r,s.te к}, T(x, у, 2) = (x, у, 0) = (0, 0, 0), which implies that 
(b) nullity(T) = dim(ker(T)) = 3 x = y = 0.So, the nullity of T is 1, and the kernel is a 
(c) Transpose А and find its equivalent row-echelon form. line (the z-axis). The range of T is found by observing 
3 4 2 17 0 18 that rank(T) + nullity(T) = 3. That is, the range of T is 
-2 3 -3 0 17 -5 2-dimensional, the xy-plane in R°. 
A’ =| 6 8 4 > 0 0 0 
-1 10 -4 0 0 0 
15 -14 20 0.0 0 


So, тапре(т) = {(175, 171,185 — 5t) : ste R}. 
(d) rank(T) = dim(range(T ) =2 
rank(T) + nullity(7) = dim R* = nullity(7) = 4-0 = 4 
rank(T) + nullity(7) = dim P, = nullity(7) = 4-2 = 2 
rank(T) + nullity(7) = dim M4; = nullity(7) = 9-6 = 3 
Because |A| = —1 # 0, the homogeneous equation Ax = 0 has only the trivial solution. So, ker(T) = {(0, 0)! and T is 


one-to-one (by Theorem 6.6). Furthermore, because rank(T) = dim(R?) - nulit(7) = 2-0=2= dim(R?), 
T is onto (by Theorem 6.7). 


Because | A| = —24 + 0, the homogeneous equation Ах = 0 has only the trivial solution. So, ker(T) = {(0, 0, 0) and T is 
one-to-one (by Theorem 6.6). Furthermore, because rank(T) = dim А? — nullit(T) = 3-0 = 3 = dim(R?), 
Т is onto (by Theorem 6.7). 


1 -l 
The matrix representation of T : R? — А2 is given by А = : 
p g y a 1 


1 -l 
The matrix in row-echelon form is A = l | 


So, you have the following. 
dim(domain) = 2, rank(T) = 1, nullity(T) = 1 


Because the rank of T is not equal to the dimension of R^, Т is not onto. Because Кег(Т) + {0}, T is not one-to one. 
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54. 


56. 


58. 


60. 


70. 
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10 4 

-1 3 2 14 T «0:07 9» 7S 
А=|23 5 0 0|5|0 10 3 & 
212 10 -13 -16 
0.0 1l — —ъу 


So, you have the following. 
dim(domain) = 5, rank(T) = 3, nullity(T) = 2 


Because the rank of T is equal to the dimension of ЁЗ, T is onto. Because ker(T) # [0], T is not one-to-one. 
The vector spaces isomorphic to R$ are those whose dimension is six. That is, (а) M 23 (d) Mg, (e) P; and 
(g) lx. X2, X3, 0, X5, Xg, Ху): X; € R} are isomorphic to R°. 

1 1 
Solve the equation T(p) = Í, р(х)ах = Í, (a + ax + ax? ax = 0 yielding ay + a,/2 + a5/3 = 0. 


Letting a, = —3b, a, = 2а, you have ay = -а [2 — a5/3 = a + b, and ker(T) = {(a + Б) – 2ax – 3bx? : a,b € Rh. 


1-2 10 0.50 62. If Tis onto, then m 2 n. 
А = |0 1 2 37> 12 0 If T is one-to-one, then m < n. 
0 00 1 00 1 
64. Theorem 6.9 tells you that if M,,, and М; ‚аге of the 
(a) dim(R*) =4 same dimension then they are isomorphic. So, you can 


conclude that mn = jk. 


66. (a) False. A concept of a dimension of a linear 


ec la transformation does not exist. 
a ЕГ аы. (b) True. See discussion on page 315 before 
x, = 0 Theorem 6.6. 
So, ker(T) = {(-5x3, —2x3, X, 0) and (c) True. Because dim( B) = dim(R?) — 2andany 
dim(ker(T)) = 1, two vector spaces of equal finite dimension are 


isomorphic (Theorem 6.9 on page 317). 
(d) T is not one-to-one since the ker(T) # [0]. 
68. From Theorem 6.5, 


(e) rank(T) = 3 rank(T) + nullity(T) = n = dimension of V. T is 
= dim(R?) one-to-one if and only if nullity(T) — 0 if and only if 
So, T is onto by Theorem 6.7. rank(T) = dimension of V. 


(f) Tis not an isomorphism since it is not one-to-one. 
T^ (U) is nonempty because Т(0) = 0 € U > 0 € T (U). 


Let vj, v € T^ (U) = Т(у) e U and T(v;) є U.Because U is a subspace of W, 
T(vi) + T(v2) = T(v E уз) eU > Vi +У›Є TU). 


Let v e T (U) and c e R = Т(у) є О. Because U is a subspace of W, cT(v) = T(cv) e U = cv e T-(U). 


If U = {0}, then T^ (U) is the kernel of T. 
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2. Because 8. Because 
2 3 1 1 
1 0 E 
Т =| 1 d T =| 1| 1 1 0 -1 
B) ш [ {| Т = апд Т = Ё 
-4 1 0 | 2 1 0 
23 0 
the standard matrix for Tis А = | 1 -1| the standard matrix for T is 
4 1 [11 
1 -l 
4. Because s 2 of 
5 1 
75! 0 a rli? 0 ai 
"Jig ER utd oP 1 1l 0 
x = Ита 1 -ıl 3 6 
the standard matrix for T is оа 2 011-31 | 6 
5 1 0 2 -6 
AE. and T(3, 3) = (0, 6, 6, —6). 
4 -5 
10. T(xi, x5, 23, x4) = (Xy — X3, X2 — X4, X3 — X1, X2 + x4) 
6. Because 
1 0 0 0 0 0 The standard matrix is 
Alf] uu of o 0 d NM, 
0 = 0 > 0 = 0 > 1 ind 0 > А _ 0 1 0 —1 | 
ol) |o 0 0 0 0 =i 0 
0.1 0 1 
0 0 
T 0 0 The image of v is 
an =. = e 
0 0 1 0 1 0 1 2 
0 1 0 -l| 2 4 
| Р ds 1 0 1 0 3 Е 2 
0000 i 
the standard matrix for Tis A 9 AM gon Ен : 
e standard matrix for Tis А = —— So, T(v) = (-2,4,2, 0). 
0000 


0 1 
12. (a) The matrix of a reflection in the line y = x, T(x, y) = (y, x),is given by A = [Т(1, 0) : T(0, 1)] - | 


(b) The image of у = (3, 4) is given by 
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14. (a) The matrix of a reflection in the x-axis, T(x, y) = (x, — y), is given by 


А = [T(1, 0): T(0,1)] = | if 


|o -1 


(b) The image of v = (4, —1) is given by 


«LI 


So, T(4, -1) = (4,1). 


© v? 
34 
a+ 
1+ Т(у) a D 
ELCHE 
d (4,1) 
E 


16. (a) The counterclockwise rotation of 120? is given by 
T(x, y) = (cos(120)x — sin(120)y, sin(120)x + cos(120)y) 
| 1 8 B 1 
= X X 


2 3€ 3 2 


So, the matrix is 


1 | 
А s [|Т(1,0):Т(0,1)] = E: B 
eS 


(b) The image of v = (2, 2) is given by 


1 V3 
з 
Ау = = в 
„ Шы же 
2 2 
So, T(2, 2) = (-1 - V3, V3 - 1). 
(c) i 
5+ 
4+ 
` 120 А 
E n A | | 
43.1 | 123 
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18. (a) The clockwise rotation of 30? is given by 
T(x, y) = (cos(-30)x = sin(-30)y, sin(-30)x + cos(-30) y) 
_ $ 1 1 +З 7 


x + у, ->x + 
2 27 3 2 


So, the matrix is 


à. 1 
A =[T(1, 0): 7(0,1)] = : 4 | 
2 2] 


(b) The image of v = 


| 
— 
TO 
E 
= 
E 
08. 
z 
S 
в 
= 
Z 


У 1 xg 
zc 3 É 2 
Ау = = 
_1 Мз : —1 + Мз 
2 2 2 J 
So, Т(2,1) = [va roe es 3j 
2 2 
y 
() ? 
2-4 
1+ vor? 
30° » X 
Ту) 3 
-1+ 
20. (a) The matrix of a reflection through the yz-coordinate plane is given by 
-1 0 0 
A= [Т(, 0, 0) : T(0, 1, 0) : T(0, 0, 1)| =| 0 101 
00 1 


(b) The image of v = (2, 3, 4) is given by 


-1 0 0р] [2 

Av =| 0 1 03| = | 3 
0 0 1|4 4 

So, T(2, 3, 4) = (22,3, 4). 
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22. (a) The reflection of a vector v through w is given by 


Т(у) = 2proj,v – v 


T(x, y) 22 =i У (3,1) = (x, y) 


The standard matrix for T is 


43 
Я 5 5 
A = [T(1, 0):7(0,1)] = 
[Т(, 0) (0. 1)] з 4 
5 5 
(b) The image of v = (1, 4) is 
1 2 -3 
А=|3 -5 0 
0 1 -3 
(b) The image of у = (3, 13, 4) is 
1 2 -3| 3 17 
Av = |3 -5 0][13|2|-56, 
0 ] -3| 4 1 


So, T(3,13, 4) is (17, —56, 1). 


(c) Using a graphing utility or a computer software 
program to perform the multiplication in part (b) 
gives the same results. 


26. 


28. 


30. 


(a) The standard matrix for T is 


120 0 
110 0 
71002 af 
100 0 


(b) The image of у = (0,1, —1, 1) is 


12 0 0/0 2 
-] 10 0| 1 1 

Ау = = 
0 0 2 —1||—1 -3 
100 OF} 1 0 


So, T(0,1, 11,1) = (2,1, 3, 0). 


(c) Using a graphing utility or a computer software 


program to perform the multiplication in part (b) 


gives the same result. 


The standard matrices for Т, and T, are 


100 000 
A =|0 10 and 4A, =]1 0 
00 1 0 0 
The standard matrix for T = T, o Tj is 
0 0 01 0 0 ооо 
А= АА = |10 00 10 = |10 OJ = 
0 0 01001 000 


and the standard matrix for Т” = T, o T; is 
1 0 ofo 0 0 
А= АА = |0 1 0 
оо 10 0 0 


The standard matrices for Т, and T, are 


1 0 


0 10 
A =|0 1 and A, = ; 
0 0 1 

0 1 


The standard matrix for T = T, o Діѕ 


[fo 10 [0 1 
AA, = 0 ll= 
10 0 1 


and the standard matrix for Т” = T, o T; is 


[10 0 10 

0 1 0 
am =[о al ЕХЕ 
001 
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32. The standard matrix for T is 
2 0 
А = A 
0 0 
Because | A| = 0, A is not invertible, and so Tis not 
invertible. 
34. The standard matrix for T is 
1 1 
А = Я 
1 -l 


Because | А| = —2 + 0, А is invertible. 


ex 


So, T" (x, y) = (4x Ly, Ix ty). 


38. (a) The standard matrix for T is 


‚ [1-1 0 
А = 
0 1- 


and the image of v under T is 


2 
р 1-1 0 -2 
Ау = 4| = К 
bassi 
6 
So, T(v) = (-2, -2). 

(b) The image of each vector in В is as follows. 
Т(1,1,1) = (0,0) = 0(L1) + 0(2,1) 
Т(1,1,0) = (0,1) = —1(1,1) + (L2) 
Т(0,1,1) = (—1,0) = —2(1,1) + (1, 2) 
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36. The standard matrix for T is 


1-200 
0 100 
А = . 
0 0 1 1 
0 0 10 
Because | 4| = —1 # 0, А is invertible. Calculate 4' by 


Gauss-Jordan elimination 


120 0 
pup E 
000 1 
00 1-I 


and conclude that 


T(x, X5, X3, x4) = (x, + 2x, 0, X4, X3 — x4). 


So, [7(1,1,1)], = [| [(.1.0)],. = BH and [Т(0,1,1)]„ = | 


VIE 0 -1 -2 
which implies that А = | | 


1 1 
2 
Then, because [v], = |—1 Lr], = Aly], 
1 


So, Т(у) = —2(1, 1) + 01,2) = (-2, 2). 
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40. (a) The standard matrix for T is 
^ 1 1 11 
A= 
-1 001 


and the image of у = (4, —3, 1, 1) under T is 


(b) Because 


T(1, 0, 0, 1) = (2, 0) = 0(1, 1) + (2, 0) 
T(0, 1, 0, 1) = (2,1) = (1, 1) + (2, 0) 
Т(1 0, 1, 0) = (2, -1) = -(1, 1) + 3(2, 0) 
T(1, 1, 0, 0) = (2, -1) = —(1 1) + 32, 0), 


0 1 -1 -1 
The matrix for T relative to B and B'is А = | 1 3 | 
2. 9c 29 


Because v = (4, -3,1,1) = Z(L 0,0,1) - 3(0, 1,0,1) + (L0,1,0) – i(L 1, 0, 0), you have 


[rtl = 4, =|} 


© 
SERE 
| 

кю» м 
| 

Qo Qn 

Гез —I 
| 


Nie |ә dN 


Áo 
1 
| 
„ы оо 
LT. 74 


So, T(v) = -3(L 1) + 3(2, 0) = (3, -3). 


Ay = “als! | Т(у) = (-92, -28). 


(b) Because 
T(2, 1) = (-7, 22) = -(2, 1) - (5,1) 
T(5, 1) = (2, 1) 


3 
42. (a) The standard matrix for Tis А = | | and the image of у = (4, 8) under T is 


-] 0 
the matrix for Т relative to B and B’is А = | i | 


Because v = (4,8) = 12(2, 1) – 4(5, 1), you have [T(v)],. = Aly], = E des = Е] 
So, T(v) = -122,1) — 16(5,1) = (—92,—28). 


44. The image of each vector in В is T(1) = x’, T(x) = x, Т(х?) = x. 


So, the matrix of T relative to B and B'is А = 


© © o o 
or о о о 
— © © © о 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


46. 


48. 


50. 


52. 
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The image of each vector in B is as follows. 
D(e**) = 2е°* 
D(xe™) = eg + 2хе^ 


D(x’e**) = 2xe?* + 2х?е?* 


© N =e 
N N © 


2 
So, the matrix of T relative to Bis A = |0 
0 


Because 5е2* — 3xe?* + x’e™ = 5(e**) - 3(xe^*) + (x?e**), 
2 5 7 
Ау], =|0 2 2|-3| = | -4| = D,(5e?* – 3xe^ + xe?) = 767 — 4xe™ + 2x76”, 
0 0 24) I 2 
(a) Let T : R" — R" bea linear transformation such that, for the standard basis vectors ei of R", 
ay a» An 
a5 an An 
T(e) |. |Т(е)=| 2 |,...,Т(е)=|. 
ат Am2 Amn 


а ар din 

а an a», 
A= : 

ат Am2 c Amn 


is such that T(v) = Av for every v in R”. A is called the standard matrix of T. 


(b) Let T, : А" — R” and T, : R” — RP be linear transformations with standard matrices 4 and 45, respectively. The 
composition T : А" — R”, defined by T (v) = T,(T(v)), is a linear transformation. Moreover, the standard matrix A for 
T is given by the matrix product 4 = 44. 


(c) To find the inverse of a linear transformation T, first find the standard matrix A of T. Then find the inverse of A using the 
techniques shown in Section 2.3. 


(d) To find the transformation matrix relative to nonstandard basis, first find T(v,), T(v;)...., 7(v,). Then determine the 


coordinate matrices relative to B’. Finally, form the matrix T relative to В and B’ by using the coordinate matrices as 


а ар се аһ 
columns to produce А = e > i sis 
Ani Am2 t Ann 
Бесайде Т(у) = Ку forall v € А", ће standard matrix 54. (a) True. See discussion, under “Composition of Linear 


for T is the n х n diagonal matrix Transformations, раве in 324. 


(b) False. See Example 3, page 324. 


k 0-0 
0 k : 
: ol 
бу мз 0 k 
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56. (1 = 2):Let T be invertible. If T(v,) = T(v;).then T (T(vi)) = T" (T(v;))and v, = vz, so T is one-to-one. T is onto 
because for any w є К",Т (уу) = v satisfies Т(у) = w. 
(2 > 1): Let T be an isomorphism. Define Т^! as follows: Because Т is onto, for any w є R",there exists v є R” such 
that T(v) = w. Because T is one-to-one, this v is unique. So, define the inverse of Tby T^'(w) = vifand only if Т(у) = w. 
Finally, the corollaries to Theorems 6.3 and 6.4 show that 2 and 3 are equivalent. 


If Tis invertible, T(x) = Ax implies that Т(Т(х)) = x = A"! (Ax) and the standard matrix of T^! is A4^*. 
58. b is in the range of the linear transformation Т: К" — R” given by T(x) = Ax if and only if b is in the column space of A. 


Section 6.4 Transition Matrices and Similarity 


2 1 
2. The standard matrix for T'is 4 — Í | Furthermore, the transition matrix P from B’ to the standard basis В, and its 


1 0 
inverse are P = [ | and Р! = | | Therefore, the matrix for T relative to B' is 


all 
4 
1 0/2 1110 4 4 

A = P'AP = 1 = 11 
-4 101 -2]2 4| |-4 -4 


1 
4. The standard matrix for Tis А = \ 


NIH 


| Furthermore, the transition matrix P from B’ to the standard basis B, and its 


-2 -l -1 -l 
inverse, are P = l ү | and Р! = | Д 3l Therefore, the matrix for T relative to B’ is 
: 1 -1|1 -2[|-2 -1 12 7 
А = P'AP = = 
1 214 Of}, 1 1 -20 -11 


5.4 
6. The standard matrix for Tis A = l ; Furthermore, the transition matrix P from B’ to the standard basis B, and its 


12 13 12 13 
inverse, are P = i and Р! =| 25 25 | Therefore, the matrix for T relative to B’ is 
12 13 
"E E 3l | 12 3 р | 5 | 
13 12 Ё 
3 5514 511-13 -12 -4 5 
000 
8. The standard matrix for Tis A = |0 0 O.Furthermore, the transition matrix P from B’ to the standard basis B, and its 
000 


1 10 1 1 -1 
inverse, аге Р = |1 0 1|andP™! = | 1 -1 1| Therefore, the matrix for T relative to B’ is 


2 
0 11 -1 1 1 


a 
i 
Y 
E 
i 
о о о 
о о о 
о о о 
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-1 0 0 
10. The standard matrix for Tis 4 = | 1 -1 0. Furthermore, the transition matrix P from B’ to the standard basis В, and 
0 1 -l 
3 105 
0-21 o 5 
its inverse, are P =|-1 0 3|апаР! = -2 Ф Е . Therefore, the matrix for T relative to B’ is 
1 4 3 
2 30 st last Сте 
3d XE = il. 2 
FN ee 1 0 010-2 1 5 5 1 
^ pd к= | Dee i —|—1 199 1 
А = P АР 5 is qs) Lost 0|-L O0 3рет is al 
1. od] ^9 2 8 1 
s 35 LO 1-12 30 =e 703 
100 
12. The standard matrix for Tis А = |1 2 0. Furthermore, the transition matrix P from B’ to the standard basis В, and 
1 1 3 
10 0 100 
its inverse, аге P = |-1 0  llandP^! = | 1 1| Therefore, the matrix for T relative to B’ is 
0 1-2 110 


о о 0 


1 0 отоо 10 0 1 0 
А = РАР = 11 1 011 2 01-10 1 = [0 3 
1101113 0 0 
14. (a) The transition matrix P from B’ to B is found by row-reducing [B : B] to [Z : P]. 
FUNT TEX | 10 
[8 ; Вв! = Я > р : Р] = 


1 3i -11 01i- 
so =| 


(b) The coordinate matrix for v relative to B is [v], = Р[у|„ = | 


MAIN Ale 
Ale alr 


ол | ale 
ол | aly 
НЕ | 


В 


1 -23 2] 1 2 
(c) The matrix of T relative to B’is Æ = РАР = | | ] 2 1 = 
^5 5 


А ; "T 1 -2/1|-5 3 
(d) The image of v under T relative to B' 15 P'[T(v)], = Ў isa = ia 


3 01 3 
You can also find the image of v under T relative to B’ by Aly] pem | | | = | | 
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16. (a) The transition matrix P from B’ to B is found by row-reducing [B : B] to [Z : P]. 
-1 -5 
Р = 
0 -3 


; . E . -1 -5| 1 19 
(b) The coordinate matrix for v relative to B is [У] = Ply} ‚ = = ; 
P 0 -3|-4 12 


2 14/19 50 
Furthermore, the image of v under 7 relative to B is [T (v)], - Aly] Bm | | | = | | 


0 —1|12 -12 
: . PNE Я -1 212 1[-1 -5] [2 18 
(c) The matrix of T relative їо В 15 А = P AP = = 
o -ijo -1],0 —3] |0 -1 


-1 à 
(d) The image of v under T relative to B' is Rm (v)], - | A 
3 


. . А 7 2 18| 1 —70 
You can also find the image of v under T relative to B' by А [У] rF usd - ; 


18. (a) The transition matrix P from B’ to B is found by row-reducing [В В! to [/ P] : 


1 1-110 0 100440 
= 1 1|— 
[B В]=| 1-1 101 0|5|[0 105 0 5 =[ P] 
ia d 
-1 1 100 I 00 105 5 
11 
gig 20 
EIE 1 
So, P = 305. 
1 1 
0273 
11 3 
z z2 02| |5 
(b) The coordinate matrix for v relative to B is [v] p= P|v] gy } 0 4 lj = 2. 
o 4 1|1 1 
Furthermore, the image of v under T relative to B is 
3 1 [3 [1 
z 7 -5 ||5 4 
= —|_l 1/3) —]u 
[T(v)], Aly], ; 2 5115 4r 
1 5 9 
з! 410 te 
(c) The matrix of T relative to B’ is A’ = PAP 
3 Joi 1 5 
b 1 -ij 2 = -32 z7 0 ao a 
/ — p-lyp = 1 1 Ez 1 
А =PAP=| 1-1 1-52 || 05 "E бе 
1 5 i i 5 15 
zb X |» E 50% > us Ж 


(d) The image of v under T relative to B’ is 


1 1-1] 1 -1 
P'[r(v)|, =| 1 -1 1|H|-| 2. 
-1 1 des 2 


You can also find the image of v under T relative to B’ by 


га - [+ 
^ Jed 1 = 9 
ATv], 1 2 1 1 il 
5 15 29 
ї 1 7J! 4 
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20. A is similar to A’ since 


7 [1 12][1 -12][1 
Al = Р!АР = 
0 1[O цо 


22. Ais similar to A’ since 


1-1 0 
А = РАР = |0 
lo 0 1 


24. The transition matrix from B’ to the standard matrix has 
columns consisting of the vectors іп B’. 


1 1 -l 
P=; 1-1 1 
-] 1 1| 


dod 
25 0 
saben. d 
pt=|1 0 1, 
1l 
05 5 


So, the matrix for T relative to B’ is 


A = PAP 


|- 


z2 012-1 |! 
S Oa ЧӘ ШУЛ 
0 23212 1 ai 
100 
=|0 2 0. 
lo 0 3 


26. First, note that А and В are similar. 
[-1 -1 2]1 0 0 
P'AP=| 0 -1 2ļ0 -2 0 
| 1 2-310 0 3 


[11 7 10 
=| 10 8 10 
|-18 -12 -17 
Now, 
п 7 10 
|B|-| 10 8 10 
-18 -12 -17 
= 11(-16) – 7(10) + 10(24) 
= -6 =|Al. 
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28. 


30. 


32. 


34. 


36. 


4 
1 0 1 0 
Because В = РАР, and A* = | | = | | 


you have B^ = Р!44Р 
3 -5|1 02 5 
7 Е le | | 
-74 -225 
Е | 30 | 
If B = Р! АР and A is an idempotent matrix, then 
В? = (P-APJ 


= (P'AP)( P'AP) 
= P'4’P 
= РАР 
= B, 
which shows that B is an idempotent matrix. 


If Ax = xand В = РАР, then PB = AP and 
PBP™ = A. So, PBP^x = Ax = х. 


Because A and B are similar, they represent the same 
linear transformation with respect to different bases. So, 
the range is the same, and so is the rank. 


If A is nonsingular, then so is P'AP = В, and 
В = Р!АР 
В = (РЧАР)' = РР! = P AP 


which shows that 47! and В”! are similar. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


228 Chapter 6 Linear Transformations 


38. Because В = PAP, you have AP = PB, as follows. 


i «e. Ain |] ри c Pin Pu os Ри |ба. 0 
[ån jte ann || Pi Ium Pm >- Pm 0 ees Bin 
So, 
au Qin || Pi Pii 

= bi 
9,11 gs Ann | | Рт Рп 


for i = 1, 2,..., п 


40. (a) There are two ways to get from the coordinate matrix [v], , to the coordinate matrix [7( M Me ,. One way is direct, using the 
matrix 4’ to obtain Aly], = = [Т(у m . The second way is indirect, using the matrices P, A, and P"! to obtain 
P'AP|v], = [T(v)],. 


(b) To determine if two square matrices А and 4’ are similar, the equation A’ = P^! AP must hold true for some invertible 
matrix P. 


42. (a) True. See discussion, page 330, and note that 4’ = P'AP = PA’P' = PP'APP" = А. 
(b) False. Unless it is a diagonal matrix, see Example 5, page 333. 


Section 6.5 Applications of Linear Transformations 


2. The standard matrix for Tis 4 — b | 4. The standard matrix for Tis 4 = E a 
ЫЙ» э [Е-е 
(b) E Г E Ё А = T(-1,-6) = (1, -6) (b) Е M H = В = т(2,3) = (-3,-2) 

e Fs E-F] reo -co o [2 AT]- [3] ren- 0- 
НН е 
e 44 = ч -4) = (6-0) ЛЕРИНЕ ЕЕЕ 
й [| | HE p 2. © p OL ale |= телә ten 


6. (а) T(x, y) = хТ(1,0) + yT(0, 1) 
= x(1,1) + »(0,1) 
= (x,x + y) 


(b) Tis vertical shear. 
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x 16. The reflection in the x-axis is given by 
8. T(x, y) = |, у рои : . 
4 T(x, y) = (x, — y). If (x, y)is a fixed point, then 
(a) Identify T as a horizontal contraction from its T(x, y) = (x, y) = (x, - y) which implies that у = 0. 
l 0 So, the set of fixed points is {(t, 0) :t is real] 
standard matrix A = | 4 
0 1 18. The reflection in the line у = —x is given by 
(b » T(x, y) = (Уу, —x).1f (x, y)is a fixed point then 
A 


T(x, y) = (х,у) = (Уу, -x) which implies -x = y. 


So, the set of fixed points is (t. —t) : t is real} 


k 0 
20. A horizontal expansion has the standard matrix H | 


where k > 1. 


A fixed point of T satisfies the equation 


10. (a) Identify T as a vertical expansion from its standard T(v) - k Оу, = Ки NEIN y 
1 0 ЕЯ v v 
matrix Á = . . 
0 3 So the fixed points of T are 
(b) у {у = (0, t): t is a real number}. 
ich 22. A vertical shear has the form T(x, y) = (x, y + kx). If 
x, 3y 
ч (x, y) is a fixed point, then 
i T(x, y) = (x, y) = (x, y + kx) which implies that 
(х, у) x = 0.бо the set of fixed points is {(0, D) : tis real]. 
» X 


24. Find the image of each vertex under T(x, y) = (у, x). 


12. T - 4 
ое т(0,0) = (0,0), 7(1,0) = (0,1), 
(a) Identify T as a horizontal shear from its standard T(1,1) = (1,1), T(0,1) = (1, 0) 


. 1 4 
matrix А = Н y 
0 1 


(6) | 


(x, y) (x + 4у, y) 


Sum e А 


26. Find the image of each vertex under T(x, у) = Є z) 


T(0,0) = (0,0, 7(1,0) = (1,0), 
14. T(x, y) = (x 9x + y) (0,0) = (0,0, T(L0) = (1,0) 


1 1 

T(1,1) = |1,— T(0,1) = 25 

(a) Identify T as a vertical shear from its matrix ( 1) | ? i} ( 1) (n =) 
_ 1 0 y 
9 1f 4 
1-2 

(b 1 

(x, 9x y) EE 


(x, y) 
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28. Find the image of each vertex under T(x, у) = (5x, y). 36. Find the image of each vertex under T(x, y) = (2x, y). 
T(0,0) = (0,0), Т(1,0) = (5,0), T(0,0) = (0,0), 7(1,0) = (2,0) 
T(L1 = (5,1), T(0,1) = (0,1) T(,2) = (2,2, Т(0,2) = (0,2) 
: я 

| (2,2) 

3 + 

400 (5, 1) 

x (2, 0) 

(0,0) 4 3 (5,0) * 


(0, 0) 2 


30. Find the image of each vertex under 
T(x, y) = (x, y + 3x). 
T(0,0) = (0,0, 7(1,0) = (1,3), 
т(1,1) = (L4), 7(0,1) = (0,1) 


38. Find the image of each vertex under 
T(x, y) = (х,у + 2x). 
T(0,0) = (0,0, 7(1,0) = (1,2), 
Т(1,2) = (1,4), 7(0,2) = (0,2) 


y 


Э 


4} $ 74,1) 
4 (1, 4) 
T(1, 0) 
3 
(0, 2) (1, 2) 


1 


T0,02 3 4 4 | 
0,0 2 3 4 


32. Find the image of each vertex under T(x, y) = (y, x). 


40. Find the image of each vertex under T(x, y) = (y, x). 
T(0,0) = (0,0), 7(1,0) = (0,1), g (e y) = (4) 


т(,2) = (2,1), 7(0,2) = (2,0) (а) 7(0,0) = (0,0), 7(1,2) = (2.1), 


т(3,6) = (6,3), 7(5,2) = (2,5) 


т(6,0) = (0,6) 
2-r y 
A 
| (0, 1) (2, 1) 
Q.0) 
(0, 0) 2 І 
34. Find the image of each vertex under T(x, у) = (х, ty). 


T(0,0) = (0,0), 7(1,0) = (1,0), (b) 
т(1,2) = (L1) (0,2) = (0,1) 


y 


А (0, 1) (1,1) 
(6, 6) 
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42. Find the image of each vertex under 44. Find the image of each vertex under 


46 
48 


50 


52 


54 


T(x, у) = (x, x + y). T(x, y) = (1x, 2y). 
(a) Т(0,0) = (0,0), Т(1,2) = (1,3), 7(3,6) = (3,9), 


(a) 7(0,0) = (0,0), | Т(12)= ( 
T(5,2) = (5,7) T(6.0) = (6,6) 


(b) 


(0, 12) (3, 12) 
10 


. The linear transformation defined by A is a vertical shear. 


. The linear transformation defined by A is a vertical contraction. 


. The linear transformation defined by А is a reflection in the y-axis followed by a horizontal contraction. 
1 0 : . 0 1 20. . . . . 
. Because 3 represents a vertical expansion, and io represents a reflection in the line x = y, A isa vertical expansion 


followed by a reflection in the line x = y. 


[-1 0 
. (a) The linear transformation of " | represents a reflection in the y-axis. 
[1 0 


(b) The linear transformation of 0 | represents a reflection in the x-axis. 


0 


(c) The linear transformation of represents a reflection in ће line y = x. 


(d) The linear transformation of , where k > 1, represents a horizontal expansion. 
(e) The linear transformation of 


, where 0 < k < 1, represents a horizontal contraction. 


(f) The linear transformation of , Where k > 1, represents a vertical expansion. 
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(g) The linear transformation of 


(h) The linear transformation of 


(i) The linear transformation of 


() The linear transformation of | 0 
0 


[cosQ 0 sing] 


, where 0 < k < 1, is represented by a vertical contraction. 


represents a horizontal shear. 


represents a vertical shear. 


0 0 
соѕӨ -sin Ө | represents a rotation about the x-axis. 


sin@ cos@ 


(k) The linear transformation of 0 1 0 |represents a rotation about the y-axis. 


|-sinð 0 cos 6] 


[cos@ -sin@ 0 


(1) The linear transformation of | sin © cos Ө 0 represents a rotation about the z-axis. 


0 0 1 
56. A rotation of 60? about the x-axis is given by the matrix 62. Using the matrix obtained in Exercise 58, you find 
[1 0 0 1 0 0 1 
ARE а ien 1 м3 1-3) 
А = |0 cos60? -sin 60° | = 2 2 | Т@,1,1) = 0 2 э |1 = 2 А 
0 ѕіп 609 cos 60° J3 1 1 
°з 2 o3 a pe 
E 2 2 2 


58. A rotation of 120? about the x-axis is 


1 
jo b 0 

A =|0 cos120° —sin120* | = |9 
0 sinl120?  cos120? T 


60. Using the matrix obtained in Exercise 


1 0 0 
actes 
Т@,1,1) = 2 79 l= 
V3 1| 
929 = 
2 2 


со560° 0 sin 60° 
70. The matrix is 0 1 0 
—sin 60° 0 cos 60? 


given by the matrix n . . 
64. The indicated tetrahedron is produced by а —90? rotation 


0 0 about the z-axis. 
_1 EE 66. The indicated tetrahedron is produced by a 180? rotation 
2 2r about the z-axis. 
З 1 a" 
БЕЛА 75 68. The indicated tetrahedron is produced by a 180? rotation 
about the x-axis. 
56, you find 
1 


2 
(1 V3) 
2 
[A43 d x5] 
y tM. 1 рур ME 
: 0 0 4 4 2 
cos30? -sin30? 0 2 2 2 2 Js 
ѕіп 30° соѕ30° 0 = 0 1 0 1 V3 r = ; > 0 |. 
0 0 1 PES 
N34 1 3x 3 
2 2||0 o0 1 Sk с 
| 4 4 2 | 


T(1,1,1) = | 


4 2 4 


ug erp a8 44 d 
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72. The matrix is 


cos135? -sinl135? 0 ||1 0 0 
sinl35? соѕ 135° 0 |0 cos120? -sinl120?| = 
0 0 1||0 sin120? cos120? 


^ 


70.1) = ^ : NORNI ССБ = | 


Review Exercises for Chapter 6 


2. (а) Т(у) = T(4,-1) = (3. -2) 


(Б) T(w.vj) = (и + vz, 2v2) = (8,4) 


y+ = 8 
2» = 4 
у = 6,0 = 2 


Preimage of w is (6, 2). 


4. (a) T(v) = Т(—2,1,2) = (-1,3, 2) 


(b) (у, vz, v) = (и V2, vo + vs, v3) = (0,1, 2) 


vytv = 0 

v tv =1 
v3 = 2 

y, =-ly=l 


Preimage of w is (1, –1, 2). 


6. (a) Т(у) = T(2,-3 =7 


(b) The preimage of w is given by solving the equation 
T(v,¥2) = 29% -v = 4. 


The resulting linear equation 2v, — v; = 4 


s t+4 А 
has the solutions у = БО. where t is any real 


number. So, the preimage of w is 


1+4 ; 
( 3 2 t is any real number 
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eae КОЕ -58 V2 X42 V6 
ED 2 4 4 
ше. г Lb: auo ie 

82. ys 2 2 4 4 
0 TEES p cr 

| 2 772 


8. T preserves addition. 
T(x, yi) + T(x, у») = (а + у) + Gs + у») 
= (x1 + x2) + (yı + y2) 
= T(x +, yı + у») 


T preserves scalar multiplication. 
cT(x, y) = с(х + y) = (ex) + (су) = Tex, су) 


So, T is a linear transformation with standard matrix 


П 1]. 


10. 7 does not preserve addition or scalar multiplication, 
so, T is not a linear transformation. 
A counterexample is 


T(11) + T(1,0) = (4,1) + (4,0) 
= (8, 1) z (5. 1) = T(2, 1). 
12. T(x, y) = (x + y, y) 
T(x, yi) + T(x, у») = (x, + у, А) + (x + Yo. Уз) 


=х+у+х»+у,у+у, 
(x, + xj) + (л + у»), X + y 


So, T preserves addition. 
cT(x, y) = e(x + у, y) = ex + су, су = T(ex, cy) 
So, T preserves scalar multiplication. 


So, T isa linear transformation with standard matrix 


bd 


14. T does not preserve addition or scalar multiplication, and 
so, Tis not a linear transformation. A counterexample is 


2T(3, -3) = -2(/3|,|-3|) = (76, -6) = (6, 6) 
= T(-6, 6) = T(-2(3), -2(-3)). 
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16. T preserves addition. 
Т(х\, X2, ху) + Т(у, у», уз) 
= (х = 0, X2 — X3, X3 — х) ЕЯ (n №, Y2 — Уз, Уз yı) 
= (x, — X + yı — y2, Xp — X + ya — Ys X — X + y; — yı) 
= (Ga + y) — (% + y) (о + у») — 69 + y) (x3 + уу) — (а + »)) 


T(x + у, X) + у, Xy + уз) 


T preserves scalar multiplication. 

CT (x, Xp, X3) = с( — 0,0 — x, x4 — x) 
= (с(х — х),с(х› — x5), eG — x) 
= (c — cx», CX) — cx, cx, — cx) 


Т(сх\, сх, схз) 


1-1 0 
So, Т is a linear transformation with standard matrix 4 = | 0 1 -l| 
-1 0 1 
18. T preserves addition. 
Т(х\, yi, zi) + Т(х›, Y2, Z2) = (50,79) + (x2, 0, — y2) 
= (х + %,0 E -(» + у»)) 
= Т(х, + X2, Yi + у, 2] + z3) 
T preserves scalar multiplication. 
cT(x, y, 2) = с(х,0,—у) = (сх,0,—су) = T (cx, су, cz) 
1 0 0 
So, Tis a linear transformation with standard matrix 4 = |0 0 0l. 
0-10 
20. Because (0, 1, 1) = (1, 1, 1) — (1, 0, 0), you have 24. (a) Because A is a 2 x 3 matrix, it maps R° into 
2 = E 
T(0,1,1) = T(1,1,1) — T(1, 0, 0) RY, (n = 3,m = 2). 
=1-3 (b) Because Т(у) = Av and 
= -2. 
12 -l 7 
22. Because (2,4) = 2(1,—1) + 3(0, 2), you have Ау = 10 1 2|- 7? 
T(2, 4) = 27(1,-1) + 37(0, 2) 
- 2(2 -3) x 3(0 8) it follows that T(5, 27 2) = (7, 7). 
= (4,—6) + (0,24) (c) The preimage of w is given by the solution to the 


- (4,18). equation Т(у, vj, vj) = w = (4, 2). 
The equivalent system of linear equations 
у + m = v3 = 4 

У +v = 2 

has the solution 


{(2 — t,1 + 61): tis areal number]. 
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26. (a) Because A is a 2 x 2 matrix, it maps R? into 
R? (n = 2, m = 2). 
(b) Because T(v) = Av and 


2 1[8 20 
Av = = ‚ it follows that 
0 14 4 


T(8, 4) = (20,4). 


(c) The preimage of w is given by the solution to the 
equation Т(у, vj) = w = (5.2). 


The equivalent system of linear equations 
2y +v = 5 


Wy = 2, y= i 
: 3 
has the solution (2, 2). 


28. (a) Because A is a 3 x 2 matrix, it maps R? into 
Р (n = 2, m = 3). 


(b) Because T(v) = Av and 


-] -3 -18 
T(3,5) = (-3, 5, -18). 
(c) The preimage of w is given by the solution to the 


equation Т(у, v) = w = (5,2, –1). 


The equivalent system of linear equations 


-y = 5 
У = 2 
=v — 3v, = -1 
has the solution v, = —5and v, = 2. So, the 


preimage is (—5, 2). 


30. If you translate the vertex (5, 3) back to the origin (0, 0), 
then the other vertices (3, 5) and (3, 0) are translated to 
(—2, 2) and (—2, —3), respectively. The rotation of 90° is 
given by the matrix in Exercise 29, and you have 
0 -1/|-2 —2 0 —1||—2 3 
ШЕЕ  ЕШЕ 


Translating back to the original coordinate system, the 
new vertices are (5, 3), (3, 1) and (8, 1). 


32. 


34. 


36. 


38. 


(a) 


(b) 


(a) 


(b) 
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The standard matrix for T is 

12 0 
A=|0 1 2. 

2 0 1 
Solving Av = 0 yields the solution v = 0. So, 
ker(T) = {(0, 0, 0)]. 
Because ker(T) is dimension 0, гапре(7) must be 
all of RÈ. 


The standard matrix for T is 


11 0 
А=|0 1 1. 
1 0 -l 


Solving Ау = 0 yields the solution 
{(t,—t,t) : t € R}.So, ker(T)is {(1, -1, 1)]. 


Use Gauss-Jordan elimination to reduce A’ as 
follows. 


10 1 10 1| 
4A 211 0 => 0 i=l 
0 1-1 00 0 


The nonzero row vectors form a basis for the range 
of T, {(1, 0, 1), (0, 1, —1)}. 


To find the kernel of Т, row reduce A. 


-1 2 1 0 


А=| 0 -1| = 10 1 


(а) 
(b) 


(c) 


(d) 


-2 2 0 0 


кецт) = ((0. 0) 


dim(ker(7)) = nullity(T) = 0 


[0-2]. о 2 
я -[, -1 || 1 i 
range(T) is span {(1, 0, 2), (0, 1, 2). 
dim(range(T)) = rank(T) = 2 


-1 


1 1 100 
А=|1 2 1|2/|0 1 0 
0 1 0 0 1 


(а) 
(b) 


(c) 


(d) 


0 
ker(T) = {(0, 0, 0)} 
dim(ker(T)) = nullity(T) = 0 
110 100 
As! 1-2 1|»|0 10 
-1 10 0 0 ! 
range(T) is span {(L 0, 0), (0, 1, 0) (0, 0, 1)} 


dim(range(T)) =3 
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40. 


42. 


44. 


46. 


48. 


50. 


Chapter 6 Linear Transformations 


Rank(T) = dim P; - nullity(7) = 6 - 4 = 2 
nullity(7) = dim(M, з) – rank(7) = 9-5 = 4 


The standard matrix for T is 
10 0 

А= 10 10. 
ооо 


Therefore, you have 


100/110 0 100 
A =|0 1 00 10|2)0 10/24 x 
0 0 0/000 000 ` 
The standard matrix for T, relative to В = П, XX xh 
is 
01 00 
0020 58. 
А = А 
0003 
0000 
Therefore, you have 
01 0 0/0 10 0 0020 
0020/0020 0006 
A? = = . 
00 0 3/0 0 0 3 00 0 0 
00 0 00 0 0 0 0000 


The standard matrix for T, and T, are 


P. -|, xd: ape 


4 


The standard matrix for T = T, о T; is 


B all-e 


and the standard matrix for Т” = T, o Tj is 


LP ll а 


The standard matrix for T is 
cos@ -sin Ө 

А= |. . 
sin@ cos 


A is invertible and its inverse is given by 


A= AA = 


A = AA, = 


p соѕ0 sin@ 
© |-sin @ cos 6} 


52. 


54. 


The standard matrix for T is 


11 0 
A= | 
0 1 -l 
Because A is not invertible, T has no inverse. 


(a) Because | 4| = 1 0, ker(T) = {(0, 0)} and T is 
one-to-one. 

(b) 

(c) 


Because rank(A) = 2, T is onto. 


The transformation is one-to-one and onto, and is, 
therefore, invertible. 


(a) Because | 4| = 40 # 0, ker(T) = {(0, 0, 0)}, and T 
is one-to-one. 
(b) Because rank(A) = 3, Tis onto. 
(c) The transformation is one-to-one and onto, and 
therefore invertible. 
(а) The standard matrix for T is 
0 2 
А = 
so it follows that 
0 2|-1 6 
Ау = = = Т(у) = (6,0). 
(b) The image of each vector in В is as follows. 


T(2,1) = (2,0) = —2(—1,0) + 0(2, 2) 
T(-1,0) = (0,0) = 0(-1,0) + 0(2, 2) 


Therefore, the matrix for T relative to B and B’ is 


‚ [2 0 
A = . 
0 0 


Because у = (71,3) = 3(2, 1) + 7(-1, 0), 


ЕЕЕ 


So, Т(у) = -6(-1,0) + 002, 2) = (6, 0). 
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60. The standard matrix for T is 64. (a) Because Т(у) = proj,v where и = (4, 3), you have 
EE 4x -3 
X 
4-231 Ol T(v) = 72543) 
|o 0 -2| ч 
The transition matrix from B' to B, the standard matrix, is P 16 12 12 9 
r J 1 1 T(1,0) = |—,— | and 7(01)2|—,— 
1 10 z 59 (1,0) E: x) (0.1) (2 =| 
= = a ea X 
Р=|1-1 0 е 2 2 0. and the standard matrix for T is 
б о тошоп 1[16 12 
The matrix 4’ for T relative to B' is A zu 4 
A = PUMP | 
r 9 -12 
1 1 _ дї? =| 
5 5 Of1 3 ofi 10 (b) (I — A) e «| 
-i-lo31 0 -1 0 
1 9 -12 
0 0 110 0 2/0 0 1 == = Дә 
в 25| -12 16 
4 0 0 16 
=/0 -2 0| , 1[16 12][5 E 
с У = — = 
[0 0 -2 2512 9]0| |12 
Because, A’ = Р! АР, it follows that А and Æ are similar. 5 
: - 9 
62. Since А = РАР iden af 9-12 H _| 5 
оо 1[10 2 0 2e T60 |17 
=|4 0 -L'-13 1/0 1 -l 3 
i | „Ж (4, 3) 
[4 -1 -|o o 2]1 0 o (eu @ 
[2 0 0 E 
=|0 1 3] 
10 0 3 i 
A and A’ are similar. -14 
a 
(5-5) 


66. Suppose b = 0. Then T(v) = Av.T(u + v) = A(u + v) = Au + Av = T(u) + Т(у) 
cT(v) = с(Ау) = (сА)у = Т(су) 


So, Т: R? —› Р? isa linear transformation. 

Suppose Т is a linear transformation. Then T(u + v) = A(u + v) + band Т(и) + T(v) = (Au + b) + (Av + b). 
T(u + v) = T(u) + T(v) 

A(u + v) + b = (Au + b) + (Ау +b) 

Au + Av +b = Au + Av + 2b 


| 


b = 2b 
0=b 
1 0 0 0 1 0 
68. (a) Let S = andT = | (D Let S=T = : 
0.0 0 1 0 0 
1 0 2 0 
Then S + T = 64 and rank(S + T) Then S +T = бй and rank(S + T) 


ll 
ll 


rank(S) + rank(T). 1 < 2 = rank(S) + rank(T). 
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70. (a) Let v € kernel(T), which implies that Т(у) = 0. 78. (a) T is a horizontal expansion. 
Clearly (S о T)(v) = 0 as well, which shows that (b) A (х,у) Тех, y) 
v € kernel(S o Т). Ld M eet Stee 
4+ 


(b) Let w є W. Because 5 о Т is onto, there exists 
v e V such that (S » Т)(у) = w. So, 


S(r(v)) = w,and S is onto. 


3-4 


72. Compute the images of the basis vectors under D,. | : 4 : 1 S 
b) = 0 80. (a) T is a vertical shear. 
D,(x) = 1 (b > 
D,(sin x) = cos x | 
D,(cos х) = -sin x g ya àx) 
So, the matrix of D, relative to this basis is 
010 0 Q 
000 0 e 
0 0 0 -if 
001 0 82. The image of each vertex is T(0,0) = (0, 0), 


Т(1, 0) B (2, 0), T(0, 1) = (0, 1). A sketch of the triangle 


and its image follows. 


The range of D, is spanned by {x, sin x, cos x}, whereas 


the kernel is spanned by {1}. 


y 


74. First compute the effect of T on the basis f, x, x", ЕА d 
T(1) 21 
T(0, 1 
T (x) =1+х 1 ©, 1) 
T(x?) = 2x + x? | .. 
X 
T(x) = 3x7 + х) T(0, 0) 2 
The standard matrix for T is 84. The image of each vertex is 
1 100 T(0, 0) = (0,0), T(1, 0) = (1, 2), T(0, 1) = (0,1). 
0 12 A sketch of the triangle and its image follows. 
А = y 
00 1 3 N 
000 I "E 
T(0, 1) T(1, 0) 
Because the rank(A) = 4, the rank(T) = 4 and / 
nullity(7T) = 0. 1 
76. (a) T is a horizontal shear. | LÀ x 
(b > T(0, 0) 1 
A 
2+ т^. | 1 0 
86. The transformation is a vertical shear - followed 
(x,y) ТО, y) 
е —— © 
a vertical expansion ; 
Zi 2 p 02 
| y 
1 2 
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88. A rotation of 90° about the x-axis is given by 
1 0 0 10 0 

А = |0 cos90? —ш90°|=|0 0 -1). 
0 sin90? соѕ 90° 0 1 0 


10 0/| 1 1 
Because Av 2|0 0 —1/—1|=|-1|, 
0 1 0 1 —1 


the image of (1, -1, 1) is (1, —1, —1). 


90. A rotation of 30? about the y-axis is given by 


J3 "ES 
соѕ 30° 0 іп 30° 3 2 
А = 0 1 0 = 0 1 0. 
—sin 30° 0 соѕ30° 1 б J3 
Q^ А 
Because 
439 1 V3 ү1 
2 2|! 270 
Av = 0 1 ol -1| = —1 n 
1 
2E gos EE 
2 2 2 2 


^ 


2 2 2 2 


the image of (1, —1, 1) is < + : 1, : + v3 i 


94. A rotation of 60° about the x-axis is given by 


1 0 0 
1 0 0 1 KJA 
А =|0 соѕ60° -sin6o°l=|0 3 7957 
0 sin60° cos 60° J3 1 
dc WA 
while a rotation of 60? about the z-axis is given by 
L 4 67 
cos 60° -sin 60° 0 2 2 
A, = |ѕіп 60° соѕ60° 0|= 3 1 д 
0 0 1 2 a 
0 0 I 
So, the pair of rotations is given by 
[1З Jo? 0 
2: 2 1 J3 
44=|V3 1," 272 
"MU A 
10 01 2 2 
Ж Js 3] 
2.4 4 
B 1 X3 
2 4 4 | 
о 1 
2 2 
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92. A rotation of 120° about the y-axis is given by 


i З 
соѕ 120° 0 віп 120° 2 vo 
А = 0 1 0 = 0 1 0 
-sin120? 0 cos120° J3 i 1 
2 2 
while a rotation of 45? about the z-axis is given by 
М? _v2 , 
cos 45° —sin 45° 0 2 23 
A, = |ѕіп 45° cos45? 0|=|,/; /2 at 
0 0 1 2; Со? 
0 0-1 
So, the pair of rotations is given by 
N2 X42 том 
2 2 2 2 
АА u2-:- 9: 0 1 0 
— — 0 
2 2 [vy35,. 1 
| 0 0 1 2 2 
| V2 V2 61 
4 2 4 
_|/2 X2 V6 
4 2 4 | 
З 1 
ue 07 ч 
bú 2 2 | 
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96. The standard matrix for T is 
1 0 0 10 0 
0 cos90? –5іп 90° |= |0 0 -—1| 
0 sin90?  cos90? 0 1 0 


Therefore, T is given by T(x, у, 2) = (x, —z, y). The 


image of each vertex is as follows. 
Т(0, 0,0) = (0,0, 0) 

Т@,1,0) = (1,0,1) 

Т(0, 0,1) = (0,-1, 0) 

Т@,1,1) = (L-11) 

Ta, 0,0) = (1,0,0) 

Т(0,1,0) = (0,0,1) 

T(1, 0,1) = (1, —1, 0) 

T(0,1,1) = (0,-1,1) 


100. (a) True. The statement is true because if T is a 


reflection T(x, y) = (x, — y), then the standard matrix is 


b Al 


98. 


0 0 1 


The standard matrix for T is 
1 283 0 
cos 120° -—sin 120° 0 9 2 
ѕіп 120° соѕ120° 0} =| 3 _1 o! 
2 2 
0 0 


Therefore, Т 15 given by 


nesa) =| Е “3 МЗ 


1 
у, x э? | The image 


2 2 2 
of each vertex is as follows. 


T(0, 0, 0) = (0, 0, 0) 


1 3 
Bud elg 
( ) Жо | 
клк с=т 
2 2 2 2 
T(0, 1, 0) = EEA zt 0 
2 2 
T(0, 0,1) = (0,0,1) 
1 3 
Ta,0,D =| -+ >21 
aon -[-.X | 
ree гй sd iy 
2 2 2 2 
T(0,1,1) = EUM 
2 2 


(b) True. The statement is true because the linear transformation T(x, y) — (x, ky) has the standard matrix. 


EN 


102. (a) True. D,is a linear transformation because it 


preserves addition and scalar multiplication. Further, D,(P,) = P,., because for all natural numbers i > 1, 


D,(x') = ix, 


(b) False. If T is a linear transformation V — W, then kernel of T is defined to be a set of v є V,such that T(v) = Oy. 


(c) True. If T = Т, o T; and 4А, is the standard matrix for T,, i = 1, 2, then the standard matrix for T is equal A, A, by 


Theorem 6.11 on page 323. 
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Project Solutions for Chapter 6 


1 Reflections in the Plane-I y l | 


y ax + by=0 
\ L(x, у) \ 
a 


(х, у) 
» X 
ГА 
К 
-1 0 
L | | ү 
0 1 
> x 
4. v = (2,1) В = {у, w} 


B’ = {e,,e,} standard basis 


A is a matrix of L relative to basis B. 


A = P^! AP matrix of L relative to the standard basis B’. 


[pis э [1:P7] > Р! = f 7] "E i 2 | 


КЕКЕ ЕТЕ 


ale 


| 
lo |B 
LL 1 


Г 
|B ло 
| 
Joo fas 
[xl 
= p 
L | 
ll 
r 1 
— м 
Ке =ч 


Tr 1 
|> lo 
| 
luo |B 
| бй 
Ld 
1 
1 


п к 
[BR foo 
| 
foo vje 
| 
S = 
Il 
r 
| 
Noe 
a | 


[ee al 
1 
ы м 
1 
1 
KR Ww 
es 
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1 -b +a 
Р =——— 
а? +Ь?|+а +b 


A = pP = » ‚| 
а Ь 


6. Зх + 4у = 0 А = 


2 Reflections in the Plane-II 


1. v = (0,1) | | 


0 1 
1 0 
2. v = (LO 
о [i 
3. v = (2,1) В = {v, w} 
w = (1, 2) 
projv = v _ 
proj,w = 0 BJ 


2 -l [ 
Р = ,P-l 
1 2 ac 


A’ = РАР = matrix of L relative to standard basis. 


| ТЕСТЕР! 


[m mod 
чю ABR Oly ca] 


Ue AlN л Ulty 
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лі alte 


ax + by=0 
\ 
» X 
_ 1 
а? + Б? а? + Б? 


, in whole or in part. 


Project Solutions for Chapter 6 243 


4. v = (-b,a) ja k l 


w = (a,b) 0 0 
-b a 1 -b a 
Р = Р = ——_ 
a b a+b] a b 
Р 4 1 b? -ab 
А = РАР = 
a +b? —ab а? 


5. proj,u = E *L(u) = L(wu)-2proju-u 


L = 2ргој, – I 


1 b? -ab 1 0 
= 2. — 
а? +b|-ab а? 0 1 
_ 1 2b? -2ab _ a+b 0 
а? +b?\|-2ab 2a? 0 a.p 


_ 1 b-a?  -2ab 
© а?+Ь?| 2ab а2-Ь? 
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СНАРТЕК 7 
Eigenvalues and Eigenvectors 


Section 7.1 Eigenvalues and Eigenvectors 


4 —5||1 =] I 4 -1 3]/1 4 
2. Ax, = - = -l| | = Ax, 
pala TRES |- NS 
EE SEEN 
12 3312 4 2 4 -1 3]f1 2 1 
_ _ Ax, = |0 Е 
2 2 3| 1 5 1 0 з |0 0 0 
4. Ax, =| 2 ЕЕЕ TREE. M я 5 
в Же ще! ? : Ax, = |0 1 ВЕЕ 
-2 2 -3][-2 6 -2 0 3| 4 3 1 
Ax, =| 2 1 -6| 1|=|—3|=—3| 1| = Ах, 
-1 -2 oj o0 l 0 
[-2 2 -3][3 -9 3 
Ах, =| 2 1 -6 э. 0} = -310| = Ax, 
i-1 2 oji] |-3 1 
-2 2 -3][ ¢ 5с с 
8. (а) A(cx,) =| 2 —6||2с| = | 10с| = 5) 2e | = 5(cx,) 
1 2 0| c 5c =c 
[-2 2 -3]|-2c 6c -2c 
(b) A(cx,) =] 2 -6 c| = |-3с| = -3. с| = —3(сх,) 
1-1-2 ol 0 0 0 
[-2 2 -3][3e —9с 3с 
(с) 4(cx)) 2| 2 1 -6|0|2| 0|=-—3| 0| = —3(сх;) 
| -2 ojl c —3c с 


[-3 10][4 28 4 
10. (a) Because Ах = = = 7 
[5 2||4| |28 4 


x is an eigenvector of А (with corresponding eigenvalue 7). 


[-3 10]|-8] [| 64 -8 
(b) Because Ах = = = -8 
|5 2| 4 | -32 4 
x is an eigenvector of A (with corresponding eigenvalue —8 ). 
[-3 10]|-4] [92 -4 
(c) Because Ах = = + А 
|5 2] 8 | -4 8 


x is not an eigenvector of A. 


(d) Because Ax = 


[-3 
5 


10 
2 


x is not an eigenvector of A. 
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1 0 5]/1 1| 1 
12. (a) Because Ax = |0 2 4|1|2 2| ғ A 1|, xisnotan eigenvector of A. 
[1 -2 9|0 —1| 0 
[1 0 S|[-5 0| [-5 
(b) Because Ax = |0 2 4| 2| = |0| = 0| 2, xisaneigenvector (with corresponding eigenvalue 0). 
1 -2 0 1 


(c) The zero vector is never an eigenvector. 


HL o s 2/6-з3| meae 2/6 -3 
(d) Because Ах 2|0 -2 4|-24/6 +61 = | 44/6 = (4 + 246) -2/6 + 6l, 
2 9 |а `3 164/6 + 12 3 


x is an eigenvector of A (with corresponding eigenvalue 4 + 24/6). 


14. Geometrically, multiplying a vector in R? by A corresponds to a horizontal shear. 


bd 


The only vectors mapped onto scalar multiples of themselves are those lying on the x-axis. 


1 k|x x l x 
o 1101 fo] о 
So, the only eigenvalue is 1, and the corresponding eigenspace is ће x-axis. 


16. (a) The characteristic equation is 
А-1 4 


|2 - A| = 
2 2-8 


= 4? -94 = 2-9) = 0. 


(b) The eigenvalues are 2, = Oand 4, = 9. 


É 51172 4 аа [0 [1 -][x] | 
„ша? с [| ^ |o | [ү 


The solution is {(42, t) : t є R}. So, an eigenvector corresponding to A, = 0 is (4,1). 


45-1 4 а) [0 2 Tx) [o 
кей = 9,| 2 НЫН ~ [0 НЫ 


The solution is {(—t, 27) : t € А). So, an eigenvector corresponding to A, = 9 is (—1,2). 


18. (a) The characteristic equation is 
A+2 -4 
-1 A-1 


[2 - A| = = (A+ 2)(A-1)-4 = (A + 3)(A-2) = 0. 


(b) The eigenvalues are 4, = —3and 4, = 2. 


A,+2 -4 | 0 
For 4 = -3, ун ae 
-1 A = 1l x 0 


1 4|[x] [0] 
o olx] lof 
The solution is {(—4t, t) : t € R}. So, an eigenvector corresponding to Д, = -3 is (—4, 1). 
+2 -4 |] 0 1 -1]fx,] fo] 

For A, = 2, = = |], 
A Aedes [0 0 011 (o 


The solution is [(t, t) : t € R}. So, an eigenvector corresponding to A, = 2 is (1, 1). 
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20. (a) The characteristic equation is 
LS HLS we 
4 4 


-1 A 


4 
|4 - A| = 


=% -14-1 = (2- 1)(2+1) = 0. 
(b) The eigenvalues аге 2, = land А, = Б. 


«i HD = РЕ 


The solution is {(7, £) : t € А]. So, an eigenvector corresponding to 4, = lis (1, 1). 


1 l 
For 4, = —4, INE а A 1 5 x PE 
4 E 4, ||» 0 0 ож 0 
The solution is {(7, —2r) : t є R}. So, an eigenvector corresponding to 4; = —lis (1, 2) 
A-3 -2 -l 
22. (a) The characteristic equation is |AJ — 4|- | 0 A -2|- (4 3a? 4) = 0. 
0 -2 A 


(b) The eigenvalues are 4, = —2, 4, = 2, and A, = 3. 


А-3 3-2 e] To -5 -2 -ia] [o 
For À4 = -2, 0 A, -2/x,12])02|0 -2 ||, | =/0). 
0 2 Alix] |0 2923 uto 
The solution is (t. —5t, 5t) : t € R}. So, an eigenvector corresponding to 4, = —2 is (1, —5, 5). 
[4,-3 —2 -1[хҗ 0 -Lo-2 Js 0 
For 4 = 2, 0 A, —2\%|=|0|5 |0 2 2 |ә |= |0) 
0 2 als] |0 0 2 2|»| |0 


The solution is 3t, Lt):te R}. So, an eigenvector corresponding to 2, = 2is (—3, 1, 1). 


A,-3 -2 -1||х 0 0 2 Ц 0 
For A, = 3, 0 A, -2]|x4,|2/0|2 |0 3 —2|x|2/0,. 
0 —2 Ax 0 0 2 3|» 0 


The solution is {(t, 0,0) :te R}. So, an eigenvector corresponding to A; = 3is (I, 0, 0). 


A-3 -2 3 


24. (a) The characteristic equation is [47 - 4|= 3 2+4 -9 |=Ẹ - AM +44 = Д(А- 2y = 0. 
1 2 A-5 
(b) The eigenvalues are 2, = 0, 4, = 2 (repeated). 
Да 09 3 Tx] fo 10 fa] To 
For 4; = 0, 3 A+4 -9 |х|=|0|=» |0 1 —-—3|х,|=|0 
1 2 д-5|»| |0 0 0 olsi Jo 
The solution is {(-t, 35,0) :te R}. So, an eigenvector corresponding to 4 = Ois (—1, 3, 1). 
z-a 3 з Ifa] [o 12 Sia To 
For A, = 2, 3 4+4 9 |\»|=|0|5 |0 0 ох |= (0. 
1 2 34,-5%| |0 оо olx] lo 


The solution is {(-2s + 3t,5,t):5,t€ R}. So, two independent eigenvectors corresponding 


to A, = 2are (—2, 1, 0) апа (3, 0, 1). 
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26. (a) The characteristic equation is |A] – 4|-| 2 4-8 10 (4 alta 1) =0. 


(b) The eigenvalues are 2, = 2.1, = 1 (repeated). 


А-1 5 2 [x] [0 3 0 -I[x] р 
For 4, = 2, 2 А-У 10 ||| = |0150 3 4» = |0, 
1 2 — A-8|»s; lo] [0 o Offs] |0 
The solution is {(t, —4t,3t): te R}. So, an eigenvector corresponding to 4, = 2715 (1, —4, 3). 
A, -1 3 2 а] [0] 1 -3 Sl[x 0 
For’, =4,| 2 4-8 10 |»|-0 > |0 0 0||х;,|=|0| 
E 2  A,-8|[s] (0| 0 0 Offa} |0 
The solution is {(35 = 51, s, t) 15,1 € R}. So, two eigenvectors corresponding to 2, = jare (3, 1, 0) апа (—5, 0, 1). 
4-5 0 
aed eo -1 4-4 0 2 
28. (a) The characteristic equation is |AZ — A] = = (A - S(A - 4) (4 - 1) = 0. 
0 0 A-1 -3 
0 4-4 
(b) The eigenvalues are 4, = 5, 4, = 4, 4; = 1, and 4; = 4. 
A-5 0 0 0 xı 0 1-100 X 0 
-1 A-4 0 0 X, 0 0 0 10 X, 0 
For 4; = 5, = > ES - : 
0 0 А-1 -3 |x 0 0 00 1 X 0 
0 0 0 A, = 4 || x 0 0 000 X4 0 


The solution is {(t, t, 0, 0) :te R}. So, an eigenvector corresponding to 4, = 5 15 (1, 1, 0, 0). 


A, -5 0 0 0 X, 0 100 0 Xx 0 
-1 A, -4 0 0 Xj 0 00 1-2 х 0 
For 4, = 4, = => = = Я 
0 0 4-1  -3 |а 0 ооо 0 X 0 
0 0 0 Ay = 4]| x4 0 000 X4 0 
The solution is {(0, s, t, t) : 5, t both not = 0l. So, an eigenvector corresponding to A, = 4 is (0, 1, 1, 1). 
Аз = 5 0 0 0 Xx 0 1000 X 0 
-1 44-4 0 0 X 0 0100 X 0 
For 4; = 1, = > = =| | 
0 0 А-1 -3 |x 0 000 1 X3 0 
0 0 0 Ay = 4 || x, 0 0000 0 
The solution is {(0, 0,2,0) :ғе R}. So, an eigenvector corresponding to A, = 1 is (0, 0, 1, 0). 
30. Using a graphing utility: 4 = —7,3 38. Using a graphing utility: 2 = 0,0,3, 5 
40. Usi hing utility: 4 = 0, 1,1, 4 
32. Using a graphing utility: 4 = 2 22 а 
42. The eigenvalues are the entries оп the main diagonal, 
34. Using a graphing utility: 2 = 0,1,2 —5, 7, and 3. 
1 7 + 4105 44. Pu ке are the entries on the main diagonal, 
36. Using a graphing utility: 2 = =, ————— 5 
5 4 2: rU 0, and 2 
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46. (a) The characteristic equation is 
A+8 -16 


|ar - A| = 
-l A+2 


= (A + 8)(A + 2) – 16 = A(A +10) = 0 


The eigenvalues are 4, = Oand 4, = —10. 


ТЖЕ 


The solution is {(2t, t):te R}. So, a basis for the eigenspace is B, = {(2, 1). 


a n el Glob [А] 


The solution is {(-82, thite R}. So, a basis for the eigenspace is B, = {(-8, 1). 


gif a 
dm 0 -10 


48. (a) The characteristic equation is | AL A| = 2 4-4 0 |= 42 – 1342 + 324 – 20 


= (A - 1)(4 - 2)(4 – 10). 
The eigenvalues аге 4, = 1, 4, = 2, and A, = 10. 
-2 -1 -4[х] To 10 31x] fo 
(b For 4 = 1,|-2 -3 0|ху|=|0|5 |0 1 -2|5, | = |0| 
-5 -5 -$]lx 0 00 O|| x; 0 
The solution is {(-3¢, 2t,t):te R}. So, a basis for the eigenspace is B, = {(-3, 2. 1). 
-1 -1 -4[х] To 1 1 ofa] fo 
For р = 2,|-2 -2 00| = |0| 5 |0 0 1|х|=|0, 
-5 -5 -Alx| |0 


The solution is (t. -t,0):te R}. So, a basis for the eigenspace is B, = {(1, —1, 0). 


7 -1 -4][ x, 0 1 -3 olx 0 
For 4, =10,|-2 6 0|»2/0|2|0 5 -1|x-|0. 
-5 -5 4|\х; 0 0 0 ols 0 


The solution is {(3¢, t, 5t) :te R}. So, a basis for Ше eigenspace is В; = {(3, 1, 5). 
10 0 
(с) 42]02 0 
0 0 10 

50. The characteristic equation is 

A-6 1 


|ar - A| = 
- 4-5 


= 42 – 114 +31 = 0. 


Because 


6 -17 6 -l 1 0 35 -11 66 -ll 31 0 0 0 
А-ПА 431 = -11 +31 = - + = 
1 5 1 5 0 1 11 24 11 55 0 31 0 0 


the theorem holds for this matrix. 


249 
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52. The characteristic equation is 


А+3 -1 0 
|М-А|=| 1 4-3 -2|22 -3% -16A4-0. 
0 4 A-3 
Because 
-3 107 m ı of 3 10 
А -34 -164 =|-1 3 2| -3-1 3 2| -16-1 3 2 
[043 043 0 4 3 
[24 16 6 8 0 2 -3 
-|-16 96 68|-3 0 16 12|-16|-1 
|-12 136 99 -4 24 17 0 


the theorem holds for this matrix. 
54. 


n 
entries, or the trace, of А is given by Уа. 


i-l 


Exercise 16: 4 = 0,4, = 9 
2 2 
(a) YA eg Уа, 
i=l i=l 
(b) |4|- ui E PES 
=. сме = 
Exercise 18: 4, = -3, and A, = 2 
2 2 
(a) Уд = -2 = Уа 
i=l i=l 
-2 4 
(b) |А|= ER -6 = (-3)(2) = 4: A, 
Exercise 20: 4 = 14 = -i 
2 2 
(a) YA = 1 = Уа 
i=l i=l 
l L 
edi glo aa) 
2 


Exercise 22: 4, = -2,2, 22,44 = 3 


3 3 
(a) YA = 3 = Уа 
i=l i=l 


3 
(b) |д|=|0 
0 


N © N 


For the n x n matrix А = [а, |, the sum of the diagonal 


1 
2\=-12=-2.2-3=Җ.4Ь.ЖҖ5 
0 


1 
3 
4 


Exercise 24: Җ 20,4; 22,44 = 2 


3 3 
(a) A = 4 = Ха, 


3 2 -3 
Ъ) |4|=|-3 4 9/=0=0-2-2=4-4-4 
=) 42-25 
Exercise 26: 4 = 2,4, = LA = 1 
3 
(a) ХА = 31 = > 
3 5 
be Ox 
Е 13 29: 29* ТУРУ, ЧЕК, 
©) |А\=|-2 B 231022 = 2.1.1- 4.4.4 
3.79 8 
2 2 


Exercise 28: 4; = 5, 4, = 4,24, 2L А, = 4 


4 4 
(a) YA = 14 = Уа 
i=l i=l 


0 
0 
© [4 
4 


ll 
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56. 4 = Ois an eigenvalue of 58. Observe that п Е 4| E ш t 4 
A ©|01- А|= 0 ©|А|= 0. 


=|АГ- Al. 


Because the characteristic equations of A and A” are the 


same, A and A’ must have the same eigenvalues. 
However, the eigenspaces are not the same. 


à . : uv, + uv. 
60. Let u = (и, из) be the fixed vector in R^, and v = (у, v2). Then proj,v = ——5———;- (ui, из). 
и? + и? 
Ц 
Because T(1, 0) = ——— (u, и) and T(0,1) = — z(u, us). 
ul + и? и? + из 
1 ud щи 
the standard matrix А of Tis А = о : i : | 
uy + uuu, и 
Now, 
a 2 2 
1 u? шь || u 1 |u + щиз pou +08) u? + ufu 
Au = —;——; 2 йы оү» | ТУ оо So ASV eee = lu 
uy + и5 | щи из || u | uy + и5|иги + и» uj cu ш(и + из) up + uus 
and 


2 г 2 2 
uz 1 uj ишо || Uz 1 (ufu — ufu 1 [0 A 
A Ts 2 2 А72 2 2 2| - 2 2 xt i 
uy uj + uz{uu, uz || -щ uj + u5| uyu5 — uus uj + uz|0 -щ 


So, 4 = land A, = Oare the eigenvalues of A. 


62. Let А? = О and consider Ах = Ax. Then О = Ах = A(Ax) = A4x = A"x which implies A = 0. 


64. (a) —2,1, 3 (repeated) 
(b) There are four roots of the characteristic equation, so A has order 4. 
(с) When 4 = -2, 1, or3, AI — Ais singular. 


(d) No. Zero is not an eigenvalue of А, so A is nonsingular. 


-1 
4 


= A? +1 = 0 which has no real solution. 


4 
66. The characteristic equation of A is AI - A| - | 


68. (a) True. Ax = Ax and Ax is parallel to x for any real number 4. See discussion on page 348. 


(b) False. The set of eigenvectors corresponding to 4 together with the zero vector (which is never an eigenvector for any 
eigenvalue) forms a subspace of К". (Theorem 7.1 on page 350). 
70. Substituting the value 4 = 3 yields the system 
A-3 -l о Tx 0 0 1 olf% 0 
0 A-3 0 |»|-2|0]2/|0 0 0|x,|- 0| 
0 0 A = 31} x 0 0 0 Off x5 0 


So, 3 has two linearly independent eigenvectors and the dimension of the eigenspace is 2. 


72. Substituting the value 2 = 3 yields the system 


Aes of et Te 0 0 1 olx 0 
0 A-3 -1 |x|[2|0|2]|0 0 1115, |= Jol 
0 0 4A-3[|x| |0 0 0 Olfx,} |0 


So, 3 has one linearly independent eigenvector, and the dimension of the eigenspace is 1. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


252 Chapter 7 Eigenvalues апа Eigenvectors 


2x; 


74. Because Т (e?") = Se] = —2е ?*, the eigenvalue corresponding to f (x) = e “is —2. 


dx 


76. The standard matrix for T is 


The characteristic equation of A is 
4-2 -l 1 
[М -А|=| 0 2+1 -2 |= (2-20 +1). 
0 0 4 +1 
The eigenvalues are 4 = 2and A, = —1 (repeated). The corresponding eigenvectors are found by solving 
A ow». sx 1 Ia 0 
0 +1 ~ (а= 0 
0 0 Alla |0 


foreach A. So, р(х) = 1 corresponds to 4 = 2, and р(х) = 1 — 3x corresponds to 2, = —1. 


78. The characteristic equation of A is 


À-cosÓÜ  sinó 
ka an = A? – 2cos 8 À + (cos? 6 + sin? 0) = A? – 200501 +1. 
-sinO 4 – соѕ0 


There are real eigenvalues if the discriminant of this quadratic equation іп / is nonnegative: 


b? – Дас = 4cos? 0 – 4 = 4(cos? 8 - 1) 2 0 > cos8 -1 > Ө=0,л. 
The only rotations that send vectors to multiples of themselves are the identity (8 - 0) and the 180? -rotation (8 = л). 
80. 0 is the only eigenvalue of a nilpotent matrix. For if Ax = Ax, then 4?x = Adx = А°х. 


So, 
Ax 24x20 > 24 = 054 = 0. 


Section 7.2 Diagonalization 


T i -l[i3]p[31 2 0 3 -2 $4 —5|1 5 -1 0 
2. (a) PAP = = 4. (а) РЛАР = = 
-4 ik Sj 1 0 4 i-i -3 2 0 2 
(b) А = 2,a, = 4 (b) А = lA, = 2 
[0.225 0.25 0.25 0.25 ][0.80 010 0.05 0051 -1 0 1 
; —0.25 —025 0.25 0.25 ||0.10 0.80 0.05 0.051 -1 0 -1 
6. (а) PAP = 
0 0 0.5 —0.5||0.05 005 0.80 0.1011 1 1 0 
|05 -05 0 0 10.05 0.05 0.10 0801 1 -1 0 
=i 0 0 0 
008 0 0 
0 0 07 0 
10 0 0 07 


(D A, 2-L4, 208,4, = 0.7, Ay = 0.7 
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8. The eigenvalues of A аге Д = 1, 4 = —1. (See Exercise 20, Section 7.1). The corresponding eigenvectors (1, 1) and (1, —2) are 


10. 


12. 


14. 


16. 


used to form the columns of P. So, 


and 
2 цп 1 
bue E | | | _|2 | 
1 1||1 LI 
E з |15 0801 -2 |0 = 
The eigenvalues of A are 4, = —2, 4, = 2, A, = 3. From Exercise 22, Section 7.1, the corresponding eigenvectors 


(1, —5, 5), (-3, 1, 1) and (1, 0, 0) are used to form the columns of P. So, 


1-3 1 0 -01 01 
Р = |—5 10| = Р! = |0 0.5 0.5 
5 1 0 1 16 14 
and 
0 -01 013 2 1 1-3 1 -2 0 0 
P'AP = |0 05 0.50 0 2||—5 1 OJ =] 0 2 0 
1 16 140 2 0| 5 1 0 0 0 3 


The eigenvalues of A are 4, = Oand 4, = 2 (repeated). From Exercise 24, Section 7.1, the corresponding eigenvectors 
(—1, 3, 1), (3, 0, 1) and (—2, 1, 0) are used to form the columns of P. So, 


-1 3 -2 i 1-$ 
Р=| 30 1 Рт! = 1-1 -1 Z2,and 
0 -4 2 3 
i 1-3/3 2 -3[313 -2] [00 0 
P'AP =|-5 -1 $13 9130 1|=|0 2 0 
3 9 
5 2 2 10-2 5 0 002 
The eigenvalues of А are 2, = 2and A, = 4 (repeated). 20. For eigenvalue A4, = 3, the corresponding eigenvector 
Furthermore, there are just two linearly independent T р, 0, of. For the repeated eigenvalue 2, = —2, the 
eigenvectors of A, x, = (0, 0, 1) and x, = (1, —2, 4). E 
ing ei is |2, -5, OJ . 
So, A is not diagonalizable. corresponding eigenvector is [ $49; ] So, A does not 
satisfy Theorem 7.5 (it does not have three linearly 
The matrix A has only one eigenvalue, 2 = 0, anda independent eigenvectors) and is not diagonalizable. 
basis for the eigenspace is (01, -2j. So, А does not 22. From Exercise 40, Section 7.1, you know that A has only 


satisfy Theorem 7.5 and is not diagonalizable. three linearly independent eigenvectors. So, А does not 
satisfy Theorem 7.5 and is not diagonalizable. 


18. A is triangular, so the eigenvalues are simply the entries 


on the main diagonal. So, the only eigenvalue is 2 = 1, 24. The eigenvalue of A is 4 = 2 (repeated). Because A 


and a basis for the eigenspace is {(0 1)). does not have two distinct eigenvalues, Theorem 7.6 
does not guarantee that A is diagonalizable. 
Because А does not have two linearly independent 


eigenvectors, it does not satisfy Theorem 7.5 and it is not 26. The eigenvalues of A are Д = 4,2, = 1, А = -2. 


diagonalizable. Because A has three distinct eigenvalues, it is 
diagonalizable by Theorem 7.6. 
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28. The standard matrix for T is 


А=| 2 1 -6 
-1 2 0 


which has eigenvalues 4, = 5, A, = —3 (repeated), and 
corresponding eigenvectors (1, 2, —1), (3, 0, 1) and 


(-2, 1, 0). Let В = {(1, 2, —1), (3, 0, 1), (-2, 1, 0)} and the 


30. The standard matrix for T is 
3 0 1 
A=|0 2 3 
00 1 


which has eigenvalues A, = 3, 4; = 2, and A, = 1, and 
corresponding eigenvectors (1, 0, 0), (0, 1, 0), and 


(-1,-6, 2). Let В = {(I, x,-1- 6x + 2х2) and the 


matrix of T relative to this basis is matrix of T relative to this basis is 


5 0 0 300 
duca Dose А, 4 -|0 2 0| 
0 0 -3 0 0 1 
32. Let P be the matrix of eigenvectors corresponding to the n distinct eigenvalues Д, ···, 4, Then РАР = D is a diagonal 


34. 


36. 


matrix > A = PDP. From Exercise 31, 4^ = PD^P"!, which show that the eigenvalues of А are AF, AB ee, AR 


The eigenvalues and corresponding eigenvectors of A are 4 = 3, A, = —2 and x, = (3,2) and x, = (-1,1). Construct a 


nonsingular matrix P from the eigenvectors of A, 
3 -1 

P= 
2 -1 

and find a diagonal matrix B similar to A. 


|; | E 
; = 
212 oj2 1 
Then, 
7 1 
P з -I]3 0 i| [me 
2 ifo = l-4 3 926 


The eigenvalues and corresponding eigenvectors of А are A, = 5, 4 = —4, and A; = 0, x, = (-5, 1, 9), x; = (—1, 2, 0), 


В = РАР = | 


| 
аа 
© о 
| 

N c 
pee 


1 
5 
2 
5 


1389 
798 | 


vN nape 


and х; = (5, -2, 2). Construct a nonsingular matrix P from the eigenvectors of А. 


=): cc 
Р=| 1 2 -2 
9 0 2 


and find a diagonal matrix B similar to A. 


2 1 4 
-5 a5 p| 2 3 -2|-5 -1 5 0 0 
— pd4p = 2 I = 
B-P AP 9 Па 181-2 5 0011 2 -2)=/0 -4 0 
1 1 1j|-2-1 419 0 2 0 00 
5 10 10 
Then, 
390,625 0 0 72,242 3353 -177,252 
A = РВ*Рр! = Рр 0 65,536 0 |Р"! = 11,766 71,419 42,004 |. 
0 0 0 —156,250 -78,125 312,500 
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38. 


40. 


42. 


44. 


46. 


48. 


50. 
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(a) True. See Theorem 7.5 on page 360. 
(b) False. Matrix 


[e 


is diagonalizable (it is already diagonal) but it has only one eigenvalue 2 = 2 (repeated). 


[10 I I Delel4le 0 zcü 
(a) X = > et =1+1-+ pic epe = 2 3 = 

0 1 2) 3 1 0 e 

T 0 1+1+—+—+ 

3! 

10 10 10 1 0 e 0 
(b) X= > ех = 11 pd Vd pe = 

п 0 1 0) 210)| з 0 e-1 1 

[0 I 0 1 1 0 0 I 1 0 
(c) X = > еХ=1+ ei pa pa | 

10 10 20 1| 3|1 Of 40 1 


Because e =1+1+-—4 iL andes oe | 
3! 4! 2 3! 4! 


2 0 р 2 0 1122 0 112° 0 
(d X = > eccle +— += Tem 
0 -2 0-2, 210 2 3 0 -2 


Assume that A is diagonalizable, РАР = D, where D is diagonal. Then 


e+e! е-е! 
[s 


1 
+, you see that ех = | 


-1 


D' = (РАР) = РТАТ(Р!\ = РТАТ(РТ) 


is diagonal, which shows that A’ is diagonalizable. 


Consider the characteristic equation | AJ — A| = (ad — bc) = 0. 


4-а 
=c 

This equation has real and unequal roots if and only if (a + d y = 4(ad — bc) > 0, which is equivalent 

to (a — dy > —4bc. So, A is diagonalizable if —4bc < (a — d’, and not diagonalizable if —4bc > (a — dy. 

From Exercise 80, Section 7.1, you know that zero is the only eigenvalue of the nilpotent matrix А. If А were diagonalizable, 


then there would exist an invertible matrix P, such that РАР = D, where D is the zero matrix. So, A = РРР"! = O, 
which is impossible. 


(a) Ais diagonalizable when it is similar to a diagonal matrix D. 
(b) A is diagonalizable when it has n linearly independent eigenvectors. 


(c) Ais diagonalizable when it has n distinct eigenvalues. 


The only eigenvalue is 4 = 0, and a basis for the eigenspace is {(0, 1). Since the matrix does not have two linearly 


independent eigenvectors, the matrix is not diagonalizable. 
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Section 7.3 Symmetric Matrices and Orthogonal Diagonalization 


2. Because 
2 03 5 [> 03 5 
0 11 0 2 0 11 0 -2 
з 05 of [з 05 0 
5 -2 0 5 -2 0 1 
the matrix is symmetric. 
4. The characteristic equation of A is 
А -a 0 
[1-А|=|-а 2 -a|- AA - а) + aV2). 
0 -a 4 


The eigenvalues are A = -aN2, A, = 0,and 4 = av/2. Since the eigenvalues are real, A is diagonalizable. The 
corresponding eigenvectors are (Ь cx 1), (1, 0, —1), and (1 V2, 1), respectively. So, 


11 1 
P-2|-J2 0 \V2/and 
1-1 1] 
а" 
4. 4 ор d suum 0 0 
Puüp-l 9 -— а\|\—/2 0 422 0 о 0 | 
a Ol 1 -1 1 0 0 av2 
їй; d 2 
4 4 4 | 


6. The characteristic equation of A is 
А-а -a -a 
|АТ-А|=| -a A-a a |= А(4 - За). 


—a -а А-а 


The eigenvalues are A, = Oand A; = За. Since the eigenvalues аге real, A is diagonalizable. The corresponding eigenvectors 
are (71, i 0) and (—1, 0, 1) for A, and (1, 1, 1) for 4. So, 


-1 -1 1 -} #4 -ila a alah -1 ı| [00 0 
Р=| 1 0 1|and P'AP = -4 -4 2 a a a| 1 01|[2|00 O0. 
1 1 1 
0 11 з 3 оза a а|[|0 11 0 0 3a 
8. The characteristic equation of A is 10. The characteristic equation of A is 
4-3 0 d c мы] -1 
|41 - A| = = (2-3) = 0. 
4-3 2 - 4|=| -1 4-2 ч 
Therefore, the eigenvalue is 4 = 3. The multiplicity of -1 -1 4-2 


A = 315 2, so the dimension of the corresponding 
eigenspace is 2 (by Theorem 7.7). 


(4 - (A - 4) = 0. 


Therefore, the eigenvalues are 4, = land А = 4. The 
multiplicity of A, = 1 is 2, so the dimension of the 
corresponding eigenspace is 2 (by Theorem 7.7). The 
dimension of the eigenspace corresponding to 4, = 4 is 1. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 7.3 Symmetric Matrices and Orthogonal Diagonalization 257 


12. The characteristic equation of A is 


14 ч 
|41 - Al=|-4 42-2 0 
4 0 2+2 


= (A - 6)(4 + 6)4 = 0. 
Therefore, the eigenvalues are 4, = 6, 4, = —6and 


A, = 0. The dimension of the eigenspace corresponding 
of each eigenvalue is 1. 


14. The characteristic equation of A is 
4-2 1 1 
|lu-4||1 2-2 1 |=Җ4-3) =0. 
1 1 4-2 
Therefore, the eigenvalues are 4, = бапа A, = 3. The 
dimension of the eigenspace corresponding to А = 015 


1. The multiplicity of 2, = 3 is 2, so the dimension of 
the corresponding eigenspace is 2 (by Theorem 7.7). 


16. The characteristic equation of 4 is 
A+1 -2 0 
-2 4+1 0 0 
0 4+1 -2 
0 0 -2 A-*1 


= (4 - 1 (443). 
The eigenvalues are A, = land A, = —3. The 


dimension of the corresponding eigenspace of each 
eigenvalue is 2 (by Theorem 7.7). 


|4t - A| = 


18. The characteristic equation of 4 is 


A-1 1 0 0 0 
1 4-1 0 0 0 
|a - А|= 0 0 2-1 0 0 
0 0 0 4-1 1 
0 0 0 1 4-1 


= A*(4 - 2/ (4 - 1). 
The eigenvalues are 4, = 0, 4, = 2, and A; = 1. The 


dimensions of the corresponding eigenspaces are 2, 2, 
and 1, respectively (by Theorem 7.7). 


4-1 -4[4 a 1] [33 


28. Because PP" 2|-1 0 —17[|—1 0 4| = |64 290 


1 4 -il-4 -17 ud 4 


P is not orthogonal. 


4 alf 4 4 32 4 
т_|9 9| 9 9| |в 81 
20. Because РР = Sele L DE Ж» 
9 9 9 9 81 81 
P is not orthogonal. 
22. Because 
1 V3] 1 43 
1 0 
FEE SN CIS | | 
М 1-73 1 0 1 
2 212 2 


P” = P^ andP is orthogonal. Letting 


| 45 


2 
р = andp, = produces 
"ws [E 
2 2 
Di: p; = бапа ГА | = | p» | = 1. So, {р, P2} is an 
orthonormal set. 
[10 отоо 100 
24. Because PP" =|0 1 o|o 1 0|=|0 1 0l, 
0 0 10 0 1 00 1 
P” = PandP is orthogonal. Letting 
1 [0 0 
р = |0|,р› = |1|апа p, = |0| produces 
0 |0 1 


Di Pa = Dy ps = poc ps = 0 and 
[л\|\ = | Р› | = | рз | = 1. So. {р р, ps} is an 
orthonormal set. 


26. Because 
4 3| 4 3 
5 0 |$ 0 3 
РР! =| 0 ol 0 0 = L,P' = PandP 
3 4| 3 4 
soc rase Mens 
is orthogonal. 
7 3 
-i 0 с: 
Letting р =| 0р = |1|,апа р; = | 0| produces 
3 4 
5| : E 
Bi Pa = Pit Ps = pac рз = Oand 
Ja |= Io o los] 1. 


So, Un. Pr» рз} is an orthonormal set. 


4 
16| = h, 
18 
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(SES Uu зм? i 
3 2 3 
30. Because PP" =| 0 Z 0 0 cd 
42. 4s 1 [45 б 
|65 2[2 


TA ИЕ 10 
0 0 0 0 
32. Because PP? = 
0 1 0 0 0 
ТӨ: оо че АЛО | 22/19 76 
L10 10 | 10 
1 3 
10 10 0 0 XT 
0 0 1 0 
р = 0 Р = 17235 o EDI 0 
3 0 0 1 
[ГАШ 0779 


М? 53 9/5 — 4| 

6 36 36 

Sis) ww xb Im eg 
5 5 5 

1 9 5-4 2 91 

2 | 36 180 | 


А Е 
0 —/10 
10 
1 0 i | 
" 0 = 14, P” = Pand P is orthogonal. Letting 
1 
0 —/10 
10 | 
produces 


Bi Po = D рз = Di Da = oc Ps = Dac Da = рз ` ра = Oand || =|] = |р] = |р] = 1. So, {р, Р», рз» Pa} 


is ап orthonormal set. 


34. The characteristic polynomial of A is 
A+1 2 
AI - A| = = (A + 2)(4 - 3). 
аА t eaaa- 


The eigenvalues are 4, = —2and A, = 3. Every 


eigenvector corresponding to 4, = —2is of the form 
x = (2t, t), and every eigenvector corresponding to 
A, = 3is of the form x, = (s, -25). 

х0 = 2st — 2st = 0 


So, хапа x, are orthogonal. 


36. The matrix is diagonal, so the eigenvalues are 


A, = 3,4 = —3, and A, = 2. Every eigenvector 
corresponding to A, = 3is of the form x, = (t, 0, 0), 
every eigenvector corresponding to 2, = —3 is of the 
form x; = (0, s, 0), and every eigenvector 


corresponding to A, = 2 is of the form x; = (0, 0, и). 


XX = 53 = Xx, = 0 


So, [x, x», x3} is an orthogonal set. 


38. The characteristic polynomial of A is 
A-1 0 -1 
| AI - A| =| 0 4-1 0 = 
-1 0 4+1 


The eigenvalues are 4, = Oand A, = 1. Every 
eigenvector corresponding to 4, = 0 is of the form 


x, = (0,0, 0) and x; = (0, 0, 0), and every eigenvector 


corresponding to A, = lis of the form x; = (0, ¢, 0). 


доо = д5 = MX, = 0 


80, Ix, Хэ, xj is an orthogonal set. 
40. The matrix is not symmetric, so it is not orthogonally 
diagonalizable. 


42. The matrix is symmetric, so it is orthogonally 


diagonalizable. 
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44. 


46. 


48. 
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The eigenvalues of А are 4 = 2and 4; = 6, with corresponding eigenvectors (1, —1) and (1, 1), respectively. Normalize each 


eigenvector to form the columns of P. Then 


V2 V2 /2 v2 V2 V2 
ale Lm ртар=) 2 ip | 4 ME ; 

V2 v2 42 421245 v2 42. 10 6 

22 mo 8 ur. Ж, 


The eigenvalues of A are A, = —1 (repeated) and A, = 2, with corresponding eigenvectors (—1, 0, 1), (-1, 1, 0) and (1, 1, 1), 


respectively. Use Gram-Schmidt Orthonormalization process to orthonormalize the two eigenvectors corresponding to А = —1. 


eade = (hat) (Foe Je) 


Normalizing the third eigenvector corresponding to 4, = 2, you can form the columns of P. So, 


1 1 1 
Мз V2 v6 
1 2 
Р = |= Ew" 
1 1 1 
[V3 V2 V6] 
and 
р [1 1 1 | 
3. 43-433 N2 [A 0 
PaP =|- o Lhi oal (oes m ge 
| жоу 1 - ES 
Je Je e, [з V2 6! 


The eigenvalues of A are 2, = 5, 4; = 0, A, = —5, with corresponding eigenvectors (3, 5, 4), (—4, 0, 3) and (3, —5, 4) 


respectively. Normalize each eigenvector to form the columns of P. Then 


3/2 -8 3/2 
Р = 115/2 0 -5V2 
4/2 6 4/2 
and 
3V2 5/2 AIO 3 0| [3/2 -8 3V2 5 0 
P'AP-l| -8 0 6/3 0 4075/2 о —5/2|=|0 0 0 
3/2 -5/2 4J/2|0 4 o| |4/2 6 4/2] |0 0 —5 
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50. The characteristic polynomial of A, | AI — A| = (1 – 8) (4 + 4)?, yields the eigenvalues 4, = 8 апа A, = —4. Aj has a 


multiplicity of 1 and A, has a multiplicity of 2. An eigenvector for A is v; = (1, 1, 2), which normalizes to 


" Br Je 2 


sain ТЕ 


Two eigenvectors for A, are v; = (—1, 1, 0) and у; = (—2, 0, 1).Note that v, is orthogonal to v, and Уз, as guaranteed by 


Theorem 7.9. The eigenvectors v; and v3, however, are not orthogonal to each other. To find two orthonormal eigenvectors 
for A, use the Gram-Schmidt process as follows. 


w = v; = (-1,1, 0) 


«m [Ro 
to dw 2° 2° 
" "(£ EJ 
* jw] GV CE Wi 


The matrix P has u,, u;, and и; as its column vectors. 


6 2 3 MEE Че ые айй, ME р: rd 
pie uS NE range 805 SD чуо муы x9» NB) Signage 4 
6 2 3 26-139 6 2 3 
4,45 | ДТ le $e ‚м8 0 0 -4 
| 3 з | mE NE 3] 3 3 | 


52. The eigenvalues of A are A, = 0 (repeated) and A, = 2 (repeated). The eigenvectors corresponding to 4; = Oare 
(1, —1, 0, 0) and (0, 0, 1, —1), while those corresponding to A, = 2 are (1, 1, 0, 0) and (0, 0, 1, 1). Normalizing these 


eigenvectors to form P, you have 


S- сызу? g 
2 5 
di J2 J/2 
QE ор 
2 2 
о. op 82 
L 2 2 | 
and 
NO. 2 o o 52. o o 
2 2 2 2 
1100 0000 
б е ек ЕЯ (MES ч ed: 
SB 2 2 2 2 Ө 
J 2 Я 019 011 "EZ o v2 0020 
ux- uU 0011 Ea 2| |0002 
à o0% GE ac PESE 
L 2 2 | L 2 2 j| 
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54. (a) False. The fact that a matrix P is invertible does not 
imply P^ = P”, only that P^! exists. The 
definition of orthogonal matrix (page 370) requires 
that a matrix P is invertible and P^! = Р". For 
example, 


1 3 
m 
is invertible (| 4| + 0) but А! # АТ. 
(b) True. See Theorem 7.10, page 373. 


56. Suppose P^!A4P = D is diagonal, with А the only 
eigenvalue. Then 


А = РЭР" = PUADP = AL 


58. 


60. 


(a) Yes. A = AT 
(b) and (c) Yes, by Theorem 7.7, page 368. 


(d) The multiplicity of each eigenvalue is 1, so the 
dimensions of the corresponding eigenspaces are 1. 


(e) No. The columns do not form an orthonormal set. 
(f) Yes, by Theorem 7.9, page 372. 
(g) Yes, by Theorem 7.10, page 373. 


1 4 z 17 -27 6 
]'. c3. 2 
АТА =|-3 -6 =|-27 45 -12 
4 -6 1 
2 1 8 6 -12 5 
- 1 4 $ 
n 10-32 14 24 
АА = -3 —6| = 
4 -6 1 24 53 
L 2 1 L 


Both products are symmetric. 
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|- 


0 41/160 640 
2. х = Lx, = 0 = 
16 160 10 
4 || 640 40 
х; = Lx, = = 
16 05 10 40 


The eigenvalues are i and =h, Choosing the positive 


| © 


eigenvalue, 2 = 2 you find the corresponding 


eigenvector by row-reducing AJ — L = i = L. 


1 
= —4 ] -8 
E | = | | 
16 2 
So, an eigenvector is (8, 1) , and the stable age 


8 
distribution vectoris X — hi 


0 2 08 16 
x = Lx =|5 0 8|- 

0 4 o[s 

0 2 016 8 
x, = Ix, = |5 0 = |8 

0 2 2 


The eigenvalues of Lare 0, 1, and –1 . Choosing the 


positive eigenvalue, let 2 = 1. A corresponding 
eigenvector is found by row-reducing 17 — L. 


1 -2 0 1 0 -4 
Sf 1 0) S10" 1 -2 
0 -4 1 00 0| 


So, an eigenvector is (4, 25 1) and a stable age 


4 
distribution vector is x = t| 2 |. 


1| 
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0 6 4 0 Off24] [240 
тоо 0 024 12 
x, = Іх =)/9 1 0 0 0||24| = | 24 
0 0 4 0 024 12 
(0 0 0 4 0|[24 12 
[0 6 4 0 O|240| [168 
+ 0 0 0 Of 12 120 
x, = Lx, =|0 1 0 0 Of 24 |= (12 
00 4 0 Of} 12 12 
0 00 5 OF 12 6 


The eigenvalues of L are —1, 0, and 2. Choosing the 


positive eigenvalue, let 4 = 2.A corresponding 
eigenvector is found by row-reducing 27 - L. 


2 -6 -4 0 0 1 0 0 0 -128 
-}4} 2 0 00 0 1 0 0 -2 
0 = 2 0 0|5|0 0 1 0 -16 
0 0-120 0001 -4 
0 0 0 42 0000 0 


So, an eigenvector is (128, 32,16, 4, 1) and a stable age 
distribution vector is 


128 


3 6 3 
A=|08 0 0 
0 0.25 0 


The current age distribution vector is 

120 
x = |120 | 

120 
In 1 year, the age distribution vector will be 
[3 6 3]120 1440 
xX, = Ax, = |08 0 0]|120|2| 96 
|0 0.25 0]120 30 


In 2 years, the age distribution vector will be 
[3 6 3]|1440 4986 
x; = Ax, =|08 0 ol 96 | = |1152 |, 
0 025 0| 30 24 


10. 


12. 


18. 


20. 


22. 


The eigenvalues of А are 4, = land A, = —1, with 
corresponding eigenvector (2, 1) and (—2, 1), 


respectively. Then А can be diagonalized as follows 


hd - e 


So, 4 = РРР! and А" = PD"P"!. 


1 
4 
l 
4 


PAP = | 


Ifnis even, D" = Гапа А" = I.If nisodd, D" = D 


5 0 


0 2 
and A” = PDP = | | = A.So, A"x, does not 
2 


approach a limit as п approaches infinity. 


The solution to the differential equation у = ky is 


5 


y = Се“. бо, y, = Се and у = Coe“. 


. The solution to the differential equation y = ky is 


y = Ce". So, y, = Ce!” and y, = Ce. 


. The solution to the differential equation у = ky is 


y = Ce". So, у = Qe”, y; = Ce? and у; = Се. 


The solution to the differential equation у = ky is 
y = Ce".So, у = Ce, y, = Cye 7. and 
уз = Ce v. 
The solution to the differential equation у = ky is 
y = Се“. 

„1, 
So, у = Се", y, = Ge 4 y, = Се?" and 


ya = Се“. 


This system has the matrix form 


‚_[ж 1 -4|у 
Уә -2 8&ё|у› 


The eigenvalues of А are 4, = Oand A, = 9, with 
corresponding eigenvectors (4, 1) and (—1, 2), 


respectively. So, you can diagonalize A using a matrix P 
whose columns are the eigenvectors of A. 


4 -l 0 0 
Due and PAP = 
1 2 0 9 


The solution of the system w = P^! APw is m = С 


and w, = Ce”. Return to the original system by 
applying the substitution y = Pw. 


yı 4 -1| w 4m — wm 
a у» M 2 W» i w + 2w 
So, the solution is 


yi = 48 - Се" 
у» = C + 2С,е". 
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24. This system has the matrix form 


28. 


, |" 1 = 
У 2 Ally. 


The eigenvalues of A are A, = 2and A, = 3, with 
corresponding eigenvectors (1, —1) and (—1, 2), 


respectively. So, you can diagonalize A using a matrix P 
whose columns are the eigenvectors of A. 


1 -1 2 0 
Р = and РАР = 
-1 2 0 3 


The solution of the system үу’ = P^!APw is w, = Се? 


and w, = Cie". Return to the original system by 
applying the substitution y = Pw. 


yı ] = и w — w 
TX у» EP wz i —w, + 2w, 
So, the solution is 


Жү Cie” = Се“ 
-Се + 20e”. 


У 


This system has the matrix form 


Dx] [2 0 1] nm 
у = |2 [= |.0.3 4 у,| = 4y. 
| з 00 lj» 
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26. This system has the matrix form 


yi 2 l1 l^» 
y-|»5|-2|l 1 Oly] = Ау. 

% 10 ц» 
The eigenvalues of A are 4, = 0, А = 1and4, = 3, 
with corresponding eigenvectors (-L 1, 1), (0, 1, -1) and 
(2, 1, 1), respectively. So, you can diagonalize A using a 


matrix P whose columns are the eigenvectors. 


-1 02 000 
Р=| 1 1 I| andP'AP=/0 1 0 
1 -1 1 0 0 3 


The solution of the system w^ = P^! APw is 
w = С, w = Ce' and иу = Cye*’. Return to the 


original system by applying the substitution y — Pw. 


Yı -1 0 2| w —w, + 2% 
y=|y |=| 1 1 1и |= Wy Ww» +w 
уз 1 -1 1|w m + и» + Wi 


So, the solution is 

+ 20e” 
yo = С, + Се + Се? 
yy = Q- Coe’ + Ge. 


» = -G 


The eigenvalues of А are 4, = —2, 2, = 3and A, = 1, with corresponding eigenvectors (1, 0, 0), (0, 1, 0) and (1, —6, 3), 


respectively. So, you can diagonalize A using a matrix P whose columns are the eigenvectors of А. 


[10 1 2 0 0 
Р= |0 1 -6 and Р!АР=| 0 3 0 
o o0 3 0 0 1 


The solution of the system w’ = P!'APw is w, = Cje?', и = Ce”and w, = Ge. Return to the original system by 


applying the substitution y = Pw. 
» 10 Ци wt w 


у=|>|=|0 1 —6||м»| = |w – би 


Уз 00 3»; 3w, 
So, the solution is 
y = Ge? + Се! 
у» = Ce" — 6С;е' 
уз = 3Cse'. 
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30. Because 


32. 


YN 1 -1]| y 
y2 1 Цр 


the system represented by y' = Ay is 


у = у - y2 
X) у + у. 
Note that 


yi = Ое! cost — Ce sint + Coe sint + Се! cost = y, — y, 


and 

yy = -Cæ cos t + Се! sint + Се sin t + Ge! cost = y, + ys. 

Because 
vil (0 1 0|» 

у = |551 = 10 0 I|y,| = Ay the system represented by y' = Ay is 
у 1-3 3j» 

y= Yo 

№ = Ys 

Ys n-3»*3». 

Note that 


yi = Cel + Cote’ + Coe! + Cael + 2Сме! = y, 
yy = (С, + О)е + (С, + 2C3)te' + (С, + 2С,)е' + Су?е' + 2Сме' = у; 
ж = (С, + 2С, + 2С,)е' + (C; + 4Cyte' + (C; + 4C3)e' + Се + 20e 


(Ge + Сие! + Cre) - 3((C, + Cjje' + (С, + 2C,)te + Се!) 
+3((С\ + 20, + 2С›)е' + (С + 4Сууе' + Се!) 


= у = 3y + 3y3. 
34. The matrix of the quadratic form is 40. The matrix of the quadratic form is 
P b a 2 
2 1 -2 2 5 -l 
A= 2 = H А = 2 = А 
b -2 1 b -1 5 
= 6 — с 
L2 2 
36. The matrix of the quadratic form is The eigenvalues of Aare oe Фаш Ду = 6, With 
Fg 5 corresponding eigenvectors x, = (1, 1) and 
F 3 1z 75 X; = (1,1), respectively. Using unit vectors in the 
E b 4 Е E 0 direction of x, and x, to form the columns of P, you 
L2 2 have 
38. The matrix of the quadratic form is м. КА 
р) 2 7 4 0 
b P= and Р АР = К 
, а 5| [16 -2 М? М? as 
fè | [= E 2 2 
2 
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44. 


46. 
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The matrix of the quadratic form is 


j а | 3 x 

ь |18 a 

The eigenvalues of A аге 2, = 0 and A, = 4, with 
corresponding eigenvectors X, = (Ь V3) and 

X, = (-V3, 1), respectively. Using unit vectors in 


the direction of x; and x, to form the columns of P, 
you have 


0 0 
and Р?АР = ; 
0 4 


The matrix of the quadratic form is 
b 


gm 
17 16 
я | | | 
Ь 16 -7 
с 
The eigenvalues of А are 4 = —15 and A, = 25, 


with corresponding eigenvectors x, = (1, —2) and 


X; = (2,1), respectively. Using unit vectors in the 


direction of x, and x, to form the columns of P, 


you have 
ENS 
-15 0 
P= v5 v5 and РТАР = . 
i2 1 0 25 
J/5 


This matrix has eigenvalues of —1 and 3, and 


| A uh 1 1 
corresponding unit eigenvectors ЕА 5) апа 
0-09. 


Е z) respectively. So, let 
9° HE > р y. E 
1 1 


J2 N -1 0 
Ru v2 E and млр =[ ; 


2 V2 


This implies that the rotated conic is a hyperbola with 


equation -(xy + з(у) = 9. 


48. 


50. 


The matrix of ће quadratic form is 
b 


a b 
7 16 
zla elt | 
b 16 -17 
C 


2 


This matrix has eigenvalues of —25 and 15, with 


А — 2 
corresponding unit eigenvectors | ——, -—= |and 


\/5 


1 2 
-25 0 
Р = “5 X45 and |P'AP = ' 
2 1 0 15 


This implies that the rotated conic is a hyperbola with 
equation —25(х)” + 15(y’)” — 50 = 0. 


The matrix of the quadratic form is 
b 


a — 
8 4 
А = zr Я 
b 4 8 

— UG 


This matrix has eigenvalues of 4 and 12, and 


: ong 1 1 
corresponding unit eigenvectors m 5) апа 
2? /2 


Е 2 respectively. So, let 
J? J2 > р у. > 


1 1 
J2 JN 4 0 
P= v2 v2 and РТАР = R 
1 1 0 12 


This implies that the rotated conic is an ellipse. 
Furthermore, 


NEN 


а ар = [1052 26/2] 5 S 


= [16 36] = [4 е], 
so the equation in the x’y’-coordinate system is 


A(x’) + 12(y’)’ — 16x’ + 36у + 31 = 0. 
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52. The matrix of the quadratic form is 
b 


a 
5e 
dc). e 
b E- 
— € 


2 


The eigenvalues of A are 4 and 6, with corresponding 


1 1 1 1 
unit eigenvectors Д апа б Й 
; (5 J2 | | V?’ S2 | 
respectively. So, let 
1 


1 
WS xa 4 0 
Р = v2 ү: апа pap =) | 


42 V2 


This implies that the rotated conic is an ellipse. 
Furthermore, 
1 1 


[4 ајр = |1042 0] i E 


1 
`2 V2 
= [10 -10] =[d’ e] 
so the equation in the x’y’-coordinate system is 


A(x’) + 6(y’) + 10x’ + 10y’ = 0. 


54. The matrix of the quadratic form is A = 


=e ә 
e Ne 
Noe ы 


The eigenvalues of A are 1, 1 and 4, with corresponding 
unit eigenvectors | І І 2 | | l : o) 
VE VE VES NE A2 


, respectively. Then let 


“к 


— — 
an 


and РТАР = 


© © = 
or © 
A © © 


| V6 Nd 
So, the equation of the rotated quadratic surface is 
(Xy. + (0) + 4(z) - 1 = 0 (ellipsoid). 


1 1 
56. The matrix of the quadratic formis A = |1 1 
0 0 


58. 


60. 


= © © 


The eigenvalues of A are 0, 1, and 2, with corresponding 
eigenvectors (—1, 1, 0), (0, 0, 1), and (1, 1, 0), 


respectively. 
Then let 
22 9 № 
2 2 000 
P-| JZ „ м) and P'AP = |0 1 0| 
2 2 002 
0 1 0 


So, the equation of the rotated quadratic surface is 
(У) + XZ} -8 =0. 


The quadratic form f can be written using matrix notation 
as 


ЕСУ Еа Zh AM 


0 4| x; 


11 0 
Verify that the eigenvalues of А = | 0 | are 


A, = 11 and A, = 4, with corresponding eigenvectors 


1 0 
апа à 
0 1 
So, the constrained maximum of 11 occurs when 


(х, x) = (1, 0) and the constrained minimum of 4 


occurs when (х, x.) = (0, 1). 


To find the maximum and minimum values of 


z = —5x? + 9y? subject to the constraint 

x? + 9y? = 9, you cannot use the Constrained 

Optimization Theorem directly because the constraint is 
2 А ; 

not | X | = 1. However, with the change of variables 

x = 3x andy = у, 


the problem becomes finding the maximum and 
minimum values of 


z = -ASQX) + (yY 


subject to the constraint (х) + ( yy = 1. Verify that 
the maximum value of 9 occurs when (х, у) = (0, 1), 
or (x, y) = (0, 1), and the minimum value of —45 


occurs when (х, у) = (1, 0), or (x, у) = (3, 0). 
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62. The quadratic form f'can be written using matrix notation 


64. 


as 


5 6 
Verify that the eigenvalues of А = | | аге 
A, = 9 апа 4, = —4, with corresponding eigenvectors 
3 -2 
and | 
2 3 


So, the constrained maximum of 9 occurs when 
1 3 2 

XX) = 3,2) = , 

(ка) vis! ) [5s RUE 


constrained minimum of —4 occurs when 


1 -2 3 
Gum) шег а (e X] 


To find the maximum and minimum values of 2 = 9xy 


| and the 


subject to the constraint 9x? + 16y? = 144, you cannot 
use the Constrained Optimization Theorem directly 


m 2 : 
because the constraint is not |х | = 1. However, with 
the change of variables 
x = 4x’ and y = 3y, 


the problem becomes finding the maximum and 
minimum values of 


z = 108x’y" 

subject to the constraint (х) + ( yy = ]. Verify that 
the maximum value of 54 occurs when (x^, у) = (1,1), 
or (x, y) = (4, 3), and the minimum value of —54 


occurs when (x, y) = (—1,1), or (x, y) = (74.3). 


66. The quadratic form f'can be written using matrix notation 


68. 


as 
2 2 -2|x 
f(x,y,z) = x" Ax = |х y Д2 -1 4 |y. 
-2 4 -lliz 


Verify that the eigenvalues of A are 4, = 3 (repeated) 


and A, = —6, with corresponding eigenvectors 
—2||2 1 
0О,|1,апа|—2| 
0 2 


So, the constrained maximum of 3 occurs when 
1 —2 


1 
(х, У, 2) E NEC 0, 1) m E 0, RÀ and 
-1 2 1 
(x, y, 2) = Use 1,0) = E Js o} and the 


minimum of —6 occurs when 


(5,52): xu e G =e 3 


(a) To model population growth, use the average 
number of offspring for each age class and the 
probabilities of surviving to the next age class to 
form the age transition matrix А. The initial age 
distribution vector x, is used to find x, by the 
formulax, = Ax, ,. An eigenvector corresponding 
to a positive eigenvalue of A is a stable age 
distribution vector. 

(b) To solve a system of first order linear differential 
equations find the coefficient matrix А for the 
system, then find a matrix P that diagonalizes A. 
Solve the system w’ = P^! AP, to find w, and then 

P,, is the solution of the original system. 


(c) To use the Principal Axes Theorem to perform a 
rotation of axes, find the matrix А of the quadratic 
form of the conic or quadric surface. The 
eigenvalues of A are the coefficients of the squared 
terms in the rotated system. 


(d) Write the quadratic form then apply the Constrained 
Optimization Theorem. 
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Review Exercises for Chapter 7 


2. (a) The characteristic equation of A is given by 
A-2 -l 


= 4? = 0. 
4 A+2 


[АТ - A| = 


(b) The eigenvalue of A is A = 0 (repeated). 
(c) To find the eigenvectors corresponding to 4 = 0, 
solve the matrix equation (AI = А)х = 0.Row 


reducing the augmented matrix, 
-2 -1: 0 2 L0 
4 2:0 00:0 
you see that a basis for the eigenspace is {(—1, 2)}. 


4. (a) The characteristic equation of А is given by 


A+4 -l -2 
|М-А|=| 0 4-1 ч 
0 0 4-3 


= (A+ 4A - 1)(4 - 3) = 0. 
(b) The eigenvalues of A are 4, = —4, 4, = 1, and 
A, = 3. 


(c) To find the eigenvectors corresponding to 4, = +4, 


solve the matrix equation (AL — A)x = 0.Row 


reducing the augmented matrix, 


0 -l 2: 0 010: 0 
0 -5 -1 : 01=5 1001: 0 
0 0-7: 0 000:0 
you see that a basis for the eigenspace 4, = —4is 


{(1, 0, 0)}. Similarly, solve (4,7 — А)х = 0 for 

A, = 1, and see that {(1, 5, 0)} is a basis for the 

eigenspace of A, = I.Finally, solve 

(М — A)x = 0 for A, = 3, and determine that 


{(5, ТА 14)] is a basis for its eigenspace. 


6. (a) The characteristic equation of А is given by 
A-1 0 -4 
0 4-1 2 
=] 0 4+2 
(4 +3)(4 - 1fÀ - 2) = 0. 
(b) The eigenvalues of A are 4, = —3, A, = 1, and 
A, = 2. 


(c) To find the eigenvector corresponding to 4, = —3, 


[A — 4| 


solve the matrix equation (AL - Ax = 0. 


Row-reducing the augmented matrix, 
4 0-4: 0 10 1: 0 
0-4 2:050 1 -1 : 0 
-1 0 -1:0 00 0:0 
you can see that a basis for the eigenspace of 
А = -3is {(-2, 1, 2)}. 
Similarly, solve (A,J — А)х = Ofor A, = 1, and 
see that {(0, 1, 0)} is a basis for the eigenspace of 
A, = 1. Finally, solve (A,J — A)x = 0 for 
A, = 2, and see that {(4, —2, D} is a basis for its 


eigenspace. 


8. (а) |M - A| = (4 - (A4 - 2(A - 4 = 0 
(D д = 1А = 2, А = 4 (repeated) 
(c) A basis for the eigenspace of Ж = lis 
{(-1, 0, 1, 0). 


A basis for the eigenspace of 2, = 2 is {(-2, 1,1, 0)}. 
А basis for the eigenspace of 44 = 41 
{(2, 3, 1, 0), (0, 0, 0, 1)}. 


10. The eigenvalues of A are А = 5 and А, = =з the 


corresponding eigenvectors (3, 4) and (—1, 2) are used to 


form the columns of P. So, 
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20. 


22. 


24. 
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The eigenvalues of A are the solutions of 14. The eigenvalues of A are the solutions of 
4-3 2 2 4-2 1 -1 
[1-А|=| 2 4 1ļ=(4+1f(4-5)= 0. |ar-Al=| 2 4-3 2 
2 1l å 1 -1 A 
Therefore, the eigenvalues are —1 (repeated) and 5. -(A- (A -3) = 0. 
The corresponding eigenvectors аге solutions of 


( Д - A)x -0 Therefore, the eigenvalues are A, = 1 (repeated) and 

A, = 3. The corresponding eigenvectors are solutions of 
So, (1, 1, -1) and (2, 5, 1) are eigenvectors corresponding ( apes A)x = 0. So, (-1, 0, 1) and (1, 1, 0) are 

to АД = —1, while (2, –1, 1) corresponds to A, = 5. 


Now form P from these eigenvectors and note that 


eigenvectors corresponding to 4 = 1, while (—1, 2 1) 


corresponds to 2, = 3. Now form P from these 


12 2 -1 00 eigenvectors and note that 
P=| 1 5 -I| and P'AP =] 0 -1 0| -1 1 -1 100 
-l 1 1| 0 05 Р=| 0 1 2| ad P'AP=/0 1 0. 
1 0 1 00 3 


= 12 – 2с050:. 4+1 = 0. 


v : À-cosÓ sin 
Consider the characteristic equation | AL -= A| = 


-sin 4А — cos 0 
The discriminant of this quadratic equation in 2 is b? — 4ac = 4 cos? 0 — 4 = -4sin? Ө. 


Because 0 < 0 < л, this discriminant is always negative, and the characteristic equation has no real roots. 


The eigenvalue is 4 = —1 (repeated). To find its corresponding eigenspace, solve (АТ — А)х = Owith 4 = -1. 
At+1 2 : 0 0 2: 0 0 1:0 
- > 
0 A+1: 0 0 0: 0 00: 0 
Because the eigenspace is only one-dimensional, the matrix А is not diagonalizable. 


The eigenvalues are 4 = -2 (repeated) and A = 4. Because the eigenspace corresponding to 4 = —2 is only one-dimensional, 
the matrix is not diagonalizable. 


The eigenvalues of B are 5 and 3 with corresponding eigenvectors (71, 1) апа (-L 2), respectively. Form the columns of P 


from the eigenvectors of B. So, 
=l —1 
p and 
PE 
2 -2 -If 7 2—1 -1] [so 
P ВР = = = A. 
1 11-4 1] 1 2 0 3 


Therefore, A and B are similar. 


The eigenvalues of В are 1 and —2 (repeated) with corresponding eigenvectors (—1, —1, 1), (1, 1, 0), and (1, 0, 1), respectively. 


Form the columns of P from the eigenvectors of B. So, 


-] 1 1 
P-2!-1 1 0| and 
10 1 


-] 1 1| 1 -3 —3|-1 1 1 
P'BP=/|-1 2 1|3 -5-3-1102]0-2 O0|-4A. 
1 -1 01-53 3 1|10 I 


Therefore, А and B are similar. 
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26. Because 32. Because 
245 м Мз v3 МЗ] 
AT = 5 5 =A 3 3 3 
м5 245 r |B 293 
ELA = А = 01 = 4 
5 5 3 3 
А is symmetric. Furthermore, the column vectors of А V3 0 V3 
form an orthonormal set. So, А is both symmetric and 3 3 
orthogonal, A is symmetric. Because the column vectors of A do not 
28. Because form an orthonormal set, А is not orthogonal. 
0 0 1 34. The characteristic polynomial of A is 
A = |0 10| = 4, A-4 2 
А is symmetric. However, column 3 is not a unit vector, The eigenvalues are 4, = Oand A, = 5. Every 
so A is not orthogonal. eigenvector corresponding to 4, = Ois of the form 
30. Because x, = (t, 21), and every eigenvector corresponding to 
49-3 A, = Sis ofthe form x, = (2s, —s). 
5 5 
A = |01 0|24A X :X, = 2st — 2st = 0 
3 0 4 So, x, and x, are orthogonal. 


A is not symmetric. However, the column vectors form 36. The matrix is diagonal, so the eigenvalues are Д = 2 


an orthonormal set, so A is orthogonal. and A, = 5.Every eigenvector corresponding to 


A, = 2is of the form x, = (f, t5, 0), and every 


eigenvector corresponding to 2, = 5is of the form 


д0 = 0 
So, x, and x, are orthogonal. 
38. The matrix is not symmetric, so it is not orthogonally diagonalizable. 


40. The matrix is symmetric, so it is orthogonally diagonalizable. 


5 3 3 5 : 
42. The eigenvalues of A аге 17 апа —17, with corresponding unit eigenvectors (A E C ah respectively. 


34° 4/34 | 


34 4/34 
Form the columns of P from the eigenvectors of A. 


Р = 
5 3 ANN 
Sz За Ла |8 15|]./34 34| [7 0 
n. 5 |15 -8| 3 5 0 -17 
За 34 X354 x44 
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1 1 1 1 
44. The eigenvalues of А are —3, 0, and b, with corresponding unit eigenvectors (0, 1, 0), | , 0, ,and , 0, р 
М?” aA /2 A. 


Form the columns of P from the eigenvectors of A. 


бл Ls 
V2 X 
Р=|1 0 0 
о tL bh 
| М2 a2 | 
го 1 0 || o L 
| к су sS 5792. NA. -3 0 0 
T 
PAPE DU m S Fe i oo o {= о 00 
f uL LE M 1 _1_ 0 0 6 
NE ag Se 


46. The eigenvalues of A are 3, —1, and 5, with corresponding eigenvectors 


a) 4) (0, 0, 1). 


Form the columns of P from the eigenvectors of А 


ub: o 
2 2 
Ре Ur cox dg 
A2- 572 
0 0 1 
cl. Ж. ы € 1l ọ 
2 м? 12 0]У? v? 3 0 0 
phage 3. -L 0\2 1 of ue OS ре 
V2 42 М 42 
005 00 5 
0 0 1 Ds o0 «i 


48. The eigenvalues of A are x and 1. The eigenvectors corresponding to 2 = lare х = 1(2, 1). By choosing ¢ = 2i you find 


the steady state probability vector for 4 to be v — (2, 1), Note that 


ufu 


50. The eigenvalues of A are i and 1. The eigenvectors corresponding to 2 = lare x = t(l, 3). By choosing t = m you can find 


the steady state probability vector for A to be v = (4. 3) Note that 
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52. The eigenvalues of А are —0.2060, 0.5393 and 1. The eigenvectors corresponding to 4 = lare х = 1(2, 1, 2). By choosing 


t= 1, find the steady state probability vector for 4 to be у = (2, E 2) Note that 


2 
3 
AV = 1 
0 


viN Ф vj 
vN Ale vN 
vN Ale Mnf 


54. The eigenvalues of A are mi E and 1. The eigenvectors corresponding to 4 = lare х = (3, 1, 5). By choosing t = or you 


can find the steady state probability vector for A to be v = (4, n 5). Note that 


03 01 0411) |i 
Av = |02 04 0.05] =|$] = у. 

5 5 

0.5 0.5 0.6) 3 


56. Show by induction that for ће n x n matrix AI, — A, 


docere ad 0 
бй: ае 0 

lA sud С Us il^ А" + a, A"! ++ + aA + ag. 
а, а, а, ~ ÁÀÁ*4,4 


For | Al, - А| = А + ag and for п = 2, 


-1 
|Al, - Al = A = 42 +a,A + ao. 


a Ata 


Assuming the property for n, you see that 


A -1 0 
0 å -l 0 

EE MEE BL (A + a,)A" +|Al, - A| = A"! + a,A" ++ ao. 
а, а, а ~ А+а, 


Showing the property is valid for n + 1. You can now evaluate the characteristic equation of А as follows. 


A -10 .. 0 
0 A -1 0 
lan-4|-|: i i : =A" +a, A"! +a, зА"? +... + аА + ау. 
0 0 0 : -1 
а a а, : Ata, 


58. From the form p(A) = a4 + aA? + aA + ap, you have а, = 2, а = —7, a, = —120, anda, = 189. This implies that 


the companion matrix of p is 


0 10 
A-| 0 0 ıl 
189 7 
-18 60 7 


The eigenvalues of A are 3, 9, and —7, the zeros of p. 
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60. The characteristic equation of A is L - A| = A> – 204? + 1284 - 256 = 0. 


Using А3 — 204? + 1284 — 2561, = 0, you can find the powers of A by the process below. 
А? = 204? — 1284 + 2561, 
А* = 2045 — 1284? + 256A 


A = 204? — 128A + 2561, 


9 4 -3 9 4 -3 100 
-20-2 0 6|-128-2 0 6|+2560 1 0 
-1 -4 11 -1 -4 0 0 1 
[1520 960 -720]| 1152 512 -384 
-|-480 -640 1440|—|—256 0 in IE 0 256 
-240 -960 2000| |-128 -512 1408 0 256 
| 624 448 -336] 
-|-224 -384 672 
|-112 -448  848| 
A* = 204° — 1284? + 256A 
624 448 -336 76 48 -36 9 4 -3 
= 200-224 -384  672)-128|-24 -32 72|+ 256-2 0 6 
-]12 -448 848 -12 -48 100 -1 -4 11 
[12,480 8960 —6720 9728 6144 —4608 2304 1024 —768 
-|-4480 -7680 13,440|—|—3072 -4096 9216 4|—512 0 1536 
|-2240 -8960 16,960 -1536 -6144 12,800 -256 -1024 2816 


Г 5056 3840 -—2880 
= |—1920 -3584 5760 
| -960 -3840 6976 


62. (A + cI)x = Ax + сіх = Ax + cx = (A + c)x.So, x is an eigenvector of (A + cI) with eigenvalue (А + c). 


64. (a) The eigenvalues of A are 3 and 1, with corresponding eigenvectors (1, 1) апа (1, —1). Letting these 


eigenvectors form the columns of P, you can diagonalize A. 


1 1 3 0 
Р = and РАР = =D 
1 -l 0 1 


3 0 
So, A = PDP" = n = Letting B = i 


V3 0a Li va +1 43-1 
(dp ИЗ 911 


2 2 
3 0 3 0 3 0 
you have B = | P v3 P'| =P v3 Р! = Р po =A 
0 1 0 1 0 1 


(b) In general, let А = PDP, D diagonal with positive eigenvalues on the diagonal. Let D’ be the diagonal matrix 


consisting of the square roots of the diagonal entries of D. Then if B = PD'P'!, 


B? = (PDF) PVP |= PD) pete PDP` = А. 
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А : : -— 1 1 
66. The eigenvalues of А are а + band a — b, with corresponding unit eigenvectors ЕЕ | and 


2 V2 
авы 
е, gil , respectively. So, P = н N2 . Note that 
2 2 a LR 
25 Tum 
cs d JA. abs 
S мМ М [а by Y2 V2 a+b 0 
P- AP = = 
ai a eaa LE ae 
V2 V2 42. V2 
68. (a) A is diagonalizable if and only if a = b = с = 0. 74. The population after one transition is 
(b) If exactly two of a, b, and c are zero, then the Го 2 2][240] [960] 
eigenspace of 2 has dimension 3. If exactly one ofa, х, = 1 0 012401 =| 120 
b, c is zero, then the dimension of the eigenspace is 
: А : 0.0 0/240 0 
2. If none of a, b, c is zero, the eigenspace is L JEU. ellis ou 
dimension 1. and after two transitions is 
70. (a) True. See Theorem 7.2 on page 432. 0 2 21/960 240 
“Definiti x; = |1 0 0/|120| = |480 
(b) False. See remark after the “Definitions of 3 2 : 
Eigenvalue and Eigenvector" on page 426. If x = 0 |0 0 оу 0| | 0| 


is allowed to be an eigenvector, then the definition 


of eigenvalue would be meaningless, because The positive eigenvalue 1 has corresponding eigenvector 


AO = AO for all real numbers 4. 2 
(©) Tite: See age 450 (2, 1, 0), and the stable distribution vector is x = ¢ 1|. 
0 


2. Th lati ft t ition i s ; 
| араа 76. Construct ће age transition matrix. 


9 Әв рд 4 82 
X)-—:3 = 

л 011321 [24| А = |075 0 0 

Е Е 0 06 0 
and after two transitions is 

[o 1 [32] [24] P 
X Z The current age distribution vector is x, = |120 |. 

3503 ollaal ~ 24 
[Qe ue x3 5 120 


In one year, the age distribution vector will be 
4 8 2]|120 1680 
eigenvalue and find the corresponding eigenvector to be x, = Ax, = 0.75 0 01120] = 90 |. 


The eigenvalues of A are 2 Choose the positive 


(2. V3), and the stable age distribution vector is | 0 0.6 0]120 72 
| 2 In two years, the age distribution vector will be 
x de 
V3 4 8 2][1680 7584 


x, = Ax, =|075 0 O| 90] =| 1260). 
0 06 0] 72 54 
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78. The matrix corresponds to the system y’ = Ay is 


82. 


0 1 
А = Ё 
1 0 
This matrix has eigenvalues 1 and —1, with 


corresponding eigenvectors (1, 1)and (1, —1). So, a 


matrix P that diagonalizes А is 


1 1 1 0 
Р = and PAP = ; 
1 -l 0 -1 


The system represented by w’ = P^! APw has solutions 
w = C,e' and w, = Се". Substitute y = Pw and 
obtain 


»| | Lim] (Се + Get 
»t | -Ці»њ| [Oe - Get 
which yields the solutions 


y = Ce + Се" 
y, = Се - Се". 


(a) The matrix ofthe quadratic form is 


| 
^ 
| 
N 


. : . "E 1 
(b) The eigenvalues аге Qa 2, with corresponding unit eigenvectors £ Jos | 


Use these eigenvectors to form the columns of P. 


1 
а 2 ° 

Р = and РТАР = 
1 мз 0 2 
2 2 2 


(c) This implies that the equation of the rotated conic is 
(х)? + —(у)” = 10, an ellipse. 


(d) 
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80. The matrix corresponding to the system y’ = Ay is 


6 -1 2 
А=|0 3 -l 
0 0 1 


The eigenvalues of A are 6, 3, and 1, with corresponding 
eigenvectors (1, 0, 0), (1, 3, 0), and (—3, 5, 10). So, you 


can diagonalize A by forming P. 


1 1 -3 6 0 0 
Р= |03 5 and РАР = |0 3 0 
0 0 10 0 0 I 


The system represented by w’ = P^!APw has solutions 
w = Ce", и = Cye*,and w, = Ce. Substitute 


у = Pw and obtain 


V 1 1 -3| w w + w — Зи 
y| =]0 3 S5|w|-| Зи + 5и 
V3 0 0 10» 10w, 


which yields the solution 

y = Се + Ce- 30e 
у» = 3C,8! + 50e 
J; = 10Cse'. 
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84. (a) The matrix of the quadratic form is 


í5 
9 -12 
A=| “|= | 
b E: А 
= С 
2 


Я : : E 4 3 34 
(b) The eigenvalues are 0 and 25, with corresponding unit eigenvectors E 3) and E $) Use these 


eigenvectors to form the columns of P. 


4 3 

5 5 0 0 
P= 5 3 and P'AP = 

3 4 0 25 

5 5 


This implies that the equation of the rotated conic is a parabola. 


(c) Furthermore, 


[4 е]р = [-400 —300] 


vlw tA| 


so the equation in the x’y’-coordinate system is 25( yy — 500x = 0. 


(d) 


86. To find the maximum and minimum values of z = xix; 88. The quadratic form f can be written using matrix 


subject to the constraint 25x,? + 4x,” = 100, you notaron as 


cannot use the Constrained Optimization Theorem f (x, y) = x! Ax 

directly because the constraint is not |x| = 1, TE, x 
= |х " 

However, with the change of variables " 5 -ll 


x, = 2xandx, = 5y 


the problem becomes finding the maximum and 
minimum values of 


z = 10xy 


subject to the constraint x? + y? = 1. Verify that the 


maximum value of 5 occurs when (x, у) = (0, 1), or 


(х, x3) = (0, 5), and the minimum value of —5 occurs 


when (x, y) = (0, —1), or (х, x2) = (0, –5). 


5 -ll 
A, = -16and 4, = —6, with corresponding 


-1 1 
eigenvalues | | and || 


So, the constrained maximum of —6 occurs when 


(x, у) = Wu Je X] and constrained 


minimum of —16 occurs when 


(9) 595) 


-1M 5 
Verify that the eigenvalues of A = | | аге 
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Project Solutions for Chapter 7 


1 Population Growth and Dynamical Systems (I) 


0.5 0.6 6 
1. А= ‚ А = 0.6, № = 
-0.4 3.0 1 


6 1 MES А 06 0 
P= | pU ze В P АР = 
1 4 3116 0 2.9 


w = Ce", w, = Oe”, у = Pw 


у _ 6 1 cee _ 6C,e^6 + Ge” 
У 14 Сг”! Ces + 40,” 
»(0)- 36 2 6€ + С = 36 

y,(0) = 121 > С + 4С, = 121 

So, C, = 1, C, = 30 and 


y= 6099 p. 30e?” 


y = nu ijs 120e??!. 


2.91 


2. No, neither species disappears. As t > eo, yj — 30e^? апа y, — 120e?*?', 


3. 150,000 


yı 


0 3 
0 


4. As t > ә, y, > 3002", y, > 120e??', and 22 = 4. 
Л 


5. The population y, ultimately disappears around ¢ = 1.6. 


2 The Fibonacci Sequence 


1 1 Xn-1 Xn-1 + Xy-2 Xn Xn-1 
2. = = . x, generated from 
1 0 Xn-2 Xn-1 Xn-1 Xn-2 
1 x 2 
з. 4 |= 42| =|? = 
1 x X 1 
VL _ 3 Z X4 
1 2 Xj 
1 п 1 п 
In general, A" | = к or A"? | = К А 
1 Xn+1 1 Xn-1 
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4-1-1 

| =й cie y 
=] A 2 
А = 1+ v5 eigenvector: 2 
2 2 P `|—1++/% 


2 
= eigenvector: 
^ 2 s А = a 


ыу dw 
"Asie s 2 
A 0 
PAP = 
"mi 


5. P'AP =D 
pi4"?p = D"? 
A"? = PD"2p- 


ep. 
| 2 2 | 2 B | 


1 
4,/5|—1+/5 p «Js o ' a Deus 2 
a| Ay" (э) | TEN | 
АИ У [BN <2 
i E + УЗ)(А) + 2(-1 ТА Ja; ^ Ау? - 44,2 
Кд +441772 — 42," 2(—1 + V5)a"? + 2(1 + 4/5), 


A 5 
Lp n 
= uat - 48] 
"x fees dies] 
^h J5 2 2 
я = R5) =1 
.a]eez45 6-245]., 
2 | 4 4 
21 [6+24/5 1+5 6-2/5 1-V5]_ 1[16+8/5 16-845 zs 
"m | 4 2 4 2 J5 8 8 
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6. xy = 55, xx = 6765 


7. For example, % ol 0763 = 1.618... 
Xo 4181 


The quotients seem to be approaching a fixed value near 1.618. 


8. Let the limit be —— = b. Then for large n,n > e. 
Xn-1 
+ 
ЕДЕ Ку E шт ee е аб 5 = LN 
Xn-1 Xn-1 b 2 


Taking the positive value, b = 
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